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PREFACE. 



N 

) It was with a feeling of great discouragement 
c^ tliat I began the preparation of another Edition 
» of this work, deprived, as I was, of the valuable 
^ assistance of my friend Mr. Wolstenholme, in 
Q working with whom I had had so much pleasure 
while writing the First Edition. Mr. Wolstenholme, 
who is now Professor of Mathematics in the Eoyal 
ndian Engineering College at Cooper's Hill, thought 
hat there, would be great difficulty in carrying on 
' his work satis&ctorily by correspondence, even if 

I the important duties in which he is engaged did 

I not fully occupy his time; I was, therefore, re- 

luctantly obliged to undertake the whole labour of 
remodelling our original work. 

As we contemplated making additions, and 
many alterations both in fonn and substence, my 
friend desired that his name might not appear in 
the Second Edition, and I have been compelled 
to alter the title of the work, and to take the 
responsibility of the changes which have been 
introduced. 
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The problems which appeared in the former 
Edition were for the most part original, and a 
large proportion of them were due to Mr. Wolsten- 
holme; in this department, therefore, a most 
important one in my opinion, I have not lost the 
advantage of his valuable assistance. 

The present Edition is intended, in its complete 
form, to occupy two volumes, but for the con- 
venience of Students who may wish to have in one 
volume all those portions of Solid Geometry 
which would be useful to them in their studies of 
Physical subjects, I have endeavoured, as far as I 
could without material departure from the arrange- 
ment which I considered best for the proper treat- 
ment of the subject, to include in the first volume 
nearly all that will be required from their point of 
view; with this object, I have reserved for the 
second volume those parts which are chiefly in- 
teresting as Pure Geometry. 

The Student who desires to confine his reading 
to the more practical portions of the subject should 
omit Chapters VL, VII., Vm., IX., Art. 155—157, 
XV. . and XVII., the Three-Plane system of Co- 
ordinates being employed exclusively in the remain- 
ing chapters. 

I feel bound to say a few words with respect 
to my persistence in retaining the word ^ Conicoid ' 



J 



^. 



I 

t ■ 
I • 



SOLID GEOMETRY, 



I 



OAUBBIBBB: 



PREFACE. yu 

to represent the locus for the equation of the second 
degree. It was natural that the distinguished 
analyst, who has done so much towards the inves- 
tigation of the properties of surfaces of higher 
degrees than the second, should seek a term for 
that of the second degree, which would connect 
it with those of higher degrees. But I cannot 
help thinking it unfortunate that the terms ' quadric' 
should have been selected, which had already a 
different meaning. I quote the words of the author 
of the well-known treatise on Higher Algebra: ^^It 
^Ms convenient to have a word to denote the 
''function itself without being obliged to speak of 
''the equation got by putting the function = 0. 
" The term ' quantic ^ denotes, after Mr. Cayley, 
"a homogeneous function in general, using the 
"words 'quadric,' 'cubic,' 'quartic,' 'n-ic,' to 
" denote quantics of the 2"*, 3"*, 4* n^ degrees." 
Now, 'quadric,' as used in the other sense, is not 
even the equation found, but it takes two steps 
and becomes the locus of the equation. 

I consider that the surface of the second degree 
at present, whatever may be the case in some future 
development, stands on a platform of its own, on 
account of the services which it has rendered to all 
departments of Mathematical Science, and well 
deserves a distinctive name instead of being recog- 
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nised only by its number, a mode of designation 
which, I am informed, a convict feels so acutely. 
Man might be always called a biped, because 
besides himself there exist a quadruped, an octopus, 
and a centipede, but, on account of his superiority, 
it is more complimentary to call him by some 
special name. 

The useful word 'conic' being well-established, 
the term 'conicoid' seems to suggest all that can 
be required, when it is employed to designate the 
locus of the equation of the second degree in three 
dimensions, at least so long as the analogous words 
spheroid, ellipsoid, and hyperboloid are in use, at 
all events it is not open to the great objection of 
being equally applicable to plane curves, as is the 
term ' quadric ; ' - cubics and quartics being actually 
so employed in Salmon's Higher Plane Curves^ 
Chapters V. and VI. 

To the many excellent mathematicians, whose 
talent is shewn in the composition of the yearly 
College papers and the papers set for the Mathe- 
matical Tripos examination, I am indebted in the 
highest degree both for the problems which I have 
added to the collection, and also for the hints 
derived from them in the treatment of the subject 
itself. 

I have also to make thankful acknowledgments for 
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the yaloable assistance received from my friends. 
Mr. Monlton, of Christ's College, has given me 
great help in parts of the subject which, except 
^ in the chapters on the general equation, do not 
appear in this volume. Mr. H. M. Taylor, Fellow 
of Trinity College, was kind enough to look over 
many of the proof sheets; and I am indebted 
to Mr. Ritchie and Mr. Main, of Trinity College, 
and Mr. Stearn, of Eang's College, for their 
kindness in testing a large number of the pro- 
blems, as well as in looking over the proof 
sheets throughout the process of publication. But 
especially I wish to thank Mr. Steam for the 
great assistance which he has rendered in super- 
intending the work during my frequent absence 
from Cambridge, and also for his many valuable 
criticisms. 

Oambbidob, 

OctoheTf 1875. 
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CHAPTER I. 



ON CX)ORDINAXE SYSTEMS. 

1. Before enteriDg upon the application of Algebra to the 
in\restigation of Theorem?, and to the solution of Problems, in 
Solid Geometry, we shall premise on the part of the student a 
complete knowledge of all the ordinary processes adopted in the 
case of Plane Greometry. 

Sy this means we shall avoid the necessity of entering upon 
the subject of the interpretation of the affection denoted by the 
sign (~) prefixed to a symbol; since it is known that, if +a 
denote a line of length a measured in any direction from a point 
in a line straight or curved, — a may be interpreted to denote 
a line of length a measured in the opposite direction from any 
other point in the line, without this hypothesis involving any 
infringement of the laws of combination of these signs, assumed 
as the fundamental laws of Symbolical Algebra. 

2. Our first object will be to explain how the position of 
a point in space can be represented by algebraical symbols, 
and with this view we shall describe two of the different co- 
ordinate systems which it has been found convenient to adopt ; 
)c ..rving the consideration of other systems for future chapters, 
Tvbcn the student shall have acquired some familiarity with 
the subject. And it will be found that each of the systems 
hn«% its peculiar advantage, according to the nature of the 
theorem or problem which is the subject of examination. 

B 






2 ON COORDINATE SYSTEMS. 

Coordinate System of Three Planes, 

3. In the coordinate system of three planes, three planes 
xOy^ yOzj zOx are fixed upon as planes of reference, which 
may be either perpendicular to one another, or inclined at 
angles which are known. 

The three lines in which they intersect are called coordinate 
axes^ and the point in which they meet the origin of coordinates. 

The position of a point in space is then completely deter- 
mined, when its distance from each of the 'planes, estimated 
parallel to the coordinate axes, and the direction in which 
those distances are measured, are given. 

The absolute distance and the direction of measurement 
are included in the term algebraical distance. 

Thus + a and - a are the algebraical distances of two points 
whose absolute distances from the plane yOz are each a, and 
which are measured, the first in the direction Ox^ the second 
in the direction xO from that plane. 

These algebraical distances are called the coordinates of a 
point in this system, and are usually denoted by the letters 
oj, y, and z. 

The point, of which these are cooi'dinates, is described as 
the point (a?, y, z). 

Produce xO^yO^zO backwards to x\ y\ «'; then, if a, J, c 
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are absolute lengths, (a, J, c) denotes a point in the compart- 
ment xt/z (?, (— a, J, c) in x'i/z (?, (a, — J, c) in xy'z (?, (a, J, — c) In 
as;y»' (?, (a, — &, — c) in a;y '«' 0, (- a, J, — c) in xyz' 0, (- a, — t, e) 
in xy'zOj (- a, — i, — c) in x'yz'O. 

4. If a parallelepiped be constructed, whose faces are 
parallel to the coordinate planes, the point P[a^ i, c) being 
the other extremity of the diagonal drawn from the origin, 
the edges iP, MP^ NP will be the coordinates of the point P 
supposed in the compartment xyz 0. 

Also, it is obvious that x = a for every point in the plane 
face PNIM^ or that a? = a is the equation of that plane, as y = 6 
and » = c are the equations of the planes PLmiN and PMnL 
indefinitely extended In every direction. 

Thus, the point P may be considered as the intersection of 
the three planes, whose equations are 

aj = a^ y = Jj ;? = c. 

The points 7, may be denoted by (a, 0, 0) and (0, 0, 0) and 
the points L and Mhy (0, J, c) and (a, 0, c). 

Polar Coordinate System. 

5. In the system of Polar Coordinates, a plane zOx is 
chosen, and In this plane a straight line Oz is drawn from 
a fixed point 0. 




4 PROBLEMS. 

The poBition of a point P in space is completely determined 
when its distance from the fixed point is given, the angle 
through which OP has revolved from Oz in a plane zOP 
passing through Oz^ and the angle through which this plane 
has revolved into its position from the fixed plane of reference 
zOx. 

These coordinates are usually denoted by the symbols r, 6^ 
and 0, and the point P by (r, 0^ ff>). 

Thus, if the longitude of a place be Z, the latitude X, and 
the radius of the earth a, we may take the first meridian for the 
plane zOx^ the axis of the earth for the line Oz^ and the 
position of the plane will be expressed by (a, ^tt-X, Z). The 
position of Greenwich, latitude X', is given by (a, ^tt — X', 0). 



I. 

(1) Construct the positions of points which are represented by the 
equations 

X - y - 4. y 

a: -f y = 4a, 
a: - y = a. ' 

(2) «« + y« - 22«, 

X + y = 2?, 

xy = a*. 

(3) Shew that, for every point in OP, P being (a, 6, c), 

a be' 

(4) Shew that, for every point in the plane LMlm in the preceding 

figure, 

' y t 
a b 

(5) Draw a figure, every point of which satisfies the equations 

a' + y* = a*, s = 0. 
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GBNEBAX DESCRIPTION OF LOCI OF EQUATIONS. SURFACES. 

CURVES. V 

Locus of an Equation, 

6. If an equation ^(a;, y, z) = be g^^en, in which the 
variables are the coordinates of any point, the number of 
solutions of this equation is generally infinite, i.e, the number 
of points whose coordinates satisfy the equation is infinite ; we 
shall proceed to shew what is the general nature of the dis- 
tribution of these points. 

We shall prove, in the first place, that no algebraical 
equation can be satisfied by every point of any solid figure, 
but, in the most general case, only by every point in some 
surface or surfaces. 

7. If an equation involve only one of the coordinates as x^ 
we know that such an equation, ^ [x) = 0, has a finite or an 
infinite number of roots a, &, c,... separated by definite intervals, 
and is equivalent to the equations :c = a, a; = i, ... each of which, 
as x^a^ is satisfied by every point in a plane parallel to the 
plane yOz at an algebraical distance a from that plane. Hence, 
all the points, whose coordinates satisfy the equation ^ [x) = 0, 
^*e in a series of planes parallel to yOz at algebraical distances 

If the given equation involve two only of the variables, 
•i3 ^(y, «)=0, on the plane yz let the curve be constructed, 
«very point of which satisfies this equation, and let a straight 
ne be drawn parallel to Ox through any point in this curve, 
len every point in this line is such that its coordinates, 
s well as those of the point through which it is drawn, 
itisfy the given equation, and the same is true of all points 
I the curve, but of no other points. Hence, all the points 
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which satisfy the proposed equation He in a surface generated 
by a straight line parallel to Ox^ which passes successively 
through every point of the curve traced on the plane yz] 
such a surface is called a cylindrical surface, and the curve is 
called the trace on the plane yz^ being one of an infinite number 
of curves called guiding curves to the cylindrical surface. The 
number of guiding curves is infinite, since, if any curve be 
traced upon the cylindrical surface so as to cross every 
generating line, a line, moving parallel to Ox so as to traverse 
every portioq of such a curve traced in space, would generate 
the entire cylindrical surface, that curve serving to guide the 
direction of motion of the generating line. 
\ 

8. We may notice Were that if the equation ^ (y, a) = be 
equivalent to a series of equations of such forms as 

(y-i)« + (^-o)»=0, 

[my — nzY -f (« - c)' = 0, 

the trace on yz is reduced to 'a series of points, and the locus 
of the equation <^ (y, 2?) = becomes a series of straight lines 
parallel to Ox and passing through those points. 

In such cases the locus appears to be dififerent in character 
from that of the general case, since it is a series of lines instead 
of being a surface. But it may be seen that this is only in 
appearance, since each of the equations, whose locus is called 
a point, represents a closed curve of infinitely small dimensions, 
and the lines are cylinders whose breadths are infinitely small, 
and the locus of the equation tf> [y^ 2) = is, as in the general 
case, a series of surfaces, and a similar interpretation may be 
given in every case. 

9. We shall now proceed to the general case, in which all 
the coordinates are involved, 

* (^j yj «) = ^> 

and examine the position of all the points which satisfy the 
* equation. 

We shall first find the position of those points which are 
at an algebraical distance / from the plane of yZj which is the 
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same thing as finding those points of the locus which lie in 
a plane whose equation Is x =/. 

Such points are contained in the cylindrical surface whose 
equation is (/, y, z) = 0. The trace of this surface on the 
plane x=^f is the line which contains all the points of the 
locus which lie on that plane; and, if the series of lines be 
supposed traced corresponding to different positions of the plane 
X =/, for values of / varying from - oo to + oo , we shall 
evidently obtain a surface which will contain all the points 
which satisfy the equation 

10. As an illustration of tracing surfaces, we will take the 
case of the surface whose equation is 

{x + yY = az. 

If a; = 0, y* = az^ therefore the trace upon the plane of yz 
is a parabola whose axis is Oz and vertex 0. 

Similarly the trace on zx is an equal parabola having the 
same a^is and vertex. 

If 2 = ^, [x-h yY = aA, the latter is the equation of two planes 
parallel to 0«, equally inclined to the planes yz^ zx^ therefore 




the trace on the plane z^hv& two straight lines equally inclined 
to the planes of yz^ zx. 

Hence, the surface may be generated by straight lines such 
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aa PQj which move parallel to the plane xy^ constantly passing 
through the traces OP, OQ on the planes zxj yz^ and inclined 
to these planes at equal angles of 135°. 

The shape b therefore a cylindrical surface. 

Locus of the Polar Equation, 

11. We shall examine in order the loci of equations in Polar 
coordinates which involve one or more of these coordinates. 

(1) It the equation be i^(?') =0, this is equivalent to a series 
of equations r = a^ r = i, ... any one of Hvhich being satisfied 
the original equation is saitisfied ; r = a is sl^tisfied by all points 
at a distance a from the origin, measured in any direction ; 
therefore the locus of F[r)=^{} is a series of concentric spheres, 
whose centre is the origin. 

(2) If the equation be ^(5) = 0, it is equivalent to 5 = a, 
^ = )8, ..., any one ^ = a is satisfied by every point of lines 
through inclined to Oz at angles equal to a; therefore the 
locus F{6)^0 is a series of conical surfaces, whose common 
axis is Oz^ common vertex 0, and vertical angles 2a, 2/3, .... 

(3) If the equation be i^(^) = 0, it is equivalent to ^ = a, 
<^ = /3, ..., any one = a is satisfied by every point in a plane 
through Oz inclined at an angle a to the fixed plane zOx] 
therefore the locus of F{'(f>) = is a series of planes through 
Oz inclined to zOx at angles a, /3, ... . 

(4) If the equation involve only r and 6^ as F[r^ ^) = ^) 
since for all values of the same relation exists between r and 6y 
the locus of the equation is the surface generated by the re- 
volution of a curve traced on a plane passing through Oz^ as 
this plane revolves about Oz as an axis. 

(5) If the equation involve only and 4^, as F[0^ 4>) = ^1 
for every value of <^, there is a series of values of 5, correspond- 
ing to which if straight lines be drawn through f >, t.'\ery [nnu^ 
in these lines will be such that its coordinates v. ill sn*^^ '■ {l.^. 
equation, and as ^ changes, or the plane through O:; w • , iv ^s, 
these lines assume new positions relative to Ozj aii'l prcnerato, 
during the revolution of the plane, conical surfaces, a conivul 
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surface being defined to be a surface generated by a straight 
line moving in any manner with the restriction that it passes 
through a fixed point. 

(6) If the only coordinate involved be r, ^, as in F[r^ ^)^% 
for each position of the plane through Oz inclined at any angle 
^ to the plane z Ox^ there is a series of values of r which are 
constant for all values of ^^^ t.e. there is a series of concentric 
circles in the plane, the coordinates of each point in which 
satisfy the equation. 

The locus of the equation is therefore a surface generated 
by circles having their centres in (?, and varying in magnitude 
as their planes revolve about the line Oz through which they 
pass. 

(7) If the equations involve all the coordinates, as 
F[r^ 0y (j>) = 0, let any value, as /8, be given to <^, then cor- 
responding to this value there is a plane through Oz^ and 
if the locus of -F(r, ^, /8) = be traced on this plane, and 
such curves be drawn upon all planes corresponding to values 
of <f> from —GO to +qo, the surface which contains all these 
curves will be the locus of the equation. 

Curves. 

12. Carves in space are called generally carves of double 
curvature^ because generally they do not lie entirely in one 
plane, so that if we take three points very near to one another, 
these three points lie in one plane, but not generally in 
one straight line, while a fourth point will lie generally on 
one side or the other of this plane, the bend first in one 
plane and then in another giving rise to the term douhle 
curvature, 

9 

Equations of Curves, 

13. Through every curve there can be drawn an infinite 
number of surfaces, the intersections of any two of which will 
include every point of the curve. At the same time we must 
observe that two surfaces, each of which contains a given 
curve, may not be sufiicient to determine the position of the 

c 
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curve definitely, because they may intersect in other points 
which are not connected with the given curve. 

ThuS| if we take the case of a circle, it is true that it lies 
entirely in the intersection of a certain sphere and cylinder, 
but the sphere and cylinder are not sufficient to determine 
the circle without ambiguity, because they also intersect in 
another circle. It is possible, however, in this case to find 
two surfaces which do define the circle completely, as, for 
example, a plane and either a sphere or cylinder. 

14. If (f> (xj y, ar) = and -^ (a:, y, «) = be equations of two 
surfaces, these surfaces, by their intersection, determine a certain 
curve, and if another equation x (^9 y^ z)^0 be derived from 
these equations by any algebraical process, this third equation 
will be satisfied by every point in the curve determined by the 
intersection of the first two surfaces, and we may employ this 
equation and either of the first two to obtain properties of the 
curve, although the new equations which we employ may 
represent surfaces which intersect in other points than those 
of the curve originally proposed. 

For example, the equations 

V I V 

X y z 

a« ^ J« ^ c- ^' 

and a;" + y' + «* = V 

represent two surfaces, the first of which is called an ellipsoid, 
the second is a sphere, now, dividing the second equation by 
&*, and, subtracting the first from it, we obtain the equation 

which, if a>b>Cj represents two planes and shews that the 
curve of intersection is composed of two circles, which are 
the intersection of the sphere and the two planes. 

15. It is often convenient in practice to consider a curve 
as the intersection of two cylindrical surfaces, whose generating 
lines are parallel to two of the coordinate axes. In this way 
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of considering curves, the equations of the surfaces are of the 
form 

As a simple example of this method the straight line joining 
the points n^ N in the figure on page 2 is determined by the 
two plane surfaces whose equations are 

X z 

a c ' 

and f + - = 1. 
c 



II. 
Trace the surfaces represented by the equatioas 

(1) 4:' + y* = ax. 

(2) 2* B ax + 6y. 

(3) *■ + / + s* = 2tfx + 2By + 2cs, 

(4) X* -^ y* = a», 

(5) Z2« « ey 

(6) xy = az. 

(7) cY « (c - zy (a* - x«). 
(ft) (« + y)' = c (« - ar). 
(9) Shew that the surfaces 

(« + y)* = o (2^-«)r 
and X + y - 2 B 0, 
intersect in a parabolic cylinder. 

(10) Describe the three surfaces 

r = a BinO, 
r ss a co8(f>t . 
4^ a 2ir + w- sin 40. 



CHAPTER III. 



PaOJECTIONS OF LINES AND ABBAS. DmECTION-COSINES 

AND DIRECTION-RATIOS. 

16. Def* The g/eometrical projection of a straight line of 
limited length upon any other straight line given in position is 
the distance intercepted between the feet of the perpendiculars 
let fall firom the extremities of the limited line upon the straight 
line ott which it is> to be projected. 

17. The geometrical projection of a straight line of limited 
lengA on a given straight line is equal to the given length multi' 
plied by the cosine of the acute angle contained between the lines. 

Let PQ be the line of limited length, AB the indefinite line 
upon which it is to be projected. 

Let QRN be a plane through Q perpendicular to AB meet- 
ing; it ia Nj PR paralld to AB meeting QBN in R, 




Therefove PR being parallel to AB is perpendicular to the 
plane QRN^ and therefore to RN and QR^ and QN is perpen- 
dicular to AB\ hence^ if PM be drawn perpendicular to AB^ 
MN is the projection of PQ, and QPR is the acute angle con- 
tained between PQ and AB^' aad since PRNM is a rectangle, 

MN^PR^PQqo^QPR. 

If PQ produced iintersects ABy the proposition is obviously 
true. 
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18. Def. The algebraical projection of a line PQ upon an 
indefinite line AB given in position is the projection estimated 
in a given direction, ba AB. • 

If a be the angle through which PQ may be supposed to 
have revolved from PR^ drawn in the positive direction AB^ 
the algebraical projection o{ PQ = PQ cos a. 

If N lies in the opposite direction with reference to Jfcf, a is 
obtuse, and PQ cos a is negative. 

The algebraical projection of a limited straight line upon 
a line given in position measures the distance traversed in 
the direction of the latter line in passing from one extremity of 
the former to the other. 

This consideration shews that, if all the sides of a closed 
polygon taken in order be projected on any straight line given 
in position, the sum of the algebraical projections of these sides 
is zero ; since, in passing round the perimeter of the polygon 
from any point, the whole distance advanced in any direction 
is zero. 

Hence, the algebraical projection of any side AB of a closed 
polygon is the sum of the algebraical projections of the remain- 
ing sides commencing from A and terminating in B. 

Note. In future, when the term projection is used, the 
algebraical projection is to be understood. 

19. Let PQ be any line, PMy MN^ NQ three straight lines 
drawn in any given directions so as to terminate in Q, and 
Z, 771, n the cosines of the angles which PQ makes with these 
directions. 




Then PQ will be the sum of the projections of P3f, MN^ and 
NQonPQ] therefore PQ-^l.PM+m.MN+n.NQ. 
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DIRECTION-COSIN E8. 



7^c 



Direction- Cosines. 

20. The direction of a straight line in space is determined 
when the angles which it makes with the coordinate axes are 
known. 

Def. If the coordinate axes be perpendicular, the cosines 
of the inclinations to the three axes are called direction-cosines. 

21. To find the relation between tie direction-cosines of a 
straight line. 

If Z, ?w, n be the direction-cosines of PQ^ and PMy MNj NQ 
be parallel to the coordinate axes, 

PM=PQ.l, MN=.PQ.m, NQ^PQ.n. 

Join PN^ then, since QN is perpendicular to NM^ #KP, and 
therefore to the plane PMN^ PNQ is a right angle} 

hence P(^^PN^-\-N(^^P}P'\-MN^-\-NQ'*, 

.-. l = ? + »n" + fi", 

which is the relation required. Hence the three angles of in- 
clination cannot all be assumed arbitrarily. 

22. To find the angle between two straight lines in terms 
of their direction-cosines. 

Let PQ^ P'Q be two straight lines whose direction-cosines 
are (/, w, n) and (?, m', n) respectively. 



«A^ 




ilf^O^^v^ 


\ 
\ 
\ 


^Av^O>l 


Q 


PK\y^ 




/>^o 


r 


, K. 





Let Pif, MN^ NQ be drawn parallel to the axes, connecting 
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any two points P, Q^ and PP\ QQ perpendicular to FQ^ and 
let e be the angle between PQ and P'Q'. 

Then FQ\ the projection of Pq on FQ^ will be equal to 
the sum of the projections of PM^ MN^ NQ on FQ\ namely, 
FM'.M'N'^N'Q*, 

therefore PQ cos0 = PM.l' -\- MN.m' -\-NQ.n\ 

and since PM^ PQ.l^ MN= PQ.m^ NQ = PQ.n, 

/. COS0 = ir + Qnm +nn] 

hence, sin*^ = (? + m* + n«) {P + w" + n") - [IF + wm' + nn'y 

= (win' - m'n)" + {nV - n7)» + {Im' - f m)'. 

* • 

Whend=j7r, Z? + imm' + «n' = 0, the condition that the two 
straight lines may be at right angles. 

23. To find the dtrectton'Coaines of a straight line perpen-- 
dicular to two straight lines whose direction-cosines are given. 

Let Ij w, n, and ?, m', n' be the given direction-cosines, and 
X, /i, V the required cosines of the perpendicular. 
Then from the condition of perpendicularity, 

l\ + nifi + nv = 0, 

and rx + »w'/A + TiV = 0, 

whence (Zn — ?'w)X+(«pw' — ?w'w)/a = 0, 

and — J — ^ = / :, = y-7 — =r^ , by symmetry, 

= ±J-^, (Art. 22), 
sm^' ^ '' 

if be the angle between the lines. 

24. To find the direction-cosines of two straight lines which 
lie in the plane containing two straight lines^ whose direction- 
cosines are given^ and bisect the angles between them. 

Let AP^ AQ be the two given lines, whose direction-cosines 
arc Z, tw, n and Z', m\ n. 

Take -4P=-4(2 = r, join PQ and bisect it in iZ, AR is one 
of the bisecting lines, let its direction-cosines be X, fj,^ v, and 
if 26 be the angle between AP and A Q^ AR = r cos 6. 



■\ 






/ 
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If AP^ AQ^ and AR be projected upon the axis Ox^ the 
projection of R bisects that of PQ ; 

l-\-T 
/. 2r co85.X=7r + ZV, and X = r ^i 

and similarly for fi and v. 

Produce QA to y so that ^g = r, and bisect Pg in r, -4r 
is the other bisector, and since the direction-cosines of Aq are 
— ?, - W, — w' and Ar = ffr sin 5, if \', /it', v' be the direction- 
cosines of -4r ; 

.-. 2r sin^.\' = Zr+(-n^, and X' = ^ . ^, 

^ ' ' 2 sin ^ ' 

and similarly for /a' and v, 5 being determined by the equation 

cos2^ = W 4 mm + ww', (Art. 22). 

25. To find the angle between the two straight lines whose 
directton-cosines are given hy two homogeneous equations of the 
first and second degrees respectively. 

Let the given equations be 

aC + hn^ -f en" + 2a mn + ib'nl + 2c Im = 0, 

and aZ4-)87w + 7^ = 0. 

That there are two lines ma^ be seen by eliminating n 
from the two equations, whereby we obtain the equation giving 
two values of 7 : wi, 

7^ [aV + Im^ + 2clm) - 27 [al -f- fim) [Vl + a'/w) + (aZ 4 /S/w)* = 0, 

or vP* + 2w7m + ?iwi* = 0, 
where v=^a'/ — 2b'ya-\'ca^j 

w' = c'7' - {a a 4- &')8) 7 4 caj3, 
u=:c/3^-' 2al3y + J7". 

How, let Z,, w^, w,, and Z,, w^^, w^ be the . direction-cosines 
of the two straight lines, then, Z, : m^ and l^, : m^ being roots of 
the equation. 



W V — 22(?' 



a »' 1 a _ • ■ I 

4 (?/?'*— wr) j ' 
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Now, it can be shewn, by collecting the coeffidents of the 
different powers of 7, that 

where A^^d^ — hc and A* ^ocl —Vc\ 

and similar expressions. 

We have, therefore, from symmetry. 



u 



V 



v/^ 



2aLP 



_n^--n/^_^,-^Z,m, 



2)8P 27P ' 

where P" is written for the symmetrical expression 

^a' + ...+ 2.fl'i87. 
Therefore, if ^ be the angle between the lines, 

cos<|t> __ sin0 

w + vT^ "" 2P(a' + /y4 7*)*' 

Cor. The conditions that two such equations may represent 
two perpendicular or two parallel directions are 

tt + v + tt7 = 0, and P=0, respectively. 

The condition of perpendicularity may be written 

if /(?, % n) = be the equation of the second degree. The 
condition of parallelism may be expressed by the determinant 



a, c', h\ a 

c\ by a\ fi 

b'j a , c, 7 

a, ^, 7, 



= 0. 



Directum-ratios. 

26. Def. If the coordinate axes be not perpendicular to 
each other, the direction of a line PQ is fully determined, when the 
ratios of Pif, MN^ NQ to PQ are given, Pif, MN^ NQ being 
parallel to the axes. These ratios are called directionrratios. 

D 
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27. To find the relation bettoeen the direction^atios of a 
straight line. 

In the figure on page 14, let the angles yOz^ zOx^ xOy be 
X, /A, V, and let a, yS, 7 be the angles between PQ and the axes, 
Z, 7n, n the direction-ratios of PQ. 

Projecting the line PQ and the bent line PMNQ terminated 
In the same points on Ox^ 

PQ cosa = PM-^- UN cosv + NQ cos/x, 

.'. cosa = Z + wi cosv + nco8/x; 

similarly cos^ = I cos v + 7/1 + w cosX, 

and CO87 = I cos/i + m cosX + w. 

Also, projecting PMNQ on PQ^ 

PM cosa + MN cos^S + NQ C037 = P^P 
/. Z cosa + m cos /3 + w cos7 = l, 
/. 1 = r + m* + n* + 2mn cosX + 2w? cos/* + 2?m cos v, 
which IS the relation required. 

Pryection of a Line on a Plane. 

28. Def. The orthogonal projection of a line of limited 
length on a plane is the fine intercepted between the perpen- 
diculars drawn from the extremities of the limited line upon 
the plane. 

29. The orthogonal projection of a line upon a plane is 
the length of the line multiplied hy the cosine of the angle of in- 
clination of the line to the plane. 
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Let PQ be the given line, AB the plane, PM^ QN perpen- 
diculars upon the plane. 

Since Pif, QN are perpendicular to the plane AB^ PM is 
parallel to QN^ and the plane MPQN is perpendicular to the 
plane AB] join MN^ and draw PL parallel to MN) 

.-. zPLC = zJlf^C = a right angle; 

.-. MN=PL^ PQ cos QPL, 

and MN is the projection of PQ on AB^ 

L QPL — the inclination of PQ to the plane, 

whence the proposition. 

Projection of a Plane Area upon a Plane. 

30. Def. The orthogonal projection of a closed plane area 
upon a fixed plane, is the area included within the line which 
is the locus of the feet of perpendiculars drawn frcm every point 
in the boundary of the plane area. 

If a series of planes be taken forming a closed polyhe- 
dron, the algebraical projections of the faces upon any plane are 
their areas multiplied by the cosines of the angles which their 
normals, drawn outioards^ make with the normal to the plane. 

31. The orthogonal projection of any plane area on a given 
plane is the area multiplied hy the cosine of the inclination of the 
plane of the area to the given plane. 
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Let APB be any closed curve described upon a given plane, 
and A'FB' the orthogonal projection upon any other fixed plane, 
-which is the locus of the feet of the perpendiculars drawn to the 
second plane from every point of the curve APB, 

The areas APB^ AP'B may have inscribed in them any 
number of parallelograms, such as PQ^ P'Q\ whose sides are in 
planes PMP\ QNQ' drawn perpendicular to the line of intersec- 
tion of the given planes, and parallel to that line, and these 
parallelograms are in the ratio Qf 1 : cosine of the inclination of 
the planes ; therefore the sums of the parallelograms are in the 
same ratio. ^ 

Hence, proceeding to the limit when the breadths of these 
parallelograms are indefinitely diminished, the area of the pro- 
jection of -4PB = area of -4PjBx cosine of the inclination of 
the planes. 

32. If the faces of any closed polyhedron he projected on any 
plancy the sum of the algebraical projections of the faces on any 
fixed plane will he zero. 

One side oi. the fixed plane being selected as that to which 
the normal is drawn, the angle between this normal and the 
normal, drawn outwards, at any point of the closed polyhedron, 
IS quite definite ; and the projection of any face will be .positive 
or negative according as this angle is acute or obtuse. .Now 
any straight line whatever (produced indefinitely both ways) 
will meet the polyhedron in 0, 2, 4, ... or some even number of 
points, since passing from outside to inside, or from inside 1o 
outside, necessitates crossing a face once. Draw a straight 
line parallel to the normal to the plane of projection meeting 
the polyhedron in points P^, P,, P,, ..., P^, and round it an 
indefinitely small cylinder whose transverse section is a, then 
the projections of the sections of this cylinder made by the faces 
of the polyhedron which it meets will be alternately + a and 
— a, and since the number of them is even, their sum will 
always be zero. This being true for every straight line per- 
pendicular to the plane of projection, will be true for the total 
projection of the polyhedron; and will also be true when the 
number of faces is indefinitely increased, and the areas of some, 



PROJECTIONS. 21 

or all of them, diminished indefinitely ; that is, the snm of the 
algebraical projections of all the elements of a closed surface 
on any fixed plane is zero.* 

33. To find the area of any plane surface in terms of the^ areas 
of the projections upon any rectangular coordinate planes^ 

Let l^ nij n be the direction-cosines of a normal to the plane ' 
on which the given area A lies, A^^ A^^ A^ the areas of the 
projections upon the coordinate planes of yz^ zxj acy. 

Then, since I is the cosine of the angle between Ox and the 
normal to the plane, which is the same as the angle between 
the plane of A and the plane otyz^ A^^Al^ 

and similarly, A^ = Am^ and A^ = An ; 

• 34. To find the plane upon which the sum of the projections 
of any number of given plane areas is a maximum. 

Let Aj A' J A".,, be any number of plane areas, ?, m^ n^ 
r, m'j n ... the direction-cosines of the normals to their planes, 
X, /x, y those of the normal to a plane upon which they are 
projected; and let A^j A^^ A^ and -4'^, -4'^, ^'^...,be the areas of 
the projections of the given areas upon the coordinate planes. 

Then since l\ + mfi + nv is the cosine of the angle between 
the plane of Aj and the plane upon which it is projected, the 
projection of A is 

-4 (ZX + mfi + nv) = ^^X + A^fA + A^v ; 

therefore the sum of the projections of all the areas upon the 
plane (X, /x, v) is X2(-4J+/a2(^J + vS (-4J which is to be a 
maximum by the variation of X, /i, v, subject to the condition 
X» + /^« + v«=l; 

••. 2 {A J ^ H- 2 {A^) rf/x + S (^ J dv = 0, 

and X^ + /irf/A + vc?v = 0, 

must be true for an infinite number of values o{ d\, : dfi: dv] 

'•"z Thomson and Tait's ETements of Natural Philosophy, Arts. 446—450. 
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which determine the direction of the plane of projection, in order 
that the sum of the projections of the areas may be a ma^mum. 



III. 

"^(1) Two straight lines are drawn in the planes of xy andys, making 
angles a, 7 with the axes of x, z respectively ; the direction-cosines of the 
straight line perpendicular to the two are proportional to tana, - 1, tan 7. 

^ (2) If two straight lines he inclined at an angle of BQP, and their 
direction-cosines be I, m, n, /', m', n', there will he a straight line whose 
direction-cosines are / - ^, m - m', and n - n% and this straight line will be 
inclined at angles of 60° and 120° to the former straight lines. 

^ (3) If the angles which. a straight line through the origin forms with the 
coordinate planes be in arithmetical progression, whose difference is 45°, 
the line must lie in one of the coordinate planes. 

^ If it form angles a, 2a, 3a with the coordinate axes, it must lie in one of 
the coordinate planes. 

i/ (4) The angle between two faces of a regular tetrahedron is sec'^3. 

"^ (6) Find the angle between the two straight lines, whose direction- 
cosines are given by /* + m" = n" and / + m + n = 0. 

*/ (6) Shew, by projecting upon the base, that the area of the surface of a 
right cone is yralf a being the radius of the base, and / the length of a 
slant side. 

V (7) Shew a priori that the rational equation connecting the direction- 
cosines of a straight line can only involve even powers of those quantities. 

sJ (B) Three circles whose areas are in the ratio 3:4:5 lie in three 
perpendicular planes, shew that the plane on which the sum of the projec- 
tion is greatest is inclined at an angle 45° to the plane of one of the circles. 

(9) If a plane mirror be equally inclined to each of the three coordinate 
f>lancs, and X, /t, » be the direction-cosines of a ray incident on it, shew 
that those of the reflected ray will be 

i (2/t 4 2y - \), i (2y + 2X - ft), and J (2X + 2^ - u). 

^ (10) If hO be the small angle between two lines, whose direction-cosines 
are respectively /, w, n and / + ^/, m + ^m, n + ^n, prove that 



^ (11) Determine the plane and the area of the maximum projection of the 
hexagon 'formed by the six edges of a cube that do not meet a given 
diagonal. 
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* (12) The sum of the three acute angles which a straight line forms with 
three rectangular coordinate axes is less than 120°. 

^ (13) The sum of the acute angles which any straight line makes with 
rectangular coordinate axes can never be less than f sec~^(- 3). 

(14) The direction-cosines of a straight line perpendicular to the two 
whose direction-cosines are proportional to /, m^ n and m-{^ n, n + ^, / +. m, 
are proportional to m - n, n - I, l-m. 

(15) The straight lines whose direction-cosines are given by the equations 

al^ hm -^ en =0, 

oi* + /8m* + 7n« e 0, 
will be perpendicular, if «' ()3 + 7) + ft* (7 + a) + c* (a + /3) « 0, 

and parallel, if — + — +- = 0. 

(16) The straight lines whose direction-consines are given by the equations 

al \hm^cn^Of 



I m n 



will be perpendicular, if - + ^ + jl =: 0, 

and parallel, if ^{aa) ± y/(hfi) ± V(<J7) « 0. 

(11) The direction^ cosines of a line making equal angles with three 
straight lines whose direction -cosines are 

(/, m, n), (^ m', n'), (r, m", n"), 

are proportional to 

m (n' - n") + m' («" - n) + m" (n - n'), 

n (^ - r) + n' (r - I) 4 n" (i - f ), 

/ (m' - m") + r (m" - m) + T (m - m'). 

If the given lines be mutually at right angles, the direction-cosines 
will be 



V3 V3 V3 

•^(18) If the direction-cosines of two straight lines be given by the equations 

amn + 6n/ + dm « 0, a/ + fim + 7*1 = 0, 

prove that the tangent of the angle between the lines will be 

{(g* 4 /y -f 7') (gV -t-...- 25C/37 -...))* 

0/37 + 67a + cap 
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(19) Find the direction-cosines of the two straight lines which are 
equally inclined to the axis of z, and are perpendicular to each other and 
to the line which makes equal angles with 'the coordinate axes. 

(20) If A, 3, C, D be four points in a plane, A\ 3, C, Hf their 
projections on any other plane, the i^olumes of the tetrahedrons ABCiy, 
A'B'C'D will be equal. 

(21) If /, m, n be the cosines of the angles which a straight line makes 
with three oblique coordinate axes, and X, /i, v be the angles between 
the axes, 

/* sin*\ + m* sin* /A -l- n* sin* v + 2mn (cosfi cos » - cosX) 

-f 2nl (cos V cosX - cos fi) + 2lm (cosX cos^ - cos v) 
« 1 - cos*X - cos*/i - cos* V + 2 cosX cos /a cos v. 

(22) If A, Bf C, D be the areas of the faces of a tetrahedron ; a, h, c, 
a, p, 7 the cosines of the dihedral angles {BC), {CA), {AB), {DA), (DB), 
(DC), respectively; then will 

A* B^ C^ 

1 - a« _ e,« - c* - 2abc " 1 - o« - /3* - c* - 2afic 1 - a* - e»* - 7* - 20*7 

D* 

"^ 1 - a* - 6* - c* - 2abc ' 



CHAPTER IV. 



DIVISION OF LINES IN A GIVEN RATIO. 
DISTANCES OF POINTS. EQUATIONS OF A STRAIGHT LINE. 

35. To find the coordinates of a point which divides the straight 
line joining two given points in a given ratio. 

Let the given points be P(a?, y, z\ and P {x\ y\ «'), and let 
Q divide PF in a given ratio, so that PQ : QP :: X' : \. If 
Jlf, N^ M be the feet of the ordinates of P, Q, P parallel to Oz^ 
and mQni parallel to MNM* meet MP in w, and M*P in wi', 

Pm : mP :: PQ : QP :: V : X ; /. if f, i;, f be coordinates o£ Q, 

X(?-*) = V(.'-?); /. r=^^J^', 

and similarly for ^ and «;. 

When Q lies in PP* produced in the direction of P', PQ and 
QP' being measured in opposite directions are affected with 
opposite signs and X is negative. In like manner, when Q is 
in PP produced in the direction of P, X' is negative. In all 
cases due regard being paid to the signs of X and X' have 

PQ QP PP 



t • 



X' " X x + x 



Distance between, two points, 

36. To find the distance between two points whose coordinates 
are giveuj referred to rectangular axes. 

Let [xy y, z)j (a?', y\ z') be two points P, Q whose coordi- 
nates are given referred to a rectangular system; and let a 
parallelepiped be constructed whose diagonal is PQj and whose 
edges Pif, MNy NQ are parallel to the coordinates axes Ox^ Oy^ 
Oz\ and join PN. 

E 



26 



DISTANCE BETWEEN TWO POINTS. 




Then, since QN is perpendicular to the plane PMN^ and 
therefore to FN, 

but PN'=PM*+MN*', 

.: PQ' =- PM* + MiP -^ NQ'. 

PM is the difference of the algebraical distances of Q and P 
from the plane yOz^ and similarly for MNy NQ : 

.-. PQ' = {x' - xY + (y' - yf + («' - zf. 

If a, fij 7 be ihe inclinations of PQ to the axes of coordinates, 

x' ^x = PQ cosa, 

y'-y = Pecos/3, 

«' - « = P0 COS7, 

/. 1 «= cos^a + cos'*^ H- co8*7. 

The double sign, which appears in the value of PQ^ may be 
interpreted in a manner similar to that adopted in the case of the 
radius vector in polar coordinates in Plane Geometry. 

If the angles a, /9, 7 define the direction of measurement of 
the distance PQ of Q from P, the opposite direction is defined 
by 7r + a, -tt + ^S, 7r + 7, and therefore these angles with an 
algebraical distance — PQ equally determine the position of the 
point Q with reference to P. 

The distance of the point [x\ y', z') from the origin is 
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37. To find the distance between two points referred to oblique 
axes. 

Let A., /i, V be the angles between the axes ; and {x^ y, z)^ 
{x\ y\ «') two points P and Q. 

Let a parallelepiped be constnicted whose diagonal is PQ^ 
and whose edges PM^ MN^ NQ are parallel to Ox^ Oy, Oz, 

Now, the projections on PM of the line PQ^ a^d of the bent 
line PMNQ terminated in the same points, are equal. 

Therefore if a, /S, 7 be the angles which PQ makes with the 
axes^ 

PQ cosa = PM + ^IN cos v + NQ cos /a, "j 
similarly PQ cosfi=MN-\- NQ cosX + Pilf cos v, > (1). 
and PQ C0S7 = NQ + PM cos/x -f Jf^ cosX, J 

Also PQ is the projection of PMNQ on PQ J 

.-. P(? = PJf cosa + MN cos^S + NQ C0S7 (2). 

Therefore multiplying the equations (I) by PM^ MN^ NQ 
we have by (2),* 

P(2" = PM « + MN^ + Jf (2» ^^ 2MN.NQ cosX 

+ 2-^^$ . Pif cos/i -f 2Paf. Jlf^ cos V, 

and Pif is the difference of the algebraical distances of Q and 
Pfrom yOzj and therefore =a;'- a;, and similarly MN=y' -t/j 
and A^Q = «' — «; 

.-. P(2» = (a.'-a:r + (y-yr + (^'-^r + 2(y'-.y)(^'-;.)cosX 

+ 2 (»' - «) (a;' — a;) cos/x + 2 (a;' — a;) (^' — y) cos v, 

whence PQ is determined as required. 

38. If l^m^n be the direction-ratios of PQ, 

PM^l.PQ, MN=m.PQ, NQ^n.PQ] 

.'. 1 = P + 7w* -f n'* + 2iwn cosX + 2nl cos/a 4 2//7i cos v, 

which is the equation connecting the direction-ratios of any line 
referred to oblique axes. 

39. To find the distance of two points whose polar coordinates 
are given. 

Let (r, 0y ^) and (r', ^, ^') be the given points P and Q. 
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Join OP, OQ^ QP^ and let a spherical 
surface, whose centre is and radius 
unity, intersect OP, 0^, and OZ in 
p^ J, and r. 

Then, rp = 0jrq = 0'j and Z qrp^<f> -<^. 
P^ = OP* + OQ" - 2 OP, 00 cos/?j 

_ |.« ^ y'* -. 2rr cos^^. 
But cos^y = coS2?r cosjr 

+ sin^ sinjr cosprj 
= cos cos ff + sin sin fi' cos (<^' — ^)] ; 
.•• P(7 = r* + /* - 2rr' {cos^ cos ff + sin 5 sin ff C08{f - <^)}, 

whence the distance PQ is determined in terms of the polar 
coordinates of P and Q, 

40. The distance may be de- 
termined without Spherical Tri- 
gonometry as follows. 

Draw PM^ QN perpendicular 
to the plane of a?y, join MN^ OM 
and ON^ and draw PR perpen- 
dicular to QN'^ 

.-. P(^=Qie^-PIf 

QR^r Qo^ff-Tcmej 
and M]!P = 0ir-^0N'''-20M.0NcoBM0N 

= r« sin*^ + r'« 8in''fl'-2rr' sin^ sin^ cos(f -i^) ; 
.-. P^= r* + r'" - 2rr' {cos^ cos^' + sin^ sin^' cos(^' - <!>)}, 
which gives the required distance. 

The Straight Line. 

4L The general equations of the straight line which will 
be emplayed are of two forms : one form is symmetrical, and the 
equations are deduced from the consideration that the position 
of a straight line is completely determined, when one point in 
the line is given^ and the direction in which the straight liae 
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is drawn. The symmetry of this form gives great advantages, 
and in all questions of a general nature the general symme- 
trical equations will be almost exclusively employed. The 
other form is unsymmetrical, and the equations are deduced 
from the consideration that a straight line is the intersection 
of two planes, and is completely determined when the equa- 
tions of the two planes are given. These equations in their 
sigiplest forms are the equations of planes parallel to two of 
the coordinate axes, and are the same as the equations of the 
projections of the straight line parallel to these axes upon 
two of the coordinate planes. It will be seen .that, in cases 
in which the elimination of the constants is an essential part 
of the solution of a problem, the unsymmetrical equations may 
be used with advantage. 

42. To find the symmetrical equations of a straight line. 

Let ^ be a fi^ed point (a, J, c) of a straight line, P any 
other point (a;, ^, £?), Z, m, n the direction-cosines of AP] and 
let AP=: r. 

Then the projection of AP on the axis of x is aj — a, and 

£Xj ^~ a " V ^ b 
it is also Itj hence — j— = r, and, similarly, = r, and 

Si ^ C 

also = r. The equations of the straight line are therefore 

x — a _^ y — i _ « — c 
I m w ' 

x—a y — b z — c 

^ L M N ' 

if Z, Jf, N are any quantities proportional to Z, ttz, n. 

It should be carefully remembered that, when the former 
equations are used, each member of the equations is equal to 
the distance r of the current point {x^ y, z) from the fixed 
point (a, J, c). 

The equations of a straight line will be of the same form 
if the axes be oblique, the same interpretation being given 
to r, and Z, w, n being the direction-ratios. The projections 
employed in the above proof will then be the intercepts on 
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the axes made by planes through A and P parallel to the 
coordinate planes. 

43. To find the non-si/mmetrtcal equations of a straight line. 

If a straight line FQ be projected by straight lines parallel 
to the axes Oy, Oa?, whether rectangular or oblique, on the 
two coordinate planes xz^ yz^ each projection will be a straight 
line, ^2>qiPq'y in these planes respectively. 



9\ 



\ 



F 



•a 




Hence, the coordinates a;, z of any point (a?, ^, z) in PQ 
being the same as those of the projection of the point in p;, 
satisfy an equation of the form x ^pz + A, and the coordinates 
y, z similarly an equation of the form y==2« + /<j; and, con- 
sequently, the equations of the line may be written 

m 

x = pz-\-h^ y^qz-^h 

44. On the nuinber of independent constants employed in the 
equation of a straight line. 

It may be noticed that the latter system of equations 
involves only four constants, whilst the symmetrical system 
involves six. 

Of the three ?, tw, n, however, we know that they are 
connected by the relation P4-w* + w®=l (Art. iJl) or an 
equivalent relation (Art. 27) if the axes be oblique, which 
renders them equivalent to only two independent constants; 
and, if we take L^ My N^ since they are only required to be 
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proportional to Z, m^ n^ one of these may be assumed arbitrarily, 
atfd they are still equivalent to two constants only. 

Also, of the three a, bj c, one may be assumed at pleasure ; 
for, since the straight line cannot be parallel to all the co- 
ordinate planes, let it not be parallel to that of yz ; then at 
whatever distance a from yz we take a parallel plane, the 
straight line will meet this plane, and we may take the point 
where they meet for the point (a, &, c), that is, we may give 
to a any value we please, and the three a, ft, c are consequently 
equivalent to two independent constants only. 

45. To find the equations of a straight line parallel to a 
coordinate plane. 

If a straight line be parallel to a coordinate plane, as that 
of yzj every point in it is at a constant distance from this 
plane, and we have the equation a; = A, therefore the equations 
will be of the form 

aj = A^ y = qz + k. 

Taking the symmetrical form, since the line will be per- 
pendicular to the axis of ar, Z=0, and therefore Z = 0, and 
the equations of the line assume the form 

. x — a y- h ^^Z" c 
" m n ' 

x — a __ y — & z — c 

^"^ "o~ " "IT ■" ^zT ' 

which form implies that x = a for every point in the line at 
a finite distance, since the members are not infinite for such 
values. 

46. To find the equations of a straight line parallel to one of 
the coordinate axes. 

If the straight line be parallel to one of the coordinate axes, 
it will be parallel to the two coordinate planes passing through 
that axis, and consequently any point in it will be at an 
invariable distance from each of these planes. Hence, if a 
straight line be parallel to the axis of ^, the distances of any 
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point in it from the planes y«, xz Avill be constant, a fact 
expressed by the equations 

which will, therefore, be the equations of the line. 
As before, the symmetrical form is 

x — a __ y — S z- c 

47. To find the angle between two straight lines whose equa- 
tions are given. 

If the equations of a straight line be given in the form 

x — a _ y — ft z — c 
~Z~"" 'W """IT' 

then, if Z, 971, n be its direction-cosines, 

L ^ - ^ - - ^^^ "*" ^ * + ^') _ ± ^ 

or the direction-cosines will be 

±L ±M ±N 



V(i"+if*+jf" ^J[u^-^p^\^N'y s/[u^-iP'\-N^) 

If the equations be given in the form 

x^pz-^rh^ y = qz-\-k^ 
since these may be written 

x — h y — ^ _ « 

the direction-cosines of the line will be 

±p ±q ±1 



(I). 



In (1) and (2) the ambiguities have the same sign. 
Hence, if the equations of two straight lines be 

x — a _ y — ft « — c 
x — a' y — h' z — c' 



(2). 



L' M' ~ N 



' > 



k 
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the angle between them will be 



LL' + MM' + NN' 



And, if the equations be 

the angle between them will be 

PP' + ??' + 1 



cos"* 



V(i>" + ?'' + l)V(i>" + ?"+!)• 



48. To find the conditions that two straight lines whose equa- 
tions are given may be parallel. 
If the two straight lines 

x — a __y'-h z — c 

x—d ^y — V « — c' 

be parallel, they will have the same direction-cosines, and, since 
X, J/, N and also Z', M\ W are respectively proportional to 
these direction-cosines, 

L' M' N' ^ ^ 

will be the conditions of parallelism. 

These conditions may be derived from the general value 

of the cosine of the angle between them, which will then be 

unity. 

LU^AfM' + NN' 

^^^ ^''^(r + M' + N*)~^{L'* + M'' + N'^y 

or [U + M'''\- N') (i'^ + Ar + N") - {LU ^MM'-v NNJ = 0^ 

or (LI/' - LMY + [MN' - M'Nf + (NL - N'Lf = 0, 

which is equivalent to the conditions (1). 
Similarly, if the straight lines 

x^pz-{-h^ y=qz-\-&^ 

x=-pz'\- h'j y^q'zi- H 

F 
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be parallel, 

ivhich results follow from the consideration that, if the straight 
lines be parallel, their projections will also be parallel. 

49. To find the condition that two straight lines^ whose equor 
tions are given^ may he perpendicular. 

If the straight lines be perpendicular, the cosine of the angle 
between them will vanish, and the condition that this may be 
the case is 

according to the systems of equations given. 

^iV/ ^ 50. To find the condition tliat two straight lines j whose equa- 
\^ ^ tions are given^ may intersect. 

Let the equations of the two straight lines be 

x^a y-h _z-c 
L " M ' N ' ^*^ 

and let each member of (1) be equal to iZ, and of (2) equal 

Then, if the lines intersect, equations (1) and (2) must be 
simultaneously satisfied by the coordinates of the point in which 
they intersect. 

Hence, a - a + L'R ^LE=0^ 

and eliminating R and B'^ we obtain the required condition ' 



./V 



! 






a' — a, Ij\ L 

i'-J, M\, M 

, c'^c, n\ N 

With the equations / * / ' X. 






< . 



xquj^i 

^v x=^pz-\'hj y^^qz-hkj 
x = pz + A', y=qz-\ k\ 



\ J 
\ 
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the condition is immediately found to be 

by eliminating x^ y, and z. 

Straight line under given conditions. / 

51. To find ike equations of a straight line passing through 
a given point. 

If (a, J, c) be the given point, we have already seen that 
the symmetrical form 

x — a y — h z^c 

will represent a straight line passing through that point. 
The unsymmetrical form is 

a? — a=^(a? -c), y — b = q[z — c). 

52. To find the equations of a straight line passing through 
a given point and parallel to a given straight line. 

The equations of a straight line passing through a given 

point (a, &, c) are 

x-a y — h ^z — c 

and if this be parallel to a straight line whose direction-cosines 
are /, w?, w, 

t m n ^ 

m 

therefore the required equations will be 

x—a^y—h^z—c 
I m n 

53. To find the equations of a straight line parsing through 
a given pointy and perpendicular to and intersecting a given 
straight line. 

Let (a, 6, c) be the given point, and the equations of the 
given straight line be 

x—a y—b^z—c 
I in n 
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will be the required equations of the straight line, where the 
ratios L\ M\ N Sive to be determined from the equations 

LI + Mm + iVn = 0, (Art. 49) 

a — a, I J L 
b'-^b, m, M 
c — c, w, N 



= 0. (Art.. 50) 



54. To find the equations of a straight line passing through 
a point and intersecting two given straight lines. 

Let (a, J, c) be the given point, and let the equations of the 
two given straight lines be 



L "" M' " N' ' *°* L" "" M" " iS^" ' 



and kt the equations of the straight line satisfying the re- 
quired conditions being 

x — a y — b _ z — c 
1L~ " "if " N ' 

By the conditions of intersection given in Art. 50 L^ My N 
satisfy the equations 

wliere P', ^', JT, &c., are the first minors of the two cor- 
responding determinants, whence the equations of the straight 
line become 



x — a 






z — c 



QR' - Q'R R P" - E'F F Q'- P" Q' * 

55. To find the equations of a straight line passing through 
a given pointy parallel to a^ given plane^ and intersecting a given 
straight line. 

Let (a, 6, c) be the given point, /, ?n, n the direction-cosines 
of a normal to the plane^ which will therefore be perpendicular 
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to the straigbt Ime whose equations are required, and let the 
equations of the given stniight line be 

L 7n 71 

The required equations will then be 

x — a _ y- h _ z — c 
~L W '"W 

where L : M: N are determined by the equations 

a -' dy I L 



^^/< 



V - J, 7n', JIf 
c - c, n', -N 



and V - J, 7n', Jf = 0. 

6. To find the distance from a given point to a given straight 
line. 

Let A be the given point [x\ y\ ;»'), 

the equations of the given straight line, B being the point 
(a, hy c) ; ^P the perpendicular from A on the straight line ; 
then the projections of BA on the axes of a;, y^ z are respectively 
X —a^ y* "h^ z —c] and the projections of these on the given 
line are /(»'— a), w(y'-5), «(«' — c), but the sum of these 
projections is the projection o('BA on the straight line, or 

J9P=?(a;'-a)+w(y'-J) + w(2'-c); 

hence, ^P» = J?^'-5P" 

giving the required distance, which may be written 

V[(n(y-ft)-7«(i'-c)}V{?(^-c)-.n(x'-a)}»+{m(aj'-a)-%'-J)n. 

If the equations of the line be 

x-pz + hy y = qz + ky 

which n>ay be written 

x — h y — k _ z 
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the distance will be 



^]^x'-Kf + y-kY + z-- 



[p{x'-h)+q{y'-h)^z'\ 
p' + q^+l 



]• 



57. To find the equation of a circular cylinder j the equations 
of whose axis and the radius of a circular section of which are 
given. 

The circular cylinder being the locus of a point whose 
distance from the axis is constant and equal to the given 
radius r, if the equations of the axis be 

, X" a y—h z— c 
I m n ^ 

the equation of the surface will be, by the preceding article, 

{a?-a)«4-(y-*)«+(«-c)''-{Z(a:-a) + wi(y-i) + n(a-c)}"=r«. 

58. To find the equation of a circular cone^ whose vertex^ 
vertical angle^ and the equations of whose axis are given. 

If V be the vertex, P any point of the cone, PQ perpen- 
dicular oa the axis, and 2a the vertical angle, 

FO'=FP"cos''a; 

therefore, if (a, J, c) be the vertex, the equations of the axis 
as before, the equation of the cone will be 

{l{x - a) +7W iy-b) + 71 (« - c)Y= co8*a {{x - af-^-iy - J)'+ [z - c)*}. 

59. To shew that the shortest distance between two straight 
lines which do not intersect is perpendicular to both* 

Let APj BQ be the two straight lines, and let a plane be 
drawn through BQ parallel to AP^ and BR be the orthogonal 
projection of AP upon this plane, B being the projection of A ; 
therefore* AB will be perpendicular 
to both straight lines, for it meets 
two parallel lines AP^ BRj to one 
of which, BBy it is perpendicular, and 
it is also perpendicular to BQj since 
it is drawn perpendicular to the 
plane QBE, 
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Let P, Q be any points in AP^ BQ^ join PQ^ draw PR 
perpendicular to BR^ and join QR\ then PQ is greater than 
PJ?, being opposite to the greater angle, and PR = AB] there- 
fore AB is less than PQ^ or the distance which is perpendicular 
to both straight lines is less than any other distance. 

^^.Tofini^ ^.*., Ji.^«e Mu^ ^ ^t. l<,« 
whose equations are given. 

Let the equations of the two straight lines be 

a; — a_y — J__« — c , x—a'^y-b'^z-c' 

p:- — -— — • and f, -, J — • 

I m n ^ I m n ^ 

and let \, /i, v bo the direction-cosines of the straight line per- 
pendicular to each, then (Art. 23) 

\ _ /* y _ 1 

mri - mn nH — nl Ira — tm sin 5 ' 

d being the angle between the lines. 

Now, if we suppose P, Q^ in the last figure, to be the 
points (a, J, c), (a', J', c ), the projection of PQ on AB^ which 
is AB itself, will be \(a-a') + /i (J- J') + v(c-c'), hence 

(g - a!) [mn' - m'n) -f (6 - V) {nV - nl) + (c - c) { Im' - I'm) 
" [{mn' - Tn'w)'' + {nl' - n'lf + (&/i' - I'm)']^ 

61. ?b ^wti equations of the line on which lies the shortest 
distance between two straight lines whose equations are given. 

Taking the equations of the last article, if (f, 17,. {) be any 
point of the line considered, the equation of the line will be 

mn — m'n nl' — n'l Im' — I'm ' 

Hence, by Art. 50, since it meets each of the two given lines, 
we have 



and 



i, 



m. 



n 



mn' — m'n^ nl' — n7, Im' — I'm 



= 



f-a', 


tj-b', 


r-c 


l\ 


m\ 


1 

n 


mn —rnVf 


nV - n'l, 


hn — I'm 



=0, 
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and, since (^, 97, ^) is any point on the line these are equations 
of the line. 

If Z, w, n and l\ m\ v! be direction-cosines, since 

m [ha' - I'm) - n {nV - nl) = I {ram' + nn!) - 1' (m" + n') 

^2* = Z (Zr + mm' + wn') - ?, 

^thtfse equations may be written 

[I cio^9-l')[x-a) + [m cos^-m') (y-&) + (« co85-«')(«-c)=0, 

(? co8^-Z)(a;-a) + K cos^- w)(3^-5') + {n' co85-n)(2J-c')=0, 

where d Is the angle between the given lines. 

62. A very simple form, in which the equations of two 
straight lines can be presented, will be obtained by taking the 
middle point of the shortest distance between them for the 
origin, the line in which it lies for one of the axes, suppose 
that of z^ and the two planes equally inclined to the two straight 
lines for those of zx^ zy. 

If 2a be the angle between the two straight lines, 2c the 
shortest distance between them, their equations will then become 

y = X tan a, « = c, and y = ^x tan a, « = — c. 



IV. 

(1) The straight line given by the equations 

ar 4 2y + 82 = 0, 3x + 2y + « = 0, 
makes equal angles with the axes of x and c, and an angle sin'* -:- with 
the axis of y. 

a:*-! v*-l «*-! 

(2) Prove that the equations — - = » , represent seven 

straight lines which all pass through the same point. 

(3) Find the direction-cosines of the straight line determined by the 
equations 

Ix \ my ^ nz^ mx -i-ny + & = iu? + /y + mz. 

(4) The angle between the two straight lines given by the equations 

x^y and xy ■¥ yz ^ zx = Of 
is sec"' 3. 
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(5) Find the equations of the straight line passing through the points 
((, e, a) (Cf a, h),, and shew that it is perpendicular to the line passing 
through the origin and through the middle point of the line joining the 
two points, and also to each of the straight lines whose equations are 

X y ^ 
' a e 

(6) Find the shortest distance between the axis of z and the straight 
line — i— s= - — o - ., and find its equations. 

(7) Find the distance between the two parallel straight lines 

x-a y-h z-c x-cS y-lf z-c 
I m n ' / m n ^ 

and the equation of the containing plane. 

(8) Find the shortest distance between a side of a cube and a diagonal 
which does not meet it. 

(9) Prove that the equations of any straight line intersecting the two 
straight lines y » mXf s » c; y » - mx, s = - c; may be written in the form 

X cos^ \ ' ^ \ 

sin 9 cos^ ~ c * 

(10) The equations of two straight lines are 



X 


= 


y 

cos a 


= 


z - 





sin a 





■ 1 


X 


- 


y 

- cos a 


= 


» - 


c 


sin a 
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shew that the distance between two points on these straight lined whose 
distances from the axis of i are a, 6 respectively is 

V(4c' + 0* 4 6* + 2aJ cos 2a). 

(11) Interpret the equation 

(«• + y« + «•)(/" + m* + n*) = (ix + »»y + my, 
and give a geometrical illustration. 

(12) The locus of the middle^in^ o( all straight lines terminated by 
two fixed straight lines is a plane msecting the shortest distance between 
the fixed straight lines. 



a 



1 
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(13) Find the equations of the straight line which passes through the 
origin and intersects at right angles the straight line whose equations are 

(m f n) « + (n + /) y + (/ + m) « = a, 

(m - «) a: + (n - /) y + (i - m) « = a; 

and obtain the coordinates of the point of intersection. 

(14) The equations — ^r = ^ ^ . * —V denote thirteen straight lines. 
^ ' ^ ar + ly+latl 

Shew that four are equally inclined to each other, and construct for the 
rest. 

(15) The straight lines determined by the equations 

Ix 4 my + IIS s 0, 
/ (ft - c) y» + m (c - o) «Jp + fi (a - 6) xy = 0, 
are at right angles to each other. 

(16) Shew that the equations 

a ¥ mz- ny b ^ nx - Iz c + ly - mx 
I m ~ n 

J '1.1^ X ^ nh - mc y ^Ic -na b + ma - lb 

are reducible to , — = = , 

/ m n . 

I, m, and n being direction-cosines. 

• 

(17) The equations of a straight line are given in 4he form 

a - ny ■¥ mz b - Iz ■¥ nx c - mx + /y 

obtain them in the form 

uc - ifb va-\e \b - tia 

IX + mft ^nv /X 4 mM -I- nv l\ + m^ + nv 

I " m " n ' 

(18) When a ray of light is reflected from a plane mirror, the shortest 
distance between the incident ray and any straight line on the mirror 
is equal to that between the reflected ray and the same straight line. 

( 19) Find the coordinates of the centre of perpendiculars of the triangle 
which the coordinate planes cut off from the plane 

- + ?■+-" 1. 
a b c 

(20) ABC, A'B'C* are two straight lines, BB the shortest distance 
between them, C, C any two points on the two lines, such that CA' is 
perpendicular to A'BC and C'A to ABC; prove that 

AB.BC=^A'B\BC'. 
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f (21) The cosine of the angle between the two straight lines whose 

equations are h -^^ my -^ nz = 0, a«* + fty* + cz* « 0, 

r(6 + c) + mVc + a) + n^(a + 6) 

IS 



Vl^ ifi - cf +...+ 2mV (a - 6) (a - c) +...} ' 

(22) The locus of the middle points of all- straight lines of constant 
length terminated by two fixed straight lines, is an ellipse whose centre 
bisects the shortest distance between the fixed lines, and whose axes are 
equally inclined to them. 

(23) If the axes of coordinates be inclined at angles a, p^ (y, shew that 
the equations of the four straight lines, each point of which is equidistant 
from the three coordinate planes, will be 

sin* a sin*'^ sin* 7 * 

(24) If a system of straight lines be represented by 

where \, /i, X', pf are given functions of a single parameter, what is the 
condition that any two consecutiye lines of the system intersect ? 



CHAPTER V. 

GENEBAL EQUATION OP THE FIRST DEGBEE. 
EQUATION OP A PLANE. 

63. The locus of the general equation of the first degree is 
a plane* 

The general equation of the first degree is 

Ax-{-Bi/+Cz + D = 0. (1) 

Let (a, hj c), (a', &', c') be two points in the locus, the equations 
of the straight line joining these points are 

as — a y — h e—c ,_. 

b m n 

, a' --a 6' — i o' — G- ,„. 

where — ; — = = y (3) 

and,, since (a, i, c) is' in the locus of the equation (1),. 

Aa+Bb + Cc+I>=^Oy (4) 

similarly, Aa + Bb' + Cc + i? = 0, 

/. 4(a'-a)+5(J'-.J)+(7(c'-c)=0, 

whence, the conditions (3) give 

J.Z-»--Bm+On = 0. (5) 

Now the straight Une (2) meets the locus of (1) in all points 
for which the equation in r 

A{a + lr)+B{b'\-mr)+ (7(c + «r) +i) = 0, 

is satisfied, i.e- for all values of r, by (4) and (5) ; therefore, 
every point in ^e straight line lies in the locus, and this is true 
wherever the two points (a, J, c), (a', J', c') are chosen. Hence, 
the locus is a plane. 



I 

( 
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64. The student will readily deduce the following special 
positions of the plane. 

(1) If i) = 0, the plane passes through the origin. 

(2) If ^ = 0, the plane is parallel to the axis of x. 

(3) If A and* j?= 0, the plane is parallel to the plane of ay. 

(4) 1£ Aj B and 2) = 0^ the plane is that of xy, 

(5) If ^, j?and C^-O^ while 2) remains, finite, the plane is 
at an infinite distance. For, the point in which the axis of x 
meets the plane is given by the equations 

y = 0, = 0, Ax'\'D-0] 

hence, the distance from the origin being — -7 9 if ^ be in- 
definitely diminished, while D is finite, the plane cuts the axis 
of X at an infinite distance from the origin, and the same being 
true for each axis, it follows that the plane is at an infinite 
distance from the origin. 

• 

65. It is important to observe that the existence of three 
arbitrary constants in the general equation of the first degree, 
viz. the three ratios A : B : C : D, shews that a plane may be 
made to satisfy three conditions, provided each condition is one 
which gives only one relation between Aj -B, (7, B. Thus, 
passing through a given point at a finFte or infinite distance is 
such a condition, but being parallel to a given plane is equivalent 
to two such conditions. 

Equation of a Plane. 

. 66. To find the equation of a plane in the form 

Ix + my -{-nz^p^ 

in which p is the perpendicular from the origin upon the plane y 
and ?, w, n its direction-cosines. 

A plane may be considered as the locus of a straight line 
which passes through a given point, and is perpendicular to a 
given straight line. 

Let OB=p be the perpendicular from* the origin upon a 
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plane, l^ ra^ n Its direction-cosines, (x, y, z) any point P in the 
plane, then, by the definition, PD is perpendicular to 02>, and 
OD is the sum of projections of the coordinates of P on 0-Dj 

which is the equation of the plane in the form required, in 
which, if the axes be rectangular, P + m' + n" = 1. 

67. Interpretation of the ea^ressio^ p — hc— my - m. 

The equation p — lx — my — nz^O represents a plane, in 




which p is the perpendicular from the origin, and 7, /n, n are 
its direction-cesines. 
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Let ABC be this plane, and suppose ODj QR to be drawn 
perpendicular to it, in the direction defined by (Z, m, n), from 
the origin, and from the point Q (x, y, «), and join RD^ which 
will be perpendicular to OD. Let QR = j, and project a?, y, 2 
and q on Oi), then p = £c + wy + n« + j ; 

/. gr =^ — £b — my — n«. 

Hence, the expression p — hc-^my — nz represents the per- 
pendicular drawn from (x, y, z) upon the plane 

p — lx — my — wj5 = 0, 

estimated positive in the direction defined by the cosines Z, m, 
and 92. 

68. To find ike angle between two planes whose equations 
are given. 

Let Lx + My + Nz=^D^ and Lx + M'j + N'z = iyj 

be the given equations ; then (Z, M^ N) and (i', Jf' , -^) are 
proportional respectively to the direction-cosines of the normals ; 
but the angle between two planes is equal to the angle between 
their normals, hence the angle between the planes is 

LL'^MM'^NN' 
cos * 



The conditions of parallelism and perpendicularity are there- 
fore respectively 

and LL' + MM'-vNN'^O. 

The student may also deduce the conditions of parallelism 
from the consideration that parallel planes intersect in a straight 
line at infinity, or directly from the parallelism of the normals. 

• 69. To find the angle between a straight line and plane whose 
equations are given. 

To* x-a _y-b _z^c . . 

L'x^M'y^N'z:^D, (2) 



'V, 
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be the given equations. The angle between a straight line and 
a plane is the complement of the angle between the straight line 
and the normal to the plane ; hence the required angle is 

sm * 



V(i" + M^ + N'') Vli"* + if "* + N") • 

70. To determine the perpendicular from a point {f^ g^ h) 
upon a plane whose equation is Ax -i Bi/+ Gz + D = 0. 
If we compare the equation 

Ax + By+Gz + D = 

with the equation of the plane ill the form 

Ix -\- my -{• m —p = ; 

■, I m n p 1 

then -7 = -^ = -Tv = -^ = ± 



A B G -i>"^V(^'' + 5HC«)^ 

where, if the ambiguous sign be so taken that p shall be an 
absolute length, Z, m, n will be completely determined. 

The perpendicular from (/, ^, h) upon the plane, estimated 
positive when drawn in the direction defined by these cosines, 

=jp - If— mg — nh 

_ Af'\'Bg-\'Gh'\-D 

that sign bemg chosen which is the same as that of D. 

71. To find the distance from a given point to a given plane^ 
measured in any given direction. 
Let the equation of the plane be 

Ax-\-Bg+ Cz + D = Of 

and let [f g^ h) be the given point, (Z, m, n) the given direction, 
Z, 771, n being direction-cosines for rectangular axes, and direction- 
ratios for oblique. 

The equations of a line drawn through (/, g^ h) in the given 
direction are 

I m n 
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and where this straight line meets the plane, 

A{/+lr)-\-B{g-{'mr)-\- C(A + nr) +i> = 0; 

/. the reqnired distance is -, a , p tt — • 

-4t + lym + On 

Hence, if the given direction be perpendicular to the plane, 
and the axes be rectangular, 

I ^m n _Al •{■ Bm -{- Cn 1 

and the perpendicular distance will be j^,. 7^ p„ — ™ , 
the sign being chosen so that — jj-j^ — ^^ — -j^ is positive. 
72. To find ike equation of a plane in the form 

a c ^ 

Let 0^ = a, OB=bj OG^c he the intercepts on the axes 
of aj, y, z hj the plane ABC, and let PA^ PBj PG^ PO bo 
drawn from the point P (a;, y, z) in the plane. 




Draw PM parallel to trO, meeting yOz in M. Since the 
pyramids POBG^ AOBG are on the same base, 

vol POBG : vol OABG : : BM\ AO\\x\a\ 

X vol POBG 
•*• a "" vol OABG ' 

\ 
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o- ., , V vol POC A 
Similarly, I = ^^^j^^j^, 

, z vol POAB 
*^^ c ~ vol OABC ' 

and vol POBC+ vol PO (7^ -h vol P0^5 = vol OABC ; 

. . - -f- T + - = A-j 

a o c 

which is the equation required. 

The student is recommended to investigate this equation 
by the employment of a figure in which P lies in another 
compartment, as x'y'z^ of the coordinate planes, taking care 
to interpret the geometrical into algebraical distances* 

73. If q be the perpendicular irom a point Q (a;, y, z) on 
the plane ABC estimated in the direction of ^, the perpendicular 
from on the plane, 

q ^ vol QABC 
p " vol OABC 

_i X y z 
a c 

74. The equation of Art. 72 may be obtained from the 
general equation of the first degree. 

For let a, J, c be the intercepts on the axes of a:, y, e. 

Ax + By+Gz-\-D = Oy the equation of the plane. 
Since (a, 0, 0) b a point in the plane, 

— 2) = -4a, and, similarly, =56= Cc. 

HcHce. the equation of the plane is -+'^ + - = 1. 
' ^ ^ a c 

75. To find the equation of the plane in the form 

z^s^px + qy + c. 

Consider the plane as a surface geinerated by a straight li^i^ 
which moves subject to the conditipns that it always intersect ^^ 
one given straight line and is parallel to another. 
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Let the equations of the line which it intersects be 

«=jpa; + c, y = 0; (I) 

and those of the line to which it is parallel 

z = qy^ a? = 0, 
the equations of the moving line will therefore be of the form 

z^qy^rPy a;=a, (2) 

and, since the two lines,, whose equations are (1) and (2), intersect, 

therefore, for every point in the plane,, z - qy>^px-\-e:, that is, 
the equation of the plane is 

z —px + jy + c. 

In this form of the equation, c is the intercept on the axis 
of z cut oflF by the plane, p, j are the tangents of the angles 
made respectively with the axes of x and y by the traces 
on the planes of zx^ yz^ if the coordinates be rectangular ; and 
the ratios of the sines of the angles made with the axes in 
those planes, if the coordinates be oblique. 

76. To find the polar equation of a plane. 

Let c, a, yS be the polar coordinates of the foot of the per- 
pendicular from the origin on the plane ; ^, ^, <^ those of any 
point in the plane, then if -^ be the angle between the lines 
joining these points to the origin, 

c=^r cos-^, 
and cos -^ = cos 5 cos a + sin sin a cos (^ - ^) , (Art. 39) 

c 
whence - = cos^ cosa + sin^ sina oos(<^ — ^), 
r 

the most convenient form of the equation of a plane when 
referred to polar coordinatesr 

Planes under Particular Conditions. 

77. Equation of a plane passing through a given point. 

Let a, J, c be the coordinates of the given point, and the 
equation of the plane lx-{-my + nz=p^ then since (a, 5, c) is 
a point in this plane la + mb-\-nc=py or, eliminating^, 

Z (a; — a) + w (y — J) + w (« — c) = 
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is the general equation of a plane passing through the point 
(a, 6, c). 

78. JEqiuztton of a plane passing through a point determined 
hy the intersection of three given planes. 

If the point be given bj the equations of three planes^ 

M = 0, t; = Oj i^ = 0^ 

passing through it and not intersecting in one straight line, 
then Xtt + /At? + VM? = will be the general equation of a plane 
passing through that point, for it is satisfied by t)ie values 
of a;, y, Zy which are given by the equations 

u = 0, v = 0, i^; = 0, 

taken simultaneously, and therefore passes through the inter- 
section of these planes, which is the given point; and since 
this equation is of the first degree, and involves two arbitrary 
constants, namely, the ratios X : /^ : v, it is the general equation 
of a plane passing through the given point. 

If the three planes, w = 0, v = 0, w = 0, intersect in a 
straight line, thea these equations^^ and therefore the equation 
A^ + /At7 + vt^ = 0, will be simultaneously satisfied for all points 
lying in that straight line. Hence, Xw + /i*v + vt£? = cannot 
be the general equation of a plane passing through a given 
point. The position of a point is not, in this case, completely 
determined by the given equations, but only the fact that it 
lies on a certain straight line. 

79. Equation of a plane passing through two given points. 
Let (a, ft, c), (a, h\ c) be the given points; the equation 

of a plane passing through (a, ft, o) is 

Z (a? — a) + w (y — ft) + n (;sr- c) = 0. 
If this plane also pass through (a', 6', c'), we shall ha\ie 

Z(a'-a)+w(ft'-ft) + n(c'-c)=:0, 

which is the condition to which I \ m \ n are subject ; or, the 
equation of the plane may be written 

^ x — a y — ft z — c 

X-i +/^f7— r + i'-r— =0, 

a — a 0-^0 c "C ' 
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\ My ^9 being subject to the condition 

It is easily seen that if the points be giren by the two 

systems of planes, 

u = Oy r = 0, w^Oy 

and u = a, v = b^ w=^ej 

that the equation of the plane will be 

\u -i- fiv + vw = 0, 

subject to the condition 

Xa + /Jib -{• vc = 0. 

80. JEquattan of a plane pckssing through the line of inter" 
section of two planes. 

If w = 0, v = be the equations of the two planes, the 
equation Xw+yt*v = will represent a plane passing through 
their line of intersection; and since this equation involves one 
arbitrary constant (\ : /x), it will be the general equation of 
a plane passing through the straight line which is given by 
the two planes. 

81. To find the equations of two planes which form an 
harmonic system tvith two given planes. 

These two planes must pass through the line of intersection 
of the given planes, and divide the angles between thenr, so 
that the sines of the angles made by each with the given 
planes shall be in the same ratio. 

Let u = 0, t; s be the equations of the given planes, and 
let p, a be multipliers, such that pu and av are reduced to 
the form p — lx — my — nz] in this form they are the perpen- 
diculars from (x, y, z) on the given planes. Hence, it is evident 
that pu : ±(TV are each numerically equal to the given ratio. 

The forms of the equations are therefore 

t* — ^ = and w + it; = 0. • 

82. Equation of a plane passing through three given points. 
Let (a, ft, c), (a, J', c'), (a", J", c") be the. three given points, 

?(a; — a) + w (y - i) + n (« — c) = 0, 

the equation of a plane 'passing through («, ft, c). 
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If thia plane also pass through (a', J', c') and (a", h'\ c"), we 
shall have 

l[a -a)-Ym[b' - J) + w(c' -c) = 0, 

Z(a"-a) + ffi(J"-J)4n(c"-c)=:0, 

and eliminating l^ m^ n. between (1), (2), and (3), we obtain 

{x - a) {b (c' - c") + V (c" - c) + ft" (c - c')} 

+ (y - J) {c (a' - a") + c' (a" - a) + c" (a - a')} 

+ (« - c) {a [V - J") + a' (i" - J) + a" (J - i')} =^ 0, (1) 

as the equation of the plane passing through three given points. 

The coefficients of x, y, z in this equation are the projections 
on the coordinate planes of the triangle formed by the three 
given points, call these -4^, A^^ A^ ; then xA^ will be equal to 
three times the volume of the pyramid whose base is A^ and 
vertex the point (a;, y, z). 

Hence, equation (1) asserts that the algebraical sum of the 
pyramids whose bases are the projections of any triangle on the 
coordinate planes, and common vertex any point in the pkne 
of the triangle, is constant for all positions of this point. 

The equation here obtained becomes nugatory if 

h (c' - c") + V (c" - c) + V (c - c') = 0, 

c [a! - a") + c' (a" - a) + c" [a^a') = 0, 

and a [V - J") + a' (ft" - ft') + a" (ft - ft') = 0, 

which are equivalent to 

(J - V) (c" ~ d) - (c - d) (ft" - ft') = 0, 

(c - c') (a" - a') - (a - a') (c" ~ c') = 0, 

(a - a') (ft" - ft') - (ft - ft') (a" - a') = 0, 

g — o' ft — ft' _ c — c' 
a -^a 0—0 0— c 

and these are the conditions that the three given points should 
lie in a straight line. 

83. To find the eqtmtion of a plane passing through a given 
point and parallel to a given plane. 

If (a, ft, c) be the given point, and Z, w, n the direction-cosines 



PLANES UNDER PARTICULAR CONDITIONS. 55 

of a normal to the given plane, the equation of the proposed plane 
will be 

l{x- a)-\-m(y — b)'^n{z-c) — 0. 

84. To find the equation of a plane which passes through two 
given points and is parallel to a given straight line. 

Let (a, J, c) (^', h\ c) be the given points, and i, m, n the 
direction-cosines of the given line, the equation of the plane 
will be of the form 

X (a? - a) + /A (^ - ft) + V (« - c) = 0, 
where X(a -a) + /i(y-i) + v(c -c) = 0, (1) 

and since itd normal is perpendicular to the given line 

XZ + /Ltm+ vw = 0, (2) 

the equation is therefore 

x — a^ y — bj z- c 

a' — ay V — hy d — c = 0. 

This equation will become identical if -; = 7t--t *= -t i 

^ a —a —6 c — c ' 

which are the conditions that the given straight line may be 

parallel to the line joining the two given points. The equations 

(1) and (2) will in this case be coincident, or every plane passing 

through the two points will necessarily be parallel to the given 

straight lind, as is otherwise evident. The required equation 

will then be the equation of any plane passing through the two 

given points. 

85. To find the equation of a plane passing through a given 
point and parallel to two given straight lines. 

If the direction-cosines of the two straight lines be Z, 7w, n 
and r, m\ n , and the coordinates of the given point a, J, c, 
the equation of the plane will be 

(win'— mn)(a;-a) + (nr-n'Z)(y-ft)+{?w - Vra)[z-c)^0. (Art.23). . 

If ^ = — , = ~ , this equaftion will be satisfied for all values 
I m n ^ ^ 

of a?, y, «; or, if the given straight lines be parallel, there 
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will be an infinite number of planes satisfying the given con- 
ditions, the direction of the normal to the required plane being 
indetermipate. 

86. To find the equation of a plane which contains one given 
straight line^ and is parallel to {mother^ not in the same plane. 

Let the equations of the given straight lines be 

x — a y — h z — c 
I m n ' 

and — _=^L^— .= — — . 
I vn, n, 

The plane contains the first line, and passes through the 
point (a, i, c), also its normal is perpendicular to each of the 
lines, which properties are expressed by the equations 

\ (a? - a) + /[A (y - J) + V (« - c) = 0, 

\l + y^'fn + vn =0, 

X? f /Am' + vn' =0, 

and the equation is 

{x - a) [mn - Wn) + (y - J) [nil - vlT) + (2 - c) (Zm' - Xm) = 0. 

The equation of the plane containing the second and parallel 
to the first is 

{x - d) [mii - ffin) + (y - i') [nl - ril) + (« - d) {Im - rm) = 0. 

The shortest distance of the lines is the difierence of the 
perpendiculars from the origin, estimated in one direction, giviug 
the same result as in Art. (60). 

87. To find the equation of a plane equidistant from two 
given straight lines^ not in the same plane. 

Let the equations of the two given straight lines be 

x — a y — b z—c 

x-d y — V Z'-c' , ,^. 

(a;,* Vo «i) a PO'°t >° (i)> (f.i y.> «.) a PO'nt in (2), (f, 17, f) the 
middle point of the line joining (»„ y„ 2,) and (a;,, y^, a,). 
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Then, 2f = aj, + aj, = a + a'+ Ir + Tr\ 

217 = y, + y, = J + i' + wir + mr\ 

2? = «, + «j = c + c' + wr + nV, 

and eliminating r and r , we obtain, for the locus of (f, 17, ?), 
the equation 

(2f - a - a') (wn' - w'n) + (217 - 6 - J') (nF - n'Z) 

+ (2?- c - c') [Im' - rm) = 0. (3) 

The plane represented bj this equation bisects all lines joining 
anj point of (1) to anj point of (2), and therefore bisects the 
shortest distance between them ; and since the direction-cosines 
of the normal to (3) are proportional to 

tnfi — wi fi, wt — w c, cm — Z'wi, 

the normal is parallel to the shortest distance between the lines 
(Art. 60). Hence this plane bisects at right angles the shortest 
distance between the lines, which is clear from the geometry. 

88. To deterfnine the conditions necessary and sufficient in 
order that the general homogeneous equation of the second degree 
may represent two real or imaginary planes. 

Let the general equation be written 

M,= oo?" + Jy' + c«j" + 2ayz + 2Vzx + 2c xg = 0. 

If a be finite, the equation is equivalent to 

{ax + c'y + Vey = (c'" - ab) f 4 2 (J V - aa') yz + (i** - ac) z\ 

But, if the equation represent two planes, x must be capable 
of being expressed as a linear 'function of y and 2;, and this 
can only happen when the second side of the above equation 
is a complete square, and therefore of the form {py + qz^^ and 
the two planes will have equations 

oa; + c'y 4 i'« = ± (py + qz) ; 

every point of the line of intersection of the two planes will 
therefore satisfy 

aa: 4 c'y 4 Vz = and py-\^qz — 0. 
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Bj solving with respect to y and z^ we obtain similar results. 
Hence, for every point in the line of intc^rsection, 

ax-\-c*y+ b'z = 0, 

ex + iy + a a = 0, (1) 

b'x + a'y+ cz = ; 

therefore, by eliminating x^ y, and Zj 

a, c', V 

c\ i, a' =0, 

J'l a'j c 

or jy (tt,) = abc + 2a'J'c' - oa'* - iJ'* - cc" = 0, 

this is the necessary condition, which might also have been 
obtained from the condition for a perfect square, 

( J V - aa'f = (c'* - ab) (J'* - m), 

or a (aic + 2a JV - oa" - JJ'* - O = 0, 

which, since a is finite, gives the same result. 

The symmetrical form of S(u^) shews that the result would 
have been obtained in this way whether a, &, or c were finite* 

If none of them be finite, it is easily seen that a\ h\ or c 
must be zero, and the equation will still hold. 

In order that the planes may be real, it is necessary that 
c • — oft, 6'" — ac^ and, similarly, a * — be shall not be negative. 

89. When the g&neral equation of the second degree re- 
presents two planes^ to find the equations of their line of 
intersection in a symmetrical form. 

Any two of the equations (1) given in the laist article are 
equations of the line of intersection. If we eliminate z from the 
first two of these equations, and x from the last two, we obtain 
the symmetrical equations of the line 

x [b'c' - aa') = y (c V - bV) = z (a' J' - cd). 



II 
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V. 



(1) The equation of a plane passing through the origin, and containing 

the straight line 

«-a_y-6 z - c 

I m n 

u*(*_i)+y(i «),!(« i)=o. 

l\m nl fn\n 1 1 n\l m/ 

Hence, find the equations of the straight line passing through the origin, 
and intersecting two given straight lines ; and examine the case in which 
the straight lines are parallel. 

(2) Find the equation of the plane passing through the points (a, 5, c), 
(&, c, a), (c, a, h), and the equations of the planes, each of which passes 
through two of the points and is perpendicular to the former plane. 

(3) The equation of a plane passing through the origin, and containing 
the straight line whose equations are 

jT + 2y -I- 3s -I- 4 a 2« + 3y + 4s + 1 e 3x + 4y +. 8 + 2, is :i; + y - 2s B 0. 

(4) Find the condition that four planes whose equations are given may 
pass through one point. 

(5) The equations of three planes are 

a; + 2y-3s a 1, 

24P - 3y 4 5s = 3, 

7«- y - a =2, 

Shew that the equation of a plane, equally inclined to the three axes, and 
passing through their common point, is 

« + y + s a 6. 

(6) Shew that the locus of a point dividing the distance between any 
two points on the two straight lines 

ap-a y -h _^z-c «-a' y-6' z- & 

in the ratio X' : X, is the plane whose equation is 

X« + XV 



(mn' - m'n) f X - -r--i— j + &c. = 0. 



(7) Employ Art (35) to shew that the equation Ax -I- J9y -f O; - D 
represents a plane, according to Euclid's definition. 

(8) The edges of a parallelepiped meeting in a point A are a, h, e, 
and a plane is drawn cutting off parts a', b\ e from 'these edges; prove 
that the plane will cut the diagonal AB in a point B*, such that 



^^=&4^;-)^^'- 
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(9) Find the coordinates of the centre of perpendiculars of the triangle, 
which the coordinate planes cut from the plane 

~ + 2 + - = 1. 
a c 

(10). The equation of a plane passing through two straight lines 

X- a y -r b %- c X - d y -V z- d 

is {he' - h'e) X + {ca' '<fa)yi {ah' - a'*) « = 0. 
Give a geometrical interpretation of the equations. 

(11) Shew that the three planes 

/x + m^ 4- ns « 0, (m + n) « + (n + /) y + (/ + m) « = 0,- « + y + « = 0, 

intersect in one straight line 

X y % 

(12) Shew that if the straight lines 

X y z ^ ^ y_^ j^ f y.^ * 

M AMI ^tt ^*' 

lie in one plane, then - (6 - c) + -r (c - «) + - (a - 6) = 0. 

(13) Determine the conditions necessary in order that the planes 

flup 4- tf'y + A'z « 0; &x -i^ by ^ afz = 0, 5'^ 4 o'y -f cs ^ 0, 

may have a common line of intersection, and shew that the equations of 

that line are 

X (aa' - 5^) e y (W - c'a') = z {ec' - a^b'). 

Find the conditions necessary in order that the three planes may be 
coincident. 

(14) The equation of any plane containing the straight line 

x-a y - 6 _ g - c .^ \ (a; - o) , A* (y - &) . ^ (« « c) ^ 
I m n I m n 

\ fi, p being connected by the equations X + ft + v & 0. Hence find the 
equation of a plane containing one given straight line and parallel to 
another. 

(15) A straight line is projected on a plane which always passes through 
.a given straight line ; find the locus of the projections. 

(16) The equations of two lines are 

« = y + 2a ft 6 (a - a) and « + « = 2y = - 12a. 

Find the two planes, each containing one line and parallel to the other, 
and thence shew that the shortest distance of the lines is 2a, 
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(17) The an^ar points of a tetrahedron are (1, 2, 3), (2, 3, 4), (3, 4, 1), 
and (4, 1,2); find the equations of its faces, and shew that two of the 
dihedral angles are right angles, two snpplementaiy and one 6QP, Also, 
that the perpendiculars from the angular points on the opposite faces 



are 



(18) The equation of a plane passing through the origin and containing 
the straight line 

I m n 

is (^ + m* + fi') (dx -I- /3y + 7s) » (A» + m/3 4- n7) (^i; + my + ««)• 

(19) l£ Af A' ; B, B* ; C, C Kte fixed points in any three fixed straight 
lines passing through a point, the intersections of the planes ^P (7, A'BC; 
A'BC, AB'CTi ABC, ABC; and ABC\ ABC are four straight lines 
lying in a plane dividing the fixed lines harmonically. 

(20) Find the equation of the plane which passes through the two 
parallel lines 

X" a y -h z - c X" a* y -V s-c' 
/ m n I m n * 

and explain the result when — = — «» = . 

I m n 

(21) The equation of the planes which pass through the straight line 

X y _ « 

7 m n' 

and make an angle a with the plane fx + m'y + n'n « 0, is 

{^ (ny - mz) 4 m' (& - lur) + n' {mx - ly)}* 

a cos'a (^ 4 m'* + nf*) {{ny - ms)' 4 (& - nxf 4 {mx - /y)"}. 

What limitation is there to the Talue of aP Shew that for the limiting 
values the two planes coincide. 

V z 

(22) Shew that the plane containing the line ^4 -s 1, x >= 0, and 

parallel to the line al, ysQ, is--^--4lB0; and, if 2J be 

a e HOC 

1111 
the shortest distance between the lines, shew that -r. « -7 + 7;+ '* • 

(23) Shew that the line represented by the equations 

a4m8-ny 64nic-6_c4/y- mx 
m - n n ' I " I- m 
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is at an infinite distance in the plane 

a; (m - fi) + y (n - Q + « (/ - m) = 0, 
unless la -¥ mb ■¥ ne = 0, when it is indeterminate. 

(24) The equations 

gg -f c'y 4 b'z c*x 4 by ^ a'z Vx >¥ aiy -f eg 
X " y s 

represent in general three straight lines mutually at right angles ; but^ if 

they represent a plane ancl a straight line perpendiculiu to that plane. 

(25) A straight line moves parallel to a fixed plane, and intersects two 
fixed straight lines not in the same plane; prove that the locus of a point, 
which divides the part intercepted in a constant ratio, is a straight line. 

(26) hi^u^ii ltifn^n%\ /,! ^3, n,, are the direction -cosines of three 
planes at right angles to one another, an^d pu P2» Pz &re the perpen- 
diculars from the origin upon these planes; prove that the locus of a 
point equally distant from these three planes is the line 

X'{l\Pi'tl^P2^l^^ ^ y - (WiPi -I- m,p, f map,) ^ ^ (fijPt -HiaPa -f yi,p,) 
/j + ^ + 4 fill 4 mt + m, "" », + 112 + «i 



CHAPTER VL 



QUADBIPLANAB AND TETEAHEDBAL COOBDINATES. 

90. We now proceed to describe other systems of co- 
ordinates, which are employed in cases in which it is an 
object to express the relations between lines, planes, surfaces 
and carves by means of equations which are homogeneous 
in form, on account of the facilities which such forms present 
in the application of theorems of higher algebra. 

Four^Plane or Quadrtplanar System. 

91. In the quadriplanar coordinate system, four planes are 
fixed upon as planes of reference, which form, by their inter- 
sections, a pyramid or tetrahedron ABOD. The position of a 
point is determined in this system by the algebraical distances 
^9 y^ ^9 ^ ^^^ ^^^ f^^ planes respectively opposite to the 
vertices A^ B^ (7, D, these distances being all absolute distances 
when the point is within the tetrahedron. 




Hence, for a point in the compartment between the plane 



/ 
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AOD and the other three produced, y will be negative and 
a;, «, V) positive; between BAG^ CAD^ and DAB^ prodaced 
through Ay x will be positive and y^ Zj w all negative. 

If a be positive, a; = a is the equation of a plane parallel to 
BCDj at a distance a from It, on the side towards A] x = ^a 
that of a plane on the opposite side at the same distance. 

92. In this system of coordinates the following peculiarity 
must be observed, viz., that any three of the cocNrdlnates 
20, yy Zj w are sufficient to determine the position of the point, 
since, when x^ y, z are given, three planes are determined 
parallel to the faces opposite to Aj J?, G which Intersect In 
the point, and so det^mine Its position completely. 

Hence, when or, y, z are given, w ought to be known from 
the geometry of the figure, and we proceed to determine the 
relation between the coordinates In this system. 

Belation of Goordinafes in the Four^Plane System. 

93. Let V be the volume of the tetrahedron contained by the 
four fixed planes, A^ J?, (7, D the areas of the triangular faces. 

If the point P, whose coordinates are a;, y, z^ w^ be joined by 
straight lines to the angular points of the tetrahedron, four 
pyramids will be formed, whose vertices will be at P, and 
whose bases will be the faces of the tetrahedron. 

The algebraical sum of these four pyramids will make up 
the volume of the tetrahedron ; therefore, remembering that the 
volume of a pyramid is one-third of the base x the altitude, 

Ax'^By-vGz-\-Dw^^V=Ap^^Bq^=^Gr^^D8^, 

Poj ?o9 ^0) ^0 ^^^°S ^^® perpendiculars from the angular points on 
the opposite faces, whence, when any three of the coordinates 
of a point are given, the fourth may be found. 

The object of the introduction of a fourth coordinate, in 
this sy£ftem, is the same as that for which trilincar coordinates 
are employed in Plane Geometry, viz. to obtain equations homo- 
geneous with reference to the coordinates, and thus to arrive at 
symmetrical results. 

By means of the equation given above, any equation which 



TETRAHEDRAL COOBDINATES. 65 

does not appear in a homogeneous form can be reduced to such 
a form immediately. 

Thus the equation a; = a of a plane may be reduced to the 
homogeneous form 

a? = a(-- +-^ +- + - . 

Tetrahedral Coordinates* 

94. It is evident that the relation between the coordmates 
given in the last article would be much simplified if we were 
to select ^s coordinates 

Ax By Cz Dw x y z w 

3F' 3F' W W ^'^' i;* 7^' 7/ 

to which these are equal. Such a system of coordinates is 
called a system of tetrahedral coordinates^ each coordinate being 
the ratio of the pyramid, whose base is a face of the tetrahedron 
and vertex the point considered, to the volume of the funda- 
mental tetrahedron, sign being of course always regarded. 
If (a;, y^ z^ w) pepresent a point in this system 

ax+y + « + M?=l, 

and any given equation involving four-plane coordinates may 
be transformed into the corresponding equation in tetrahedral 
coordinates by writing jp^cc, q^y^ r^z^ sjuo for as, y, «, w. 

Since both these systems are never employed in the same 
discussions, it is unnecessary to adopt a different notation for 
the coordinates. 

95. It may be shewn, as in Art. ^5, that the four-plane 
coordinates of a point which divides the line joining two points 

(a;, y^ a, w) and (a?', y', «', w*) in the ratio ft, : A, are -^r — ^— , 

X + /A 

&c. ; and the same result will be true, if the coordinates be 

tetrahedral. 

96. To find the distance of two given points in tetfahedral 
4X>ordinates, 

Let {xj y, 0, w) and (a:', y\ «', w') be two given points P, Q, 

K 
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The square of the distance between them is easilj seen to be 
of the second de^e in "terms of aj — a?', y — y\ e — z^w- w\ 

But a? + y + z + w = 1 = a?' +y' + «' + !£?', 

.-. {x-x') + (y-y) + («-«') + (w -«?') = ; 

.-. (aj-a;7 = -(a;-a:')(y-y')-..., 

and similarly for (y — y')*, &c. 

Hence, the square of the distance can be expressed in terms 
of the six products (a? - x') (y — y'), &c. 

Let 7 be the coefficient of {x — a:') (y — y'), and let us apply 
the expression to find the distance ^jS; now the coordinates 
oi A and B are 1, 0, 0, 0, and 0, 1, 0, 0, hence every product 
but one vanishes, /. Aff = - 7, and 

-Pe"c=^J5* (aj-a:')(y-y') + ^C^ (a; -aj') («-«')+•••• 

97. Hence we may obtain the equation of a sphere, the 
coordinates of whose centre are/, ^, ^, A;, and whose radius is r, 

-r« = a"(y-y)(£j-A)+J«(^-A)(a:-/)-fc'(a:-/)(y-(7) 

a, bj c being the sides oi ABC opposite to A^ B^ G\ a', h\ d the 
edges DAj DB^ DC respectively opposite to a, 5, c. 

The Straight Line. 

98. To find the equations of a straight line, in four-plane 
coordinates. 

If (/, ^, A, Ic) be a fixed point in a straight line, (a?, y, «, t*?) 
any other point, JB the distance between them, X, /l^, v, p the 
cosines of the angles between the straight line and the normals 
to the corresponding faces of the tetrahedron, a?-/=X^, &c. 

Therefore the equations of the straight line are 

^-/ y-g ^-* «^-* » 

where, since two equations are sufficient to determine the line, 
there must be a relation between X, /l6, v, p. 

Now ^=/+ 3^Z^ + ^-:i* + ?^rJ = 0, (Art. 93), 
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the relation is — + ^+-4^=0. 

K ^0 '•o «o 

Another relation, not homogeneous, may be obtained from 

the value of JS, in Art. 96, changed to four-plane coordinates 

u,v H v\ + \u H KD + — MP H vp = — 1. 

?0»-0 ^'oi'o K% A*D 30^0 Vo 

. In this form of the equations, X, /l6, r, p may be called the 
direction-cosines of the line. 

In tetrahedral coordinates the corresponding cquatimis are, 
for the straight line ^ 

\ /L& V p a-^ 

with the conditions \-f/A+v + p = 0, 
and aV" + iV\ + d^Xfi + a'*Xp + J Vp + ^'^P = - ^*j 

—^ ^-ifi -^ c_o beint? the direction-cosines. 
a- a- ^ a- ^ a- ° 

99. The general equations of the straight line may be 
written in tetrahedral coordinates 

x—f y—g z — h^w — k 
where Z, M^ Ny R satisfy the equation 

and it may be observed that, if two equations —j^ = j^ = — w- 
be given, the fourth member may be derived from it, since each 

" LTM '+N "■ 1R^ ' 

If the straight line pass through one of the angular points, 
as^, (1,0,0,0) 

If it join the middle points of AB^ CD^ viz. {^^ ^, 0, 0) and 
(0, 0, J, i), 

aj— i y — i z w , 

— -£ = e — ^ = -.==--; or a; = v a»d 5? = w?. 



; 
I 
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100. To find the angle between two straight lines whose equa- 
tions are given in tetrahedral coordinates. 
Let the equations be 

a?—/ y-^g ^^"^ ^w — k _R 
X pi, " V '^ p o- ' 

' x-/' yg z-K w-k' R 

and ^, = — 7— = — r- = — i — = —i • 
\ pi, V p <T 

Take two straight lines parallel to these, passing through 
D and meeting ABC in P, P'. 
The equation of DP\%* 

X y z w—1 E 
\ 1^ V p <r ^ 

and the coordinates of P are , - - , — ,0,. and DF^ , 

P 9 P 9 

and similarly for P' and DP\\ 

-whence, substituting the values of <r" and o-" (Art. 98), we obtain 
± 2a<r' cosPDF = a"" (/*f' + /aV) +. . .+ a " (V + X» +. . . . 

101. As an example of the use of this formula, we will find 
the angle between AD and J?(7, whose lengths are a' and a. 
For -42>, y = and « = 0, and for P(7, aj = 0, tt? = 0, and the 
values of X, /t*, ..., X', ft', ... may be taken respectively, 
1, 0, 0, - 1 and 0, 1, - 1, 0, .•. <r*=:a'* and <r'" = a"y and, if 
be the acute angle between those lines, 

2aa' cos5 = {V + J'*) - (c» + c"). 

102. The condition of perpendicalarity of two straight lines 
given in tetrahedral coordinates 

x-f y-^g z-h _ w-k , x-f y-g' 
L ~ M N ~ B ' n ~ M' ~"' » 

U a\MN'-{-M'N)+...+ a'*{LR + L'B) +...= 0. 
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It may be seen, as an example, that, if the lines joining the 
middle points of (a, a') and (£, V) be perpendicular, c and d will 
be equal. 

The Plane. 

103. The general equation of the first degree represents a 
plane. 

Let Ax-vBy-^-Cz-^Dw^O be any equation of the first 
degree. 

If arbitrary points (/, g^ A, k\ (/', g\ h\ K) be taken, which 
satisfy the equation, any point P in the line joining them may 

be represented by i-^ — ^-^, ^ ■ ^ ', ... j , and since 

Af -\-Bg +0* +Dk =0, 

/. ^(\/+/t*/')+5(X^-|.Ai^')+-=0; 

therefore the coordinates of P satisfy the equation, and the 
whole straight line joining any two arbitrary points lies in the 
locus of the equation, which is therefore a plane. 

104. Qeometrtoal interpretation of the constants in the equa- 
tion of a plane Xa? + /ity + ra + /dw = 0. 

Let E be the point in which the plane EFO cuts AB^ its 
four-plane coordinates being x\ y', 0, ; .*. \x* + fty' = 0. 




Draw Ee^ Aa perpendicular to BCDj 

Ee EB x' EB j . .. , y' EA AE 

••• Ta^AB^ ^Vo^355^^'«^™^^^^y'^="52 = 355 



L 
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also, if ^, jj' be the perpendiculars from A^ B upon the given 
plane, estimated in the same direction, 

JEL-Hi. . ^^^-n. 
AE-EB' •• i>. + ?«-"' 

.-. ^ = ii, and simUarly each =!=£, 
p q r 8 ^ 

Po So ^0 «0 

and the equation of the plane is 

aj + '^y + — « + — 1^ = 0. 

Po io ^0 «0 

In tetrahedral coordinates the equation becomes 

px-\-qy + rz-\' 810^0* 

105. To find the equation of a plane at an infinite distance* 

K the plane be at an infinite distance, j? == j|r = 9* = 5^ and the 
equation in tetrahedral coordinates becomes 

106. To find the conditions of paralUliam of two planes^ 
whose equations are given. 

Let the equations of the two planes be 

'><ai-^fiy + vz-\-pw = and X'o; + /t'y + v'^ + pw = 0, 

these planes intersect in the plane at an infinite distance, whose 

equation is 

a + y + « + w?=0, 

tising tetrahedral coordinates. 

From the three equations we deduce 

which are satisfied by an infinite number of values of the ratios 
X : y : Zj they must therefore be identical equations ; 

\— p A*— p V— p' 
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these are the equations of condition, which may also be written 



V 


/*» 


"> 


p 


K 


m', 


y', 


P' 


1, 


1, 


h 


1 



= 0. 



They also follow immediately from p — p' = q- g's=... . 



^' 



107. To find ike length of the perpendicular from a given 
point upon a plane given in four-plane or tetrahedral coordinates. 
Let the equation of the plane with four-plane coordinates be 

and let {x\ y', z\ «;') be the given point. 

Suppose the whole system to be referred to rectangular 
Cartesian coordinate axes, and let the equations of the four 
planes of reference be 

then the equation of the given plane will become 

hence, by Art. 70, the perpendicular required will be 

Xx' + fiy' + vz' -f pro , . 

where c' = (XZ^ + [d^ + vl^ + pZJ* +. . . 

= \* (Zj'H- WjW) +...+ 2X/i- (Z,Z,+ «ij7w, + n,n,) -f .,.. 

= X» + A*" + v* + p*-2X/i-cos(^J?)-... (2), 

(AB) being written for the dihedral angle between the faces 
of the tetrahedron opposite to A and B, 

If ^, J, r, 8 be the perpendiculars from -4, J?, (7, D on the 
given plane, p being the perpendicular from [p^, 0, 0, 0), the 
expression (1) will give 

P—^\^=fM. (3), 

whence the equation of the plane in four-plane coordinate wilFbc 

px ay re aw ^ 



2o 
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= 0. 



and, in tetrahedral coordinates 

px + jy + r« + «o s= 0, 

where, by equations (2) and (3), 

\Po/ W W W Poio 

so that the left side of the equation in either form represents 
the perpendicular from any point {x^ y^ Zy w). 

108. The method which we have adopted in the last article 
shews that the quadric function \* + /a*+...— 2\/a cos(-4J9)— ... 
is reducible by transformation to three squares, the condition 

of which is that the discriminant vanishes, or that 

• 

-1, cos(^J9), C9s(ui(7), co&{AD) 
COB {AB)y -1, cos {BG)y COS {BD) 
cos (AG) J cos (BO) J -1, cos{CI)) 
cos{AD)y cos{BD)y cos (02)), -1 

Also, since each of the three squares is positive, there is only 
one system of values which reduces the function to zero, viz. 
that which belongs to a plane at an infinite distance, for which 
jp = j = r = «, whence, by (3) Art. I07j\j>^^fiq^=^vr^ = p8^. 

That the discriminant vanishes, may be shewn independently 
by projecting any three of the faces of the tetrahedron on the 
fourth, and obtaining the determinant from the four equations 
similar to 

A^B cos{AB) - G cos{A G)''D cos{AD) = 0. 

109. To jvnd the angle hetween two planes whose equations 
are given. 

Let the equations of the planes be 

^ + My + v^ 4- pt«? = 0, and \'x + fiy + v'z + pw = 0, 

using the same method as in Art. (107), if 6 be the angle between 
the planes 

<t(t' cos e = [\l, + fll^ + V?, + p?J [fll, + fll^ + v\ + p'l^ +. . . 

= XV + p,p! 4 vv' + pp - (X/ii' + \» cos {AB) -. . . . 



\ 
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110. To find the direction-cosines of the normal to a plane 
whose equation is given in tetraJiedral coordinates. 

Let j?x + jy + r;r + 5M? = be the given equation. 

The equations of the perpendicular from A on the opposite 
face are easily shewn to be 

x—\ y ' z w p 

_ 1_ ~ cos IaB) " cos {A G) '^ Qo^{AD) " ' 

Po ?o *•• h 

therefore, where it meets the given plane, 

T% {p J cos(-4B) r co8(-4C) s cos (-42))] _ 

^"" \Po ^0 ^^0 ^, i ' 

and p = JK cos (/?, ^J ; 
, \ _ P ? cos (-4 J?) r cos (-4 (7) s cos (-4i>) 

i'o % ^0 *0 

and similar expressions for the other direction-cosines. 



VI. 

(1) Shew that for every point in a plane through the edge AP bisect- 
ing the angle between the planes CAB, DAB, 

s - ti^ = 0, if the angle be the internal angle, 

2 4 tc' s 0, external 

(2) Shew that for every point in a plane drawn through the vertex A 
parallel to the opposite face, 

-By + Ck + 2)«7 = 0; 

or, with tetrahedral coordinates, 

y + 2 + IT = 0. 

(3) If AO be drawn perpendicular to the opposite face BCD^ then 
for any point in A 0, 

By ^ Ct ^>^^AO^x 

£iCOD ^DOB i^BOC" 

(4) Every point in a plane through CD parallel \Xi AB satisfies the 
equation, in tetrahedral coordinates, 

ic + y = 0. 
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(5) A point is determined in tetrahedral coordinates by the equations 
Ix = my = n« a rto. 

What plane is represented by the equation my = ttz, and what straight 
line by the equations my = nz^ rw? 

.(6) At any point in the straight line joining the first points of trisection 
of AB and CD, the tetrahedral coordinates satisfy the equations 

X = 2yf z = 2tD. 

(7) Shew that the coordinates (tetrahedral) of the centre of gravity of 
the fundamental tetrahedron are given by x = y » s » u?. 

(8) The three straight lines joining the middle points of opposite edges 
of a tetrahedron meet in its centre of gravity. 



(9) A plane cuts each of the six edges of a tetrahedron; another 
point is taken in each edge, so as to cut it harmonically; prove that 
the six planes through these latter points and the opposite edges of the 
tetrahedron intersect in one point. 

(10) If the equations of a point be 

X y _ 2 _ «7 
/ m n r ' 

and AO, BO, CO, DO be joined and produced to A', B', C", iX, such 
that bisects the lines AA\ &c., the tetrahedral coordinates of the point 
A' will satisfy the equations 

2x y z to 2 



I - m - n - r m n r /+»» + n+r* 
and similarly for B', C, U, 

(11) The line jbining the centres of the two spheres which touch the 
faces of the tetrahedron A BCD opposite to A, B respectively, and the 
other faces produced, will intersect the edge CD in a point P, such that 
CP : PDi: aACB : ^ADB, and the edge AB (produced) in a point Q, 
such that ^Q : BQ :: ^CAD : ^CBD. 

(12) If two opposite edges of a tetrahedron be trisected, and the points 
of trisection be joined by two lines in either order, shew that the line which 
bisects these lines will also bisect two other opposite edges. 

(13) /, If are the lengths of two of the lines joining the middle points 
of opposite edges of a tetrahedon, w the angle between these lines, a, a* 
tliosc edges of the tetrahedrctf) which are not met by either of the lines, 

COSlU = — . Pi — • 



PROBLEMS. 75 

(14) Appoint is taken within a tetrahedron ABCJD, so as to be the 
centre of gravity of the feet of the perpendiculars let fall from on the 
faces ; prove that the distances of O from the several faces are proportional 
respectively to those faces. 

(15) Shew that the reciprocals of the radii of the spheres which can be 
drawn to touch the four faces of a tetrahedron » are the positive values of 
the expression 

± — ± - ± - ± -, 

Po 9o ^ «0 

Poi ?•> ^0* ^0 being the perpendiculars from the angular points upon the 
opposite faces. 

(16) Lines are drawn from the angular points of a tetrahedroui through 
the centre of the sphere circumscribing the tetrahedron, to meet the 
opposite faces; prove that the sum of their reciprocals is three times the 
reciprocal of the radius of the sphere. 

(17) The inscribed sphere of a tetrahedron ABCD touches the faces 
in A\ B, C, I/} prove that AA\ BB\ CC\ DD' will meet in a point, if 

cos \a cos |a = cos Ih cos i/3 = cos \c cos J7 ; 

where a,a\ b, ft; e, 7 are pairs of dihedral angles at opposite edges. 



CHAPTER VII. 



FOUE-POINT COORDINATE SYSTEM. 
THE POINT. THE PLANE. 

111. In the Four^Plane Coordinate System^ the position of 
a point is given by its algebraical distances from four funda- 
mental planes, given in position, which do not pass through one 
point, so that thej form the plane faces of a tetrahedron of finite 
volume. 

The position of a plane is given by a relation between the 
four-plane coordinates, which exists for every point which lies 
in that plane. 

In the Four-Point Coordinate System^ the position of a plane 
is given by its distances from four fundamental points, given in 
position, which do not all lie in one plane, so that they form the 
angular points of a tetrahedron of finite volume. 

These distances are called Point Coordinates of the plane. 

An infinite number of planes can be drawn through any given 
point, and it can be shewn that the point coordinates of each of 
these planes satisfy a linear equation ; this equation determines 
the position of the point, and is called the equation of the point. 

112. To find the distance^ estimated in any direction^ of a 
pointy whose position relative to fixed points is known^ from a 
plane whose distances from the fixed points are given. 

Let Z(, if be two points, and let a point O be taken in the 
straight line joining them, such that \.LG = fi.MG. 

Let LL'j MM\ 00' be parallel lines, drawn in a given 
direction, meetmg a given plane AB in i', 0\ if', then it is 
evident that 

LV^OO' OO'-'MM' 



LO " MO 



7 
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- and \.{LL'^00') = fi.(OG'^HAr); 

.-. \.LB-\-fi.MM' = {\-\-fi) GG\ (1) 

If N be any other point, and H be taken in ON bo that 
(X + fi) OH^ v.HN^ and if HH\ NN' be drawn parallel to LL\ 

then v.NN' + {\ + fi)OG' = [\-^fi + v)HH'i 
/. X.LL'-\^fi.MM' + vNN'=^{\-hfi-\-y)HH\ (2) 

If there be four fundamental points Z, Mj N^ R^ and K be 
taken in HB^ such that (X + ^ + v) HK=p.BK^ and ifJB', ^2?' 
be drawn parallel to LL' meeting the plane AB in B\ K\ then 

p.5^'+ (X + /i + v) JJff' = (X + fH- v-f p) ZiT'; 

.-. \.LL-\- fM.M]ir-\- v.NN'-^ p.BR ^{X-^- fM-]- v+p) KK\ (3) 

Thus, the position of the point ^K" relative to four fundamental 
points is giten bj the quantities X, ft, Vj p, and it maj be 
denoted by (X, fi, v, p) ; and the distance of the point thus 
determined from a plane, estimated in any direction, is known 
by (3) in terms of the distances of the four fundamental points 
estimated in the same direction. The equations (1) and (2) 
determine the same thing for two and three fundamental points 
respectively. 

113. If the formula for the position of the centre of gravity 
of any number of particles be assumed, the results of the pre- 
ceding article will be obtained at once, by considering masses 
proportional to X, fiy v, p placed at the fundamental points, the 
point K (Art. 112) being the centre of gravity of these particles, 
where the masses may be supposed negative if necessary. 
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114. Tojiiid tlie equation of a point in four-point coordinates. 
If the four points lie in a plane, then by the construction of 

Art. 112, it is obvious that the point K^ being in the line HR^ 
will lie in the same plane with the four points. This accounts 
for the restriction with respect to the fundamental points, that 
they shall not lie in one plane, because the equation obtained 
would then always denote a point in the same plane, and could 
not be the general equation of a point in space. 

It* A^ B^ (7, D be any four points which do not lie in a plane, 
P) ?9 ^9 ^ ^^^ perpendicular distances of a plane from these points, 
estimated in a given direction, (\, /i, v, p) a point P, with 
reference to these fundamental points, and t the perpendicular 
from Pupon the plane; we shall have, by (3), Art. 112, 

\p -V fiq-^ vr -^ ps =■ (^-\- ^ ■{■ V + p) t^ 

and ^ = for every plane passing through P, 

Hence, upon the same principle, upon which, in the four- 
plane coordinates, sr, ^, z^ w being the coordinates of any point, 

\x ■\^ p,y -Y vz -¥ pw = 

is the equation of that plane, in which a series of points lie, 
whose coordinates satisfy the equation ; so, p^ q^ r, $ being the 
coordinates of a plane in the four-point system of coordinates, 
Xp 4 /X2 + vr + p« =0 is the equation of that point, thjough which 
all planes pass whose coordinates satisfy the equation. 

115. To interpret the constants in the equation of a point. 
Let the equation of the point P be \p + fjLq-\- vr-j- ps = 0; 

the four-point coordinates of BCD are p^^ 0, 0, 0, hence, the 

perpendicular on BCD from P is, by Art. 112, — Po ___ ^ 
therefore r is the correspondin^c tetrahedral co- 

X-I-/A+K + P ^ ^ 

ordinate of P for the same fundamental tetrahedron ; so that 
X, /£, V, p are proportional to the tetrahedral coordinates of the 
point whose equation is given, which may therefore be written 
as in Art. 104, 
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In this form the first member of the equation is the per- 
pendicular from the point given by the equation, also denoted 
^7 (^) y? ^1 ^)) upon the plane whose four-point coordinates 
are pj y, r, s. 

116. To find ike equation of a point which divides the straight 
line joining two points^ whose equations are given^ in a given ratio. 

Let the equations of the two points P, P' be 

xp + yq + zr + ws = 0^ and xp + y'q + zr + w's = 0, 

and let ^ be a point in PP\ such that 

PQ: QF::m:l] 

for every plane passing through Q the perpendiculars from P, P 
are in the same ratio, and observing that these perpendiculars 
are drawn in opposite directions if Q be between P and P* , 
we have 

I {xp + 1/q + «r + ws) + m {xp + y'q + z'r + w's) = 0, 
the equation required. 

117. To find the equation of a point at an infinite distance. 
Let the equation of a point be Xp-}- fiq + vr + ps = Oy the 

perpendicular distance from this point on any plane (j9, j, r, s) is 
\ p + /xg + yr -f ps 

X + /A + V + P 

If this point be at an infinite distance, we must have the 
condition X-f/A+v + /) = 0, which expresses that, if (oj, y, «, w) 
be the point in tetrahedral coordinates, a; + y + «-fw = 0, or that 
the point lies in the plane at an infinite distance, (Art. 105). 

118. The signs of the constants in the equation of a point 
in the general form Xp + /xj + w + />« = 0, in order that the point 
may lie in the different portions of space cut off by the indefinite 
planes which form the faces of the fundamental tetrahedron, 

can be obtained by considering that — ? - ? - j - are the 

O" O" O" O" 

tetrahedral coordinates of the point, if<r = X+fA + i'-i-p. 

119. To find the distance hetween two points^ whose four-point 
coordinates are given. 



' 
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The distance between two points P, P', whose equations 
are \p + fAq-hyr + p3 = 0j and \'p + fi'q + yr + p$ = 0, can be 

found from Art. 96, by considering that —,-,—?-) and 
—,,—,, -7 , —, are tetrahedral coordinates of two points ; 

• p^=.{(i:-^)(e-f;ui>-}. 

120, To shew that the straight lines joining the middle points 
of opposite edges of a tetrahedron intersect and bisect each other. 

The equation of the middle point of AB iBjp+ j'=0 (Art. 116), 
and of the middle point of CD is r + 5 = 0; therefore the 
equation of the middle point of the line joining these is 
^ + j + »' + « = 0, which for the same reason bisects the lines 
joining the middle points of the other opposite edges. 

121. The student is recommended to examine carefully the 
processes employed in the following applications of point-co-- 
ordinates. 

Let Xp + Atj + vr + p« = be the equation of any point J&, 
and let planes be drawn through this point and each of the 




edges ; and let (oi) denote the point in which the plane ECD 
meets AB^ and similarly for the other edges. 

The point E lies in the straight line joining (a&), for which 
Xp + /x} = 0, and {cd)^ for which vr+p« = 0, since its equation 
is of the form L (Xp + ^) + M[yr + ps) = 0. 
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Since for (ai), Xp-\- fiq=. 0,^ 

(ad), \j?-f/05 = 0," 

(Jc), fiq^ vr = 0/ 

(erf), vr + /os=0," 

the straight lines joining these pairs of points meet BD in a 
point {b'd') whose equation is fiq = /o«, and the equation of {bd) 
is ftgr + />« = ; therefore i'rf, Jrf divide BD harmonically. 

Similarly, the line joining (ai), {ac) and (6rf), {cd) intersect 
£G in (JV), for which fiq = yr] and the straight line (a6), (cJ) 
meets the plane passing through A and the points (J'c'), (ccZ') in 
the point whose equation is 

2\p + 2/JLq — vr — p* = 0, 

since this equation may be written 

2\p + (/A^ - vr) + (/x J - ps) = 0. 

Again, the equation 2\p + /x j + vr = 0, being of the form 

Lp-^ M8'\- N{Xp + A*j + KT + p«) = 0, 

represents a point in the plane ADE^ and, being of the form 
L [\p + /A^) + M (Xp + vr) = 0, the point lies on the line joining 
(oj), (ac), and is obviously in the plane ABC 

Let the straight lines AE^ BE meet the opposite faces in 
A\ B' ; the equations of these points are 

fiq-\'Vr-\- p8 = 0^ and Xp + »T + p5 = 0, 

and therefore ^'-B' intersects AB in the point Xp- p,q=^0^ the 
same point in which {ac) (ic), [ad) {bd)^ meet AB. 

122. Many of the results of the following articles have been 
obtained in the preceding chapter, but the independent processes 
adopted here will serve to illustrate the subject on which we 
are engaged. 

123. Tojind the inclinations of aplane^ whose coordinates are 
given J to the faces of the fundamental tetrahedron. 

Let jp, J, r, s be the coordinates of a plane, X, /i, v, p the 
cosines of the angles between the direction in which the coor- 
dinates are measured, and the perpendiculars from A^ Bj (7, 1) 

M 
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on the opposite faces, and let Aa = p^ be the perpendicular 
from A on BCD, 




The tetrahedral coordinates of a are 

aAGD aCD Boo^lAB) p, , ^^ 
''-''^y'-BACD-BCD'- — i-^='-"cos(^^, 



«=S?C08(JC), w? = ^cos(^Z?). 



^0 *o 



The equation of the point a is therefore 

^co8(^B)y+^^co8(^C)r + ^cos(^i>)« = 0, 

?o ''o ^0 

and, the coefficients being tetrahedral coordinates, the first 
member is the perpendicular from a on the plane [p^ y, r, s\ 
and therefore =j9 —p^^ 

.-. x=£. -£.cos(^5)--cos(^C)-^cos(JZ>); 8eeArt.llO. 

Po 9o ^0 *0 

Similar values may be obtained for /i, v, p. 

124. 7b Jlnd the relation between the four-point coordinates 
of a plane. 

The tetrahedral coordinates of P, the foot of the perpendicular 
from A on the plane (p, j, r, «), are 

jf'o 'io 'o "'o 
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therefore, from the equation of the point P, we have 

Po ^ ^0 ^ *o 

A 9o ^0 *0 

Hence, substituting the values of X, /*, v, p found above, we 
obtain the relation between the coordinates 

Z] + ^ + Z! _,. ^ . ?P£ cos lAB) -...= 1, see Art. 107. 

125. If the plane be at an infinite distance the left side of 
the above equation will vanish, the only system of values for 
which this will be the case beingj9 = j = r = 5, (Art, 108). 

Since the coordinates are equal and of infinite magnitude, 
the expression for \ in Art. 123 gives 

0=--i cos (^5) -i cos (^(7)-- cos (^Z>), 

Po ?o '''o *0 

or = ^ - 5 cos [AB) - C cos (^ C) - i> cos (AD). 
We have also from Art. 124 

\ u V p ^ 
— + -+- +- = 0, 

Po Qo ^0 «o 

a linear relation between the direction cosines of any plane. 

126. The equation which connects the four-point coordinates 
of a plane is of the second degree, whereas the corresponding 
equation for four-plane or tetrahedral coordinates is of the 
first degree. 

The reason of this equation being of the second degree 
should be explained. 

If three four-point coordinates of a plane be given, suppose 
^, J, r, this plane must touch three spheres whose radii are 
Pi 2, r, centres Aj B^ C] and, if we suppose the most general 
case, there will be eight such planes, two for which the three 
spheres lie on the same side, in which cases p^ q^ r will be of 
the same sign, and six for which one of the spheres lies on the 
opposite side to the other two, in which cases two of the 
coordinates pj q^ r will be of opposite sign to the third. 
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Whether p^ y, r be of the same sign, or p be of opposite 
sign to q and r, there are two positions of the touching plane ; 
that is, there are two Talues of «, viz. the perpendiculars in 
these two positions; the equation must, therefore, be of the 
second degree in «, and similarly for p, ^, and r. 

Hence, although, when three tetrahedral coordinates are 
given, the fourth is fully determined by the equation of con- 
dition; this is not the case in four-point coordinates. 

127. To find the angle between two planes whose coordinates 
are given. 

Let [p\ J, r, «') and (p", j", r", s") be two given planes 
denoted by U\ £/'", and let the line drawn perpendicular to 
U* from the fundamental point A meet U" in the point N^ so 
that AN=m=p" sec (£7', U"). 

Let V, fi\ v\ p be the cosines of the angles between the 
normal to the plane ^', and the norjnals to the corresponding 
faces of the fundamental tetrahedron. 

The tetrahedral coordinates of N are 

p^ — tjV — VTfi — zTv' — mp' ^ 

hence the equation of N is 

»_ — tB"V vTti tsTv rsp 

JPo ?o '•o *0 

and, since the plane C/*" is a particular plane through N^ we 
have, since -= cos (Z7', ?7"), 

P» 2o ''o «o 

But V =-P- - ?- cos (^5) - - C08 (^ C) - - cos {AB) (Art. 123) ; 

Pa So *o *o 

.-. cos(c^',cr")=^-:?:'+?:£:'+... 

Po i* 



- PS^J^lPJL coiiAB) -....see Art. 109. 
Pda 
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If the planes be parallel, since the perpendicular distance 
between them is constant, y -^" = j' — j" = r — r" = s — s". 

As in Arts. 68 and 22 in the corresponding case with 
Cartesian coordinates, these conditions can be dedaced from 
the value of cos ( U\ U"). For, since ( CT, U") = 0, 



t t 



2 cos ( U\ U") = 2 =-2-, +. . ._ ^P.^- cos [AB) -... 



+ -^4-...--'?-^cos(^Z?)-... (Art. 124), 
whence 1^-Jlf T ^__ 2 ip'-p") (g'- g") ,,,(^^) ....^p. 

i'o i'ogo 

But (Art. 108) this is onlj possible when 

f ft f It 

P -P =? -2 =••• • 

128. To find the coordinates of a plane which passes through 
the intersections of two planes whose coordinates are given. 

Let (y, y', /, s') {p"j q", r", s") be the planes U' and U'\ 
and let (j9, j, r, «) be the plane V passing through their line 
of intersection. The perpendiculars from the fundamental point 
A on the three planes all lie in a plane, ^nd the relation 
between these three may be found from the trilinear coordi- 
nates corresponding to an evanescent fundamental triangle, 
whose angles are the angles between the planes, or the supple- 
ment of those angles ; hence 

^sin(?7', U")=p'sm{[I'\ V)-\-p" Bm[U', F); 

.-. p-Ip+ mp\ where P ± 2lm cos ( U\ U") + w'' = 1, 

and similarly for ^, r, s. 

129. I( Lp + Mq + JVr + i?« = be an equation involving one 
variable t in the first degree, it may be considered as the 
equation of a line, since it may be put into the form u + ^v = 0, 
and by varying t we may obtain every point in the line joining 
the points w = 0, t; = 0. 

130. If Lp^-Mq^-Nr-^- Rs — be an equation involving 
two variables ^, t' in the first degree, it may be considered as 
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the equation of a plane, since it may be put in the form 
u+tV'[-t'w = 0^ and by varying f, t' we may obtain every point 
in the plane passing through the three points m = 0, v = 0, and 
w = 0. 



VII. 

(1) The equation of the centre of gravity of the face ABC is 

I? + J + r = 0. 

Hence, shew that the lines joining the vertices with the centres of 
gravity of the opposite faces meet in a point. 

(2) The equation of the centre of the circle circumscribing the triangle 

ABCh 

p Bm2A + J 8in25 + r 8in2C = 0. 

(3) The coordinates of the plane passing through the centres of gravity 
of the faces A CD, ADB, and ABC, are given by the equations 

(4) If P be any point in BD, Q, R points in A C, such that 

AQ : QC :: BP : PB :: CR : RA, 

then PQ and PR will intersect the lines joining the middle points of 
BC, AD, and AB, CD respectively, and divide them in the same ratio' 
SL& AC, 

(5) If through the middle points of the edges BC, CD, DB straight 
lines be drawn parallel respectively to the opposite edges, these straight 
lines will meet in a point; and the line joining this point with A will pass 
through the centre of gravity of the pyramid. 

(6) The equation of the centre of gravity of the surface of the tetra- 
hedron is 

{A ^ B -^ C ^ D) {p ^ q ^ r ^ s) = Ap ^ Bq ^ Cr ^- Da. 

(7) Shew that the equation of the centres of the eight spheres which 
touch the faces or' the faces produced of the fundamental tetrahedron are 

Ap ±Bq±Cr±Ds«:0. 

(8) The centre C of the inscribed sphere lies on the line joining O, IT 
the centres of gravity of the volume and of the surface of the tetrahedron ; 
also, shew that CG = '3 GIL 



PROBLEMS. 87 

(9) The points -B, C, D are joined to the centres of gravity of the 
opposite faces, and the joining lines produced to points 6, c, d, so that 
By hf &c., are equidistant from the corresponding faces, prove that the 
coordinates of the plane hcd are given by the equations 

- 2p = J = r = », 

and that this plane divides the edges AB, AC, AD in the ratio 1 : 2. 

(10) If points be taken in the lines joining B, C, D to the centres 
of gravity of the opposite faces, dividing them in the ratio m : n, the 
plane containing these points will divide the edges AB, A C, AD in the 
ratio m : 2m 4 3n. 

(11) If through any point P straight lines AP, BP, CP, DP be 
drawn meeting the opposite faces in a, h, c, d, the straight lines AB, ah 
will intersect, and their point of intersection and the point in which Cd 
meets AB will divide AB harmonically. 

(12) The straight lines joining D to the intersection of AB, <ib, and A 
to the intersection of DB, db^ will intersect in a point lying on Be, 

(13) If through any point three straight lines be drawn, ?ach meeting 
two opposite edges of a tetrahedron ABCD; and if a, a ; &» j3; c, 7 be the 
points where these straight lines meet the edges BC, AD; CA, BD\ 
^^, CD; then will 

Ba.Oi,Dp = Bp,Ca,Dri, 

Cb.Aa.Dfi=Of.Ab,Da, 
Ac.Bfi,Da = Aa.Bc. Dp, 

Ab.Bc.Ca = Ae.Ba. Cb. 
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LOCI OF EQUATIONS. TANGENTIAL EQUATIONS OF SURFACES. 

TOESES. DUAL INTERPRETATION OF EQUATIONS. 

BOOTHIAN COORDINATES. 

Tangential' Equations of Surfaces and Torses. 

131. If p^ y, r, s be the coordinates of a plane referred to 
a four-point system, to find what is represented by the general 
equation F{pj y, r, s) = 0, we observe that there are generally 
an infinite number of planes, the coordinates of each of which 
satisfy the equation, and that these planes envelope a surface 
of which the equation is called the tangential equation, from the 
circumstance that each plane of the system is a tangent plane 
to the surface, and the surface may be called the envelope locus 
of the equation. 

As in' a quadriplanar or tetrahedral system, if we take three 
points on the locus of <^ (a;, y, «, w) = 0, the plane containing 
these three points will ultimately be a tangent plane to the 
locus, if the three points become ultimately coincident, so, if we 
take three planes touching the envelope locus QiF[p^ j, r, s) — 0, 
the point in which these three planes intersect will be ultimately 
the point of contact of these planes when they become coincident. 

Thus, p =/ is the tangential equation of a sphere whose 
centre is the fundamental point A. 

In the case of the linear equation Xp + /^y + vr + p« = 0, the 
envelope degenerates into a point, through which all the planes 
pass which correspond to the various solutions of the equation. 

132. Again, if we take two surfaces represented in the 
tetrahedral system by ^ (a;, y, «, w) = 0, and ^^ (a;, y, «, w) = 0, 
the coordinates of every point in their curve of intersection will 
satisfy both equations, and the two equations will determine the 
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position of this curve ; so if F{p^ j, r, s) — 0, and F^ (p, j, r, «) = 
represent two surfaces in the four-point system, the coordinates 
of every plane which touches both surfaces satisfy the two 
equations, and the series of planes so determined have for 
their envelope a particular kind of surface, called a Developable 
Bwrface^ or, according to Cayley, a Torse^ which touches the 
two envelope loci of the equations, the reason of the term 
developable being as follows: 

If we take three consecutive planes P, Q^ R^ each of which 
touches the two loci /8, /Sj, of the equations F{p^ j, r, «)=0, 
F^ (pj y, r, «) = 0, Q will be intersected by P and B in two 
straight lines (P, Q), and ($, 5), and in the limit the portion 
of Q intercepted between these lines will ultimately be a portion 
of the envelope of the planes ; similar portions of P and It will, 
with the former, constitute three elements of the envelope, each 
of which will touch both 8 and 8^ ; and this envelope is called 
a developable surface, because the three elements can be de- 
veloped into one plane by turning them about the lines (P, Q), 
{Q^ B)] and the same is true for all the elements. 

According to this interpretation, the developable surface 
touching two spheres, ^=/, q=g^ is a system of two cones, of 
which one will be imaginary if the spheres intersect. 

133. It may appear, from what has been said, that, since 
two equations, as well as one, in the four-point system determine 
a surface, the case of this system is not analogous to that of the 
three or four-plane system. But the two kinds of surfaces in 
the point system are really as distinct from one another as the 
surface and curve in the plane system. 

For, as in the four-plane system one equation represents the 
limitation that the current point must remain on a surface, and 
the second equation confines the motion on that surface to posi- 
tions such that it also remains on a second surface ; so in the 
four-point system one equation limits the motion of a plane 
to positions in which it touches a surface, and the second 
equation allows the plane to touch that surface only in such a 
manner that it also touches a second surface. 

Stated in this way the analogy is complete, the point moving 

N 
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in the direction of a line, the plane tumiDg round a line, to 
gain the consecutive position. 

134. As a simple example of the use of the tangential 
equation of a surface, we will consider the properties of the 
Poles of Similitude of four spheres; the poles of similitude of 
two spheres being the vertices of the two cones which envelope 
both spheres, points from which the lengths of the tangents 
to the spheres are proportional to their radiL 

These poles of similitude are called internal or external poles, 
according as they lie on the line joining the centres, or on 
this line produced. 

135. To find the relative positions of the internal or external 
poles of similitude of four spheres. 

Let the centres of the spheres be taken for the fundamental 
points -4, Bj Gy and Z>, and let their radii be r^ r^, r,, r^. 

The tangential equations of the spheres are ^ = r,, q = r,, 

The external and internal poles of similitude of the spheres 
[A) and [B) have equations 

« 

t. q: -2. =s 0, and similarly for the rest. 

(1) The external poles of {AB)y (AC), and [AD) lie in a 
plane whose coordinates are connected by the equations 

P _ 9 _ ^ _ s 

* r r r r ^ 

'i '« '» '4 

which evidently contains also the external poles of (jBC), [CD) 
and (DB). 

(2) The coordinates of the plane containing the external 
poles of [AB) and {A C) and the internal pole of [AD) satisfy the 
equations 

p ^ q _ T s 

'^ "" ^ " ^ " " ^ ' 
and the same plane evidently contains the external pole of [BG) 
and the internal poles of [BD) and ( CD). 
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(3) The coordinates of the plane containing the external 
pole of [AB) and the internal poles of [A G) and [AD) satisfy 
the equations 



p _ 9 _ r _ 8 



8 



and this plane evidently contains the external pole of {CD) and 
the internal poles of [BC) and (BD), 

Hence one plane coptains the six external poles, four plalies 
contain each three external and three internal poles, and three 
contain each two external and four internal poles. 

The pole3 of similitude lie in eight planes, which are called 
planes of similitude, each of which passes through six poles of 
similitude situated three and three in four straight lines. 

Thus for the six external poles 



and^«^=i^-^-f^-^-)=0; 

^2 ^a ^, ^8 Vn ^/ 

therefore the external pole of [BC] lies in the line joining those 
oi [AB) 9Xiii [AC). 




Similarly it lies in the lines joining those of [DB) and [DC\ 
Hence, the six external poles lie in the sides of a plane quad- 
rilateral, as in the figure. 
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Diml Interpretations of Equations. 

136. By what has preceded, we see that all homogeneous 
equations and systems of two equations in four variables a, ^3, 
7, 8, admit of a dual interpretation^ according as we conceive 
the four variables to be tetrahedral or four-point coordinates. 

Thus Xa -h fiP + V7 + /)8 = is the equation, in these two 
methods of viewing it, of a plane or of a point. 

So if a, i8, 7, S be tetrahedral coordinates, the equation 
-F(a, iS, 7, S) = gives a surface on which every point lies, 
whose tetrahedral coordinates satisfy the equation, while if they 
be point coordinates, the equation gives a surface touched by 
every plane whose coordinates satisfy the equation. 

Two such equations may in like manner be interpreted 
to define (1) a curve, which is the intersection of the two 
surfaces represented by the separate equations; or (2) a torse 
enveloped by all planes which touch both surfaces represented 
by the separate equations. 

Thus, the dual results given by the method of Keciprocal 
Polars, which will be seen to apply to three as well as to 
two dimensions, may be obtained by giving this dual inter- 
pretations to all our equations. 

We cannot, however, in a vq}ume of moderate compass, 
pretend to include all the dual results to which our equations 
might give ris&, but must confine ourselves to a development of 
the methods most generally useful. 

Boothian Coordinates. 

137. There is another system of coordinates which bears the 
same relation to fojir-point coordinates as the Cartesian to the 
tetrahedral system ; these coordinates have been called Boothian 
from Dr. Booth, who first published the method in Dublin.* 

We have seen that the equation of a plane in one form is 
oa? + /8y + 7« = 1, where a, ^8, 7 are the reciprocals of the inters 



♦ Both Chaslea and Plucker seem to haye conceived the idea previously. Briot 
and Bouquet, Geom, Anal, p. 888. 
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cepts on the coordinate axes, if this plane pass through a point 
P, (/, g^ A), then a/+ fig-\-yh=l is an equation between a, /8, 
and 7, which will be true for all planes passing through P. 
a, )8, 7 are called Boothian coordinates of a plane, and any equa- 
tion of the first degree in a, ^8, 7 expresses that the plane passes 
through a certain fixed point, and may be considered the 
equation of that point. 

Any equation whatever between a, /8, 7 will express that the 
plane touches a certain fixed surface, and may be considered 
the equation of that surface. 

Thus, we know that the equation of a sphere is a;*+ y'+ «' = r", 
and that the distance of the plane Ix -f my + nz = r from the 
origin is r; the plane therefore touches Ihe sphere, and if the 
equation of the plane be written oa? + ySy + 7^? = 1, then we have 

a* + )8* + 7* = 5 = ^ , which is the Boothian equation 

of the sphere and is of the same form as the Cartesian. 

138. Cartesian coordinates are a particular case of tetrahedral^ 
and Boothian of four-point coordinates. 

If we imagine the plane ABC of the tetrahedron of reference 
to move off to infinity and make the corresponding changes in 
our equations, any equation between a;, y, Zj w will become one 
between f , 17, ^ ordinary Cartesian coordinates, and any equation 
between p, y, r, s will become one between a, ^8, 7 Boothian 
coordinates of a plane. 

Thus take the equation ^a; + jy + r« + «/? = 0, where (a;, y, «, w) 
are tetrahedral coordinates of any point, and (^, q^ r, s) four- 
point coordinates of any plane through (or, y, Zj w). If the 
plane meet BA^ BBy BC in a^ 5, c, and f , 17, ^ be the Cartesian 
coordinates of (a?, y, z^ w) referred to the planes meeting in B^ 

tnen x^-^j, ^^BB' BC' BA^BB^BC 

whence the equation becomes 

_|_ (s-p) jn [s-q) _?_ £-r _ 
BA'T"^ BB' s ^BC s ^ ' 
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Tk , V -A-a 8 — p DA s — p 1 

But — = Y=r J or — ^ = ^r- , or .;. = yr = ^j 
9 Da^ 8 Da ^ 8. DA Da ' 

and the equation of the plane becomeB af + /Si; + 7(r= 1- 

139. Any equation In which [xj y^ z^w) are involved will 
generally have the coefficients of the different terms functions 
of DAj BGj ... edges of the tetrahedron of reference, so that 
although for any finite point (f, 17, f) we have, when ABG 
moves off to infinity, x = 0, y = 0, « = 0, w=l, yet we shall 
get a limiting equation between f, 17, (f when we have made 
the substitutions above and take DA^ DB^ DG^ ... all infinite. 
So, for any equation in p, ^, r, 5, the coordinates of a plane 

8 8 8 

at a finite distance from i>, although in the limit - , - , - are 

all equal and zero, yet by making 

p^8[\^a.DA\ q = 8{l-'fi.DB)^ r = 8[l^y.DG\ 

we shall obtain a finite resulting equation . in a, ^8, 7. But 
such transformation is very seldom of much advantage. It is, 
however, frequently convenient to render Cartesian or Boothian 
equations homogeneous by multiplying such terms as require 
it by Wj w^j ... or by S, S", ..., these being at some subsequent 
stage put equal to unity. 



vni. 

(1) State some properties of the loci of the following equations, whether 
a, fi, 7, d be regarded as tetrahedral or four-point coordinates. 

(1) lap^m^i. 

(2) (a + py = n7a. 

(3) -- + s + - + T = 0- 
a p 7 o 

(2) If u a be the equation of a surface of the second degree, o s 
that of a plane, referred to tetrahedral coordinates, ^ ^ An is the equation 
of a surface touching the surface u « along the section made by o » 0. 

Give the interpretation when the tetrahedral are replaced by four-point 
coordinates. 
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(3) Prove that if the fundamental points be in the angles of a regular 
tetrahedron, the tangential equations of the spheres circumscribing and 
inscribed in the tetrahedron will be respectively 

* 

and jr + rp + pj + <p + #j + »r = 0. 

(4) Shew that in the same case the envelope locus of the equation 

will touch each of the edges of the fundamental tetrahedron. 

(5) In the last problem, find the two tangent planes parallel to one of 
the faces of the tetrahedron, and shew that their distances from that fieice 

'^^ ^ o {V(3) ^ 1}> ^ ^ing the length of an edge. 

2 V W 

(6) If two surfaces given by tetrahedral coordinates intersect in two 
plane curves, what is the corresponding property of the torse in the dual 
interpretation ? 

(7) Prove that the Boothian equation of a sphere passing through the 
origin of rectangular axes is of the form 



i« + /3«+7* = (--fc-m/3-fi7), 



If -m, n being the direction-cosiaes of the radius r draVn through the 
origin. 

(8) .Two apheres of radii r, «, pass through the origin, and have their 
centres on the axes of x and y respectively ; shew that the torse or develop- 
able surface enyeloping both is a cone whose vertex has the Boothian 
equation 

. a-* ' 

'-P' Z~ 7' 



CHAPTER IX. 



TEANSFORMATION OF COORDINATES. 

140. The investigation of the properties of a surface repre- 
sented by a given equation is often rendered more cotfvenient 
by referring it to a different system of coordinate axes, in the 
choice of which we must be guided by the nature of the in- 
vestigation proposed. 

We proceed to obtain the working formulae by which such 
a transformation may be effected. 

141. To change the origin of coordinates from one point to 
another^ without altering the direction of the axes. 

Let (^ g^ h) be the new origin referred to the primary 
system. If (a?, y, «), (a?', y', z') represent the position of the 
same point P referred to the first and second systems respec- 
tively, since the algebraical distance of the plane of y*z' from 
that of yz is f and x^ x* are the algebraical distances of P from 
the planes oiyz and y'z\ we have 

a; = a;'+/, 

and similarly, y^y' •\- g^ 

z = z' +h; 

or, suppressing the accents, the transformation is effected by 
writing x +/, y-^g^ z-\-h^ for a?, y, z. 

142. Since the formulae thus obtained involve three arbi- 
trary constants, we can generally by this transformation make 
the coefficients of three terms in the resulting equation vanish, 
but, since the coefficients of the terms of highest dimensions 
are unaltered, none of the three terms, so eliminated, can be 
of the same dimensions as the degree of the equation. Thus, 
in an equation of the second degree, we can generally destroy 
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the terms of one dimension in x^ y^ z] in an equation of the 
third degree three of the terms of two dimensions, and so on 
with equations of higher degrees. If, however, the terras, 
whose coefficients we desire to destroy, differ by more than 
one dimension from the degree of the equation, the equations 
for determining /, ffj h in order to effect this result will rise 
to second, third, or higher degrees. For, if F{x^y^ z) = be 
an equation of the rfi^ degree, the transformed equation will be 
F[x +/, y 4 ,9, « + A) = 0, and the terms of the [n — rf^ degree 
in the expansion can be represented in the form 



the coefficients of any term in which will involve F{f. g^ h) 
differentiated n-r times with respect to the quantities ^5^, A; 
hence the resulting equation for destroying any such term will 
be of the r^ degree. ^ If three terms are to be destroyed, it is 
necessary that the three corresponding equations should be 
consistent ; it may happen that these equations are not in- 
dependent, in which case if two terms are made to disappear 
•the third term will disappear at the same time, and we shall 
be able to get rid of a fourth term. 

143. To transform from one system of coordinates to another 
system having the same origin^ both systems heing^ rectangular. 

Let Ox^ Oy^ Oz be the first system, Oac\ Oy\ Oz' the 
second ; let a,, b^ c^ ; a,, &„, c, ; a^, ft,, c^ be the direction-cosines 
of Ox\ Oy\ Oz\ referred to Oa:, Oy, Oz ; and a?, y, « ; a;', y\ z* 
coordinates of the same point in the two systems. 

Then the algebraic distance of the point from the plane of 
yz is a;; but, projecting the broken line x'-^y' ■\-z\ this same 
distance is a^x* •+ ajy' •h aji'. Hence 

a; = a^a;' + ay + a3«',1 
and similarly, y = &,«' + hj/* + \z\ \ (1) 

z =c,a?' 4cy + c^z\^ 

the formulas required. 

The nine constants introduced in these results are connected 
by six equations of condition, expressing that the two systems of 
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coordinates are rectangular, for since Ox^ Oy^ Oz are each two 
at right angles, we have the system of equations 

and by reason of Oxy Oy\ Oz' being also at right angles, the 
system 

a^a^ + 6,6g + c,c, = 0. > 

The number of disposable constants in this transformation is 
therefore only three. 

The relations (A)^ {B) subsisting among the nine constants 
involved in these formulse may be replaced by 

«," + < + «,' = 1, ' 

c,a, + c,a. + c.a, = 0, e {B') 

if we consider Ox\ Oy\ Oz' the primary system of axes, in 
which case the direction-cosines of Ox^ Oy^ Oz^ will be a„ a^, a^ ; 
6„ Jj, J3 ; c„ c„ Cg. The equations (-4') and {E) obtained from 
the same facts as the equations {A) and (j5), are of course deducible 
from them. Either system may be obt|iined from the identical 
equation a?"+y' + «' = aj'*+y'"-|- «'*, by substituting for Xy y, z 
their equivalents given in equations (1), or similarly for x\ y\ z\ 

144. The relations between these constants may also be ex- 
pressed in the following convenient form. 
From the equations 

«,«i + * A + c.c, = 0, o,a, + J,6, + cji^ = 0, 
we obtain immediately 

Va - V. c A - ''A «A - "a^v ' 
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each member of these equations is therefore equal to 

{<+W+c,y 

" {(«.' + V + <) («.• + V + c,») - Ka. + 6A + o.c.)"}* - ± '' 
by equations (.4), {B). 

In a similar manner, we obtain 




a. 



i — 



J 



J,c, - i,c, c,a, - Cfi, a,6, - a,5, 



hnr = ±i, 



"8 



i _« 



V. - Vi «!«• - c.a, «,*, - "A 



^— r = ±l. 



By using the equations {B') in a similar manner, we obtain 



a 



i 



a. 



8 



a. 



which shews that the ambiguities in the three systems of equa- 
tions, here obtained, must be taken all of the same sign. 

Any two of these three systems of equations may be taken as 
completely expressing the relations between the nine constants : 
the third system being immediately deducible from the other 
two. 

We give the following problem as an illustration of the use 
which may be made of this transformation of coordinates. 

145. To find the equations of the straight lines which bisect 
the angles between two straight lines given by the equations 

lx-\-my-\-nz=^0 and aa?-\-by* + cz^=^0. 

Choosing the axes, so that the axes of x' and y' shall be the 
two bisecting lines, and the plane of x'yl shall contain the given 
lines, their equations will be of the form 

i5' = 0, and \V"-/Ay = 0. (1) 

The formula of transformation give 

x'^ax +/8y +7«, 

y' = a'a; + ^'y + izy 

z' =:lx + my + nz ; 



r 
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or a? = fluc' + ay + lz\ 
y = ^x' + ffy + mz'y 
z = 7a?* + 7'y' + nz' ; 
hence, by (1), the second given equation becomes 

a (cub' + ay)» + h [fix' + /ayf + c {yx' + 7y )' = % 
which must be Identical with Vaj** — /A^y"* = ; 

.-. aoa' + J/S/y + C77 = ; (2) 

also Ota' + )8/8' + 77' = 0, 

since the bisecting lines are at right angles ; 

aa' _ /3ff __ 77' 
* * J — c c — a a — 6 ' 

From these equations a variety of forms may be obtained 
for the equations of the bisecting lines; thus, if we require 
the forms Ayz + Bzx + Gxy = 0, and Ix + my -hnz^ 0, since the 
first equation must reduce to the form xy = 0, when z' = 0, we 
obtain the relations 

Aj3y + Bya + Gafi=^0j and ul/3'7' + -By'a'+(7a'^' = 0; 

A _ B C 

•■• aa' (^87' - I3'y) " Pff (7a' - 7 a) " 77' (a/3' - a')8) ' 

^ ^ B ^ G ^ 
( J — c) Z (c — a) «i (a — J) » ' 

hence, the equations of the bisecting lines may be written, 

-(&-o)+-(c-a) + -(a-fr) = 0, 
x^ y z ^ ' ' 

and £c-|-7wy + w« — 0. 

146, Eul&r^B formulm for transforming from one system of 
rectangular coordinates to another having the same origin. 

There being in the formulae already obtained for this purpose 
nine constants connected by six invariable relations, it must be 
possible to obtain formulae to effect this transformation which 
shall involve only three constants. The three chosen by il^^uler 
for this purpose are (1) the angle which the intersection of the 
planes of xy and x'y* makes with the axis of x, (2) the angle 



• % 
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made by the same straight line with the axis of x\ (3) the angle 
between the planes of xy an^ x*y\ 

Let Ox^ Oy^ Oz be the original ; Ox\ Oy\ Oz' the transformed 
axes of coordinates ; Ox^ the intersection of the planes of xy^ 
ay; xOx^^^j x'Ox^=ylrj zOz' — Oj which is the same as the 
angle between the planes of xy^ x'y\ 




The transformations may be effected by successive trans- 
formations, each in one plane— 

(1) through an angle ^, in the plane of xyy from Ox^ Oy 
to Ox,, Oy, ; 

(2) through an angle 0, in the plane of y,z, from Oy,y Oz 
to Oy., Oz'-, 

(3) through an angle '^, in the plane of y^x,, from Ox,, Oy^ 
to Ox', Oy\ 

The formulsB for these transformations are, using the same 
suffix for any one of the coordinates as for the corresponding 



axis 






0? = 

y 



= aj, cos^ — ^j sin^,) 
= x^ sin^ + y, cos^J 

y, =y, cos^ - z* sin^,| 
z^y^ sin& + «' cos^J 

x, = oi cos-^ — y' sin -^,1 
y, = oi sin -^ + y' cosi^, j 
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from which we obtain, by BUCcesBivfi substitutions, 

a? = oj' (cos^ cos^ — sin^ sin-^ cos^) a 

— y (cos^ sin'^ + sin^ cos-^ cos^) + »' sin^ sin^, 
y=:a;'(sin0 cos-^ + cos^ sin-^ cos5) 

— y (sin^ sin*^ — cos^ cos*^ cos^) — «' cos^ sin5, 

» = ic' sin-^ sin 5 +y cos*^ sm0 + z' cos5. 

These formulae might be established without successive trans- 
formation by Spherical Trigonometry, but this is left for the 
exercise of the student. 

147. These formulsB are too complicated and unsymmetrical 
to be generally employed. A modification of them, however, 
may be useful in determining the nature of any proposed plane 
section of a surface. We may in that case, by using the first 
two transformations, make the plane of x^y^ coincide with the 
proposed plane section, and then, making 2;' = 0, obtain the 
equation of the section in that plane. 

The results may be at once derived from the final equations 
of the last article by making ^ = 0, «' = 0, or directly by 
geometrical considerations, and we have the formulsB 

x = x' cos^- y cos^ sin^, 

i/ = x' sin^ +y cos^ cos^, 

2f =y sin^, 

by efiecting these substitutions we may obtain the equation of 
the curve which is the intersection of a surface with a given 
plane. 

If the equation of the plane be Ix + my-^-nz^O^ and the 
curve of intersection with the 8urface/(aj, y, «) = be required, 
we shall have 

^_ n J sin^ __ COS0 1 

and the equation of the curve of intersection will be 
f{x cos^-y cos5 sin^, x sin^ + y cos5 cos^, y sin^) = 0. 
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148. As an example of this method, we will examine the 
position of a plane passing through the origin, when its inter-* 
section with the surface aa? 4 iy* + ca* = 1 is a circle. 

Let the intersection of the plane with the plane of xy make 
an angle ^ with Ox^ and let be its inclination to the plane 
of ajy. 

The equation of the section will be 

a (x CQS0 — y QOS0 8in^)'+i {x sin0-|-y costf cos0)*+ cy" sin*5= 1, 

if this be a circle, the coefficient; of a;y = 0, and those of a? and 
^ will be equal and positive ; 

.'. (a — i) cos^ sin20 = O, 

and a cos"^ + b sin'^ = (a sin'^ + b cos"^) cos*^ + c sin"5 > 0, 

we shall therefore obtain the following systems of solutions if 
a^byche unequal : 

I. cosO = 0, a cos'^ + b sin'^ = c> 0, 

cos^6 sin'0 1 
or T — - = = T • 

II. <^ = 0, a = J cos*^ + c sin'^ > 0, 

cos"^ sin'^ 1 



or 



c—a a—b c—b' 
III. <^ = i7r, i = acos*^-l-csin*5>0, 

cos'tf sin" 5 1 



or 



c — A 6— a c— a 

If a, A, c be of the same sign and in order of magnitude, 
III will be the only admissible solution, and the cutting plane 
must pass through the axis corresponding to the mean coefficient. 

If a and b be positive, c negative, J > a, II will be the only 
solution. 

K a be positive, b and c negative, there will be no plane 
circular section through the origin. 

149. Transformation from one system of coordinates to an^ 
other having the same origin^ both systems being oblique. 

Let Oxy Oy^ Oz and Ox\ Oy\ Oz' be the two systems ; On, 
On^ On!' the normals respectively to yz^ zx^ and a?y, and let nx 
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denote the angle nOx^ and so for the others. Then the alge- 
braical distance of a point whose coordinates in the two systems 
are respectively a?, y, z and x\ y\ «' from the plane of yz^ is 
X cosno;, and is also 

a;' cosna:' +y' coswy' + z* cosn^;'. 

Whence x costio; = oi cosno?' + y* co%ny' + z* Qo^nz\ 

and similarly, 

y cosw'y =0?' coswV +y coswy' +«' cosnV, 

z cosn"« =a;' cosw'V +y cos n'y + z* cosw'V, 

the required formulsB, involving in this form twelve constants, 
but, as they may be written in the form 

X = a^x* + aj/ + a^z\ 
y = b^x' + bjf' + J32J', 
z = c^oj' + cy + c^z\ 

where a, = , and similarly for the others, we see that 

* cosno; ' '' ' 

really only nine constants are involved, and these are connected 

by three equations on account of the angles between the original 

axes being fixed, so that again there are only six disposable 

constants. 

150. Transformation from any one system of axes to any 
other. 

If we wish in any of the above transformations of the direc- 
tions of the axes also to remove the origin, we may first remove . 
the origin to the point (/, g^ A), retaining the directions of the 
axes. This will give 

«?=«?,+/, y^y.-^-g^ z=-z^+hj 

a;,, y^^ z^ being the coordinates of a point (a?, y, z) referred to the 
system of axes through the new origin parallel to the primary 
system. Now changing the direction by transformations of the 
form 

a?, = a^x' + a J/' + a^z\ &c.. 
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we see that the most general transformation possible is obtained 
by formulae of the form 

151. To shew that the degree of an equation cannot be changed 
by transformation of coordinates. 

We can now prove the important proposition, that the 
degree of an equation cannot be altered by any transformation 
of coordinates : the degree of an equation meaning the greatest 
number which can be obtained by adding the indices of the 
coordinates involved in any term. For let Aofy'^z be a term 
in an equation of the rfi^ degree, such that ^ ■+ y + r = w : this 
will be a type of all the terms of the rl^ degree involved in 
the equation, any ojne of which may be obtained by assigning 
to -4, ^, 2, r suitable values. Now on any transformation this 
term becomes 

A (/+ a,x'+ a^y'^-a/Y {g+b^x'-{-bJ-^b/y (A4 c,x'-\-cJ+c/)% 

and no term in this product rises beyond the degree p + q + r 
or n. Hence the degree of an equation cannot be raised by 
transformation of coordinates; nor can it be depressed, for if 
by any transformation the degree be depressed, then on re- 
transfbrmation, the degree of the equation so depressech would 
be raised to its original value, which we have seen to be 
impossible. 

152. Relations between coefficients of a ternary quadric before 
and after transformation of coordinates. 

We notice here that in the case of quadric functions, relations 
between the coefficients in the original and transformed functions 
may be obtained without the use of the formulae of transforma- 
tion. 

The method of obtaining these relations depends upon the 
consideration that, if a quadric be the product of two linear 
factors, it will still be so after any transformation of coordinates 
has been effected. 
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The square of the distance of any point (a;, y, z) from the 
origin being a;* + y' + «'*, if the axes be rectangulaf, this ex- 
pression will be unaltered in form when a change is made from 
one set of rectangular axes to another having the same origin. ' 

Let u = ax^ + Jy' + cz^ -{-^ayz + ^h'zx + ^c'xy l)e any ternary < ■ 
quadric, and lef h be supposed so chosen that *h {a? + y' -f «') -^i* 
shall be the product of two linear functions^ th^ condition that 
this shall be the case is (Art. 88) 

(A - a) (A - h) (A - c) - a"'(Jl - a) - J'"(A- J) - c"(A-c)-2a'JV=0, 

shewing that there are generally three such values of A. 

Suppose now that, on transformation to another system of 
rectangular axes, u becomes 

t? = oa;* + /9y* + r^z"" + ^dyz + 2p*zx + ^^xy^ 

then A(a;*+y* + «*j — r will for the same values of h be the 
product of two linear factors ; 

.-. (A-a)(A-/S)(A-7) 

- o** (A - a) - /S" (A - ^) - 7" (A - 7) - 2a'/8 V = 0. 

The two cubics being satisfied bj the same values of A, we may 
equate the coefficients and obtain three relations 

ahc - aoT' - bV' - cc" + 2a'i V = aj3y - aa'" - ^8/9'- - 77'' + 2a')8Y, 

these three fxinctions of the coefficients, a + 5 4 c, &c. are called 
invariants of the -quadric, being equal to the same functions of 

the corresponding coefficients of the* transformed quadric. 

«• 

153. In the more general case of transformation from any 
system of axes to any other, the square of the distance of 
{Xy y, z) from the origin being 

x^ + y^-^r z^ + 2yz cosX + 2zx cos/a + 2a:y cosv, 

it is easily seen that the two cubics which determine h will be 
of the form 

(A-a)(A-i)(A-c)-(AcosX-.a')"(A-a)-... 

+ 2 (A cosX — a) (A cos /a - b') (A cosv — c) = 0, 

and the corresponding invariants are the ratios of the coefficients. 
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154. To transform from rectangular to polar coordinates. 

In the cases in which polar coordinates are required to be 
used, we may first transform the axes so that the axis of z is 
parallel to the line from which is measured, and the plane of 
zx parallel to the plane from which ^ is measured. If when 
referred to these axes the coordinates of the pole be f g^ A, the 
formulae expressing the rectangular in terms of the polar co- 
ordinates will be 

aj=y*+ r sin^ cos^, y = jf + /* sin^ sin^, « = A + rcos5. 

155. To transform from a four-plane to a three-plane CC" 
ordinate system. 

This is immediately effected by the substitution of 

p — lx — my — nz for a?, 

and by similar substitutions for y, 2, w. 

If the three planes terminating in D be taken for the thrce- 
plane system, and Z, m, n be the sines of the angles which the 
edges DA^ DB^ DC make with the planes DBC, DCA^ DAB 
respectively, we shall have to write tr, my^ nz for a?, y, a, and 

(1 — 1 for t/; to eflFect the transformation. 



«D 



156. To transform from one four-point coordinate system to 
another. 

If the equations of the fundamental points of the second 
system, referred to the first, be 

\p -{■ fiq '\' vr ■\- ps = 0, &c., 

and p, ?) ^j *; p\ 2) ^'? *'j ^^ ^^^ coordinates of any plane 
in the two systems, 

p' = ^/> + /^? + ^rt£f,&c.(Art.ll2) 

from which equations the formulae required for transformation 
can be deduced. 

157. The method to be employed in the transformation, 
when the tangential equation of a surface is to be found, the 
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equation to which is given in four-plane or tetrahedral co- 
ordinates, and vice versa^ we shall defer until we have con- 
sidered the general conditions of tangencj. 



IX. 

(1) If /imjnj, lim^n2, l^m^n^ be the direction-cosines of a system of 
rectangular axes, and if ? + — + - = 0, and ? + — + — = 0, then y^iW 

|- + — + — = 0, and a ih \ c II IJ^h ' 1^1^^ • Wi»2W3. 

(2) If fl/j« + btn^* + en,* = = a// + bm^* -I- cwj* = «/,* + bm^ + en,*, 
shew that 

// - fn* : I* - m," : /,* - m* :: m* - n^ : m,* - Wa* : iw,* - n,*, 

and that /, {i^^z ^ ^^3^2) "^^ 4 ('^^s^i -^ ^'^i^'s) -H ^9 ("'iMi + ^^^s^i) =" ^' 

(3) Transform the equation yt -^ zx + xy = a*, referred to rectangular 
axes, to an equation referred to another system, one of which makes equal 
angles with the original axes. 

(4) Shew that, by the same transformation as in the last problem, 
the equation a:* + y' + x' + yz 4 zz + ar^ = a* is reduced to the form 

4a?" + y« + «■ = 2a*. 

(d) Prove both analytically and geometrically that, if the three straight 
lines, each of which is perpendicular to two of three other straight lines, be 
perpendicular to each other, the other three straight lines will be at right 
angles to each other. 

(6) The straight lines bisecting the angles between the straight lines 
given by the equations 

Ix -^ my ^ nz = 0, ojr" + 2bxy f cy" = 0, 

lie In the two planes 

a* {aim - b (n« + P)} + xy {a (m« + n«) - c («• + P)} - y« [elm - 6(m« + »")} =0. 

(7) The equations of the straight lines bisecting the angles between the 
straight lines given by the equations ^ i my + fts «> 0, ao^ -F 6y' -i- cs* « 0, 
may be put into the form 

P^ {- /» (6 - c) + m« {c-a)^- n« (a - 5)}, 

+ my { /" (5 - c) - m« (c - fl) + «■ (« - b)}, 

+ nV { r(6-c) + m"(c-a)-f**(a-i)}, 

and U \ my -^ nz-0. 
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(8) The straight lioes bisecting the angles between the two lines given 
by the equations 

^ + my + n« = 0, a** + 6y* + ob" + 2a'yz + 2b'zx f 2c'»y = 0, 

lie on the cone 

«• (cfn - b'm) +...+...+ yz {&m - b'n + (c - 6) /} +...+... = 0. 

(9) If <M5* + 6y* 4 «? become ap + fin* + 7S* by any transformation of 
coordinates, the positive and negative coefficients will be in like number in 
the two expressions. 

■ 

(10) Employ the method of Art. 152 to reduce the equation 

** + y* + «y« + 2' = o*f 

to the form «■ + Jy" - J«" = o». 

(11) Assuming the formulse for transforming from a system of co- 
ordinate axes inclined at angles a, p, 7, to another inclined at angles, 
a', /3', Y, to be 

« = /if + tnifi +nX, y = tf + iiHti + n,?, « = /3C + m^n + n,^, 

prove that 1 = /," + ^* + V + 2/,/, cosa + 2^1 co8/3 + 2/,4 cos 7, 

with similar equations in m and n ; and that 

cos a s mini 4- fnj^ -I- m3ft, 

+ (wiifij + msfi,) cosa + (m^ni + miii,) co8/3 + (min, + m^O cos 7, 

with similar equations in n, I, and /, m. 

(12) If there be two systems of rectangular coordinates, and ^„ 0„ 0^ 
be the angles made by the axes of if, y\ s', with that of c, and 0,, 0^ 0, the 
angles made by the planes of zaf, s/, za^ with that of zx, then will 

' COt'^l cos* (0j - 0,) = COt*^, CO8*(03 - 0i) = COt*^, COS* (0, - 0J 

o - COS (02 - 03) COS (03 - 0i) COS (01 - 0J. 

(13) Shew, by transformation of four-point coordinates, that the centre- 
of gravity of a tetrahedron is also the centre of gravity of the tetrahedron 
formed by joining the centres of gravity of the faces. 

(14) Shew, by the same method, that the centre of gravity of the 
surface of a tetrahedron is the centre of the sphere inscribed in the tetra*' 
hedron formed by joining the centres of gravity of the faces. 



CHAPTER X. 



ON Ca&RTAIN SURFACES OF THE SECOND DEGREE. 

158. Before proceeding to discuss the general equation of 
the second degree, we think it advisable for the student to render 
himself familiar with some of the properties of the surfaces which 
are represented by the general equation. We shall therefore 
introduce hira to the equations of these surfaces in their simplest 
forms, in which the axes of coordinates being in the direction 
of lines sjonmetrically situated with regard to these surfaces, 
the nature and properties of the surfaces will be more easily 
deduced. We hope that by following this plan we shall assist 
the student to understand more clearly the methods adopted in 
the general equations. 

For this purpose we shall give geometrical definitions of the 
surfaces, and deduce equations from those definitions; and we 
shall shew vice versd how from these equations the geometrical 
construction of those surfaces can be deduced. 

The Sphere. 

159. To find the equation of a sphere. 

Def. a sphere is the locus of a point, whose distance from 
a fixed point is constant. The fixed point is the centre and the 
constant distance the radius of the sphere. 

Let (a, J, c) be the centre of the sphere, d the radius, (cc, y, z) 
any point on the sphere ; 

This equation may be written in the general form 
a;* •+ y + «* + ^aj + i?y + C« + Z> = 0, 
the equation required. 



THE SPHEKK. Ill 

IGO. Since the general equation of the sphere contains four 
arbitrary constants, the sphere may be made to satisfy four 
specific conditions. 

It may be seen from geometrical considerations that, when 
four conditions are given, there may be only one sphere, or a 
limited number, or an infinite number of spheres, which satisfy 
the equations; at the same time the four conditions must be 
consistent with the nature of a sphere, and if this be the case, 
and the conditions be independent, there must be a limited 
number of spheres satisfying those conditions. For example, if. 
four points be given through which a sphere is to pass, no three 
points can lie in one straight line ; and if four points lie in one 
plane, they must also lie in a cif'cle^ otherwise no sphere coul^ 
pass through them, and if such a condition be satisfied, an infinite 
number of spheres can be constructed, each of which contains the 
circle in which the four points lie ; if the four points do not lie 
in a plane, so that the four conditions to be satisfied are inde- 
pendent, the sphere is completely determined. 

Again, if four planes be. given, each of which is to be touched 
by the sphere, no three of these mnst have one line of intersec- 
tion, and the four cannot pass through o^e point, except under 
a condition, and in that case an infinite number of spheres can 
be drawn, touching the four planes. In other cases, eight 
spheres can be drawn satis^'ing the conditions. 

Equation of a sphere under specific conditions. 

161. To find the equation of a sphere passing through a given 

point. 

Let (a, &, c) be the given point, and the equation of the 

sphere 

aj' + y + «* + ^aj+5y-f Cfe + 2> = 0; 

... aj»+y« + «« + ^(aj-a) + jB(y-J) + (7(«-c) = a" + J'-|-c* 

is the equation required. 

If the given point be the origin, the equation will become 

and the sphere may be made to satisfy three more conditions. 
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162. To find the equation of a sphere which passes through 
two given points in the axis of z. 

Let c„ c, be the distances of the given points from ; when 
a? = and y = 0, the equation must become (« — c,) (« — cj = ; 
therefore the equation of the sphere is 

If the sphere touch the axis of z^ c^=ic^ = 7, 

•'. aj" + y* + 2' + ^a:4 J%-27« + y = 0. 

163. To find the equations of spheres which touch the three 
axes. 

Let the equation of the sphere be 

a;' + y' + «* + -4a; + £y H- (7« + 2> = 0. 

Since it touches the axis of x, let a be the distance from the 
origin ; therefore when y = and a = 0, 

aj" + -4a: + 2) = 0, 

the roots of which are each equal to ± a ; 

.'. -4 = ± 2a and D = a*. 

Similarly, y* + £y 4- a' is a complete square ; 

/. B=:±2a and (7=±2a, 

and the equations of the spheres which satisfy the given con- 
ditions are 

^ + y* + «* ± 2aa? ± 2ay ± 2az + a" = 0, 

which are eight in number for any given value of a, corre- 
sponding to the different compartments of the coordinate planes. 

164. To find the equation of a sphere touching the plane of 
xy in a given point 

Since the sphere meets the plane of xy only in the given 
point (a, 5, 0), when s; = 0, the equation must reduce to 

therefore the required equation of the sphere is 

(a;-a)''+(y-6)'' + a' + Ca = 0. 



7 
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165. Interpretation of the expression 

in the equation of a sphere. 

Let the equation of the sphere be 

and (aj'j y\ z) be any point Q, C the centre of the sphere, and 
let a straight line through Q intersect the sphere in the points 
P, P^ and have for its equations 

x-x y — y' Z" z 
I m n 

therefore at the points P and P 

if r„ r, be the roots of this equation, 

r^r^ = (x' - a)« 4 (y' - J)* + {z - c)* - rf«-; 
therefore the left side of the eqoaitioii for any point [x\ y\ z') is 

QP.QF, or "QP.QF, 

according as Q is without or within the sphere. 

If Q be without the sphere it will be the square of a tangent 
drawn from Q to the sphere. 

If Q be within, it will be the square of the radius of the 
small circle on the sphere whose centre is Q. 

Def. The product of the segments QP^ QF is called the 
power of the sphere with respect to Q. 

Cob. All tangents drawn from an external point to the 
sphere are equal. 

On the Relations of two or more Spheres. 

166. To find the equation of the radical plane of tico spheres, 
Dep. The radical plane of two spheres is the locus of .points, 
the powers of the two spheres with respect to which are equal. 
Let the equations of the two spheres be 

^ {x-aY + (t/-b)*-^ {z- cY -d'= u =0, 
and {x-ay + (if-b'Y-i-{z-cy-cr = u' = 0. 

The equation of the radical plane is therefore u-u' =-0. 

Q 
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167. To shew that the six radical planes of four spheres 
intersect in one point. 

Let w = 0, tt' = 0, w" = 0, tt'" = 

be the equations, in this form, of the four spheres. 
The equations of the six radical planes are given by 

w = w' = w" = t*'", 

which intersect in one point determined by these equations. 

Def. The point of intersection of the six radical planes is 
called the radical centre of the four spheres. 

Cylindrical Surfaces, 

168. It has been seen that the locus of an equation 
jP(a;, y) = 0, which involves only two of the coordinates, is a 
cylindrical surface, of which the generating lines are parallel 
to the axis of the omitted coordinate. We shall now shew how 
to obtain the equation of certain cylindrical surfaces in which 
the generating lines are in a general direction. 

169. To find the equation of the cylindrical surface^ whose 
generating lines are in a given direction and guiding curve an 
ellipse traced on the plane of xy. 

Let the equations of the guiding ellipse be 



X 

d 



-, +|j=l, and « = 



(1), 



and (Z, m, n) the direction of the generating lineff. 
Let the equations of any generating line be 

At the point of intersection of the generating line with the 
guiding curve, the values of a;, y, z in (1) and (2) being 
the same, we obtain as a general equation, after eliminating 
a;, y^ and ;?, 

o^ ^ i" ~ ^ ' ^'^ 



4 
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and since this is true for all positions of the generating line, 
eliminating a, /8 between (2) and (3), 

{nx — Izf {ny — mzY _ , 

is true for every point in the cylindrical surface, and is therefore 
its equation. 

Conical Surfaces. 

170. Def. a conical surface is a surface generated by a 
straight line which constantly passes through a given point, 
called the vertex, and is subject to some other condition. 

171. To find the equations of a conical surface^ whose vertex 
is the origin y generated hy a straight line^ of which a guiding 
curve is an ellipse^ whose centre is in the axis of «, and plane 
parallel to the plane ofxy. 

Let the equations of the guiding ellipse be 

J + |* = ^ and ^ = c, (I), 

those of a generating line in any position, 

aj = a«, y — fiz. (2). 

Eliminating x^ y, ^, the coordinates of the point in which 
the generating line meets the guiding curve, satisfying (1) and 
(2) simultaneously, 

— 4.^-1 (^\ 

Since this equation is true for every position of the generating 
line, eliminating a, /8 from (2) and (3), 

o^ "^ 9 - ? ' 
which is the required equation of the surface. 

172. To find the equation of the conical surface^ whose vertex 
is any given pointy and of which the section hy the plxine of xy is 
an ellipse whose axes are in the axes ofx and y. 

^ Let the coordinates of the vertex be/, g^ A, and the equations 
of the elliptic section be 

« = 0, and -i + 73 = 1 ; 



116 CONICAL SURFACES. 

and let the equations of any generating line be 

a-/==a(«-A), and y-5F = i8(«-A) (1), 

where this straight line meets the ellipse 



•• a- ^ F "^ 



(2); 



eliminating a and ^8 from (1) and (2), we obtain for every point 
in the surface 

S- ^ V "l^""'^^» 
which is the equation requixed. 

Cob. l. If 7^n»,,n be the dicection-cosines of any generating 
line 

Cor. 2. The equation of an oblique circular cone is 
{fz-hxy-\-{gz-htfY^a' (z - A)V 
if a be the radius of the circle in. the plane o£ xy.. 

1731 To shew that these are tm> systems cf ctreuiar sections 
of any oblique circular cone. 

When- the circle which guides the motion, of the generating 
line has equations a:= 0,. a?-^y^^ a^y the cone will be perfectly 
general, if we take the iitertex in the plane of zxy and therefore 
/, 0, h for the coordinates of the vertex. 

The equation of the cone wiH then be, as m the* last article, 

(fz-hxy+hy^a^{z^h)\ 

this may be written in the form 

^(aji + 35» + ;5?-a«)=i5{2/bj-(/«-«'-.a*)«-.2V}. 
Hence^ if tiie conicai' surface be cut by either of the planes 
«=:a, or 2/4a?-(/*-A"-a»)«-2Aa" = i8, 
the points of intersection will satisfy an equation of the fonn. 

x"" ^y' -h z"* + Ax ■{- By + (7=0, 
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for all values of a and 13^ and the sections will therefore be plane 
sections of a sphere. 

Therefore, there are two series of circular sections made by 
two systems of parallel planes. 

174. The trace of the cone on the plane of zxj putting y = 0, 
has for its equation 

(fz-hxy-a'{z.-hy^O^ 

being the two generating lines which lie in that plane ; and the 
equation of two planes in opposite systems, giving circular 
sections, is 

(i5-a){2/^-(/''-A«-a«)«-2Aa*-i8}=0; 
by adding these equations- we obtain 

which shews that the four points, in which these generating 
lines meet the two circular sections, lie in a circle ; hence, the 
first system of planes makes the same angle with one generating 
line which the second system does with the' other. 

The S^keroicbi 

175. Def. a spheroid meLj be gener^ed by the revolution 
of an ellipse about either axis. 

If the axis of revolution be the minor axis,, the surface is 
ealled an Oblate Spheroid^ and if the major axis^ a Prolate 
Spheroid. 

176. To find the eqtuition of a spheroid. 

Let the centre be taken as origin, the axis of revoloHbn that 
of 2;, and let P be a point [x^ y^ z) in the ellipse CPA^ which i» 
the position of the revolving ellipse^ when inclined at any angles 
to the plane of zx^ 

OM=Xj. i£Ar=y, NP=z, OA^a^ OG^cy 

ON^ NP* , 



a c 



T~ + r* = 1' 



a c 



\ 
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/ 




This is the equation of an oblate or prolate spheroid according 
as c is less or greater than a. 

The Ellipsoid. 

177. Dep. An ellipsoid may be generated by the motion 
of a variable ellipse, which moves so that its plane is always 
parallel to a fixed plane, and which changes its form so that its 
vertices lie in two ellipses having a common axis traced oit 
planes perpendicular to each other, and to the fixed plane. 

178. To find the equation of an ellipsoid. 




Let QRN be a variable ellipse in any position, Q^ B being its 
vertices lying in two ellipses A (7, 2? (7, traced on perpendicular 
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planes, taken for those of zx and yz ; the plane of xy^ to which 
the variable ellipse is parallel, being the plane containing the 
semi'-axes OA^ OB. . 

Let a, Cy and 5, c, be the semi-axes of AG and BC^ and 
{xy y, z) any point P in QB^ PM perpendicular to QN. 

X 

and, since Q is a point in the ellipse A C, 



similarly, — vj- = 1 — ; , 



)t S t 

which is the equation required. 

179. To construct the surface whose equation iV 

B S tf 

^ 4. ?!! 4. * - 1 

• a'* "^ J* ■*" c' ■" 

Let the surface be cut by a plane whose equation is a? = 7 ; 
the projection of the curve of intersection on the plane of xy has 
the equation 

^. + J. - 1 ^. , 

therefore, the curve is an ellipse whose semi-^axes a, ^ are given 
by the equations 

hence, the vertices lie in the two ellipses which are the traces of 
the surface on the planes of zx and y&. 

Also, since - = ? j the variable ellipse remains always similar 

to a given ellipse, which is the trace on the plane of xy. 

The surface may therefore be generated by the motion of a 
variable ellipse, whose plane, &c. (See Def.) 



/ 



] 
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The Hyperholotd of one Sheet, 

180. Def. The hyperholoid of one sheet may be generated 
by the motion of a variable ellipse, which moves so that its 
plane is always parallel to a fixed plane, and which changes 
its form so that its vertices always lie in two hyperbolas traced 
on planes perpendicular to each other and to the fixed plane, 
these hyperbolas having a common conj agate axis. 

181. To find the equation of an hyperholoid of one sheet. 

Let A Qy BE be the hyperbolas traced on the two perpendi- 
cular planes taken for the planes of exj yz^ OC their common 
semi-conjugate axis, being the direction of the axis of z. 




Let QPlt be the variable ellipse in any position, P any 
point (a?, y, z) in it, QN^ BN its semi-axes. 
Draw PM perpendicular to QN, 

Then MN^x^ PM^y^ ON^z^ 



and 



X 



QN' 



4- -^ = 1 • 

^ BN^ ' 



also, since Q, B are points in the hyperbolas, 

if 0^ = a, OjB=&, and 0(7= c. 



QN' 



a 



= ^. +1 = 



RN" 



,« > 
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«." «.» «•' 

• ^« ~ 7v* ^« • ) 



/*.« «.« /.* 

which is the equation of the hjperboloid of one sheet. 

188. To construct the surface which ts the locus of the equation 

a c 

Let the surface be cut by a plane whose equation is z^^y^ 
then the projection of the cunre of intersection upon the plane of 
xy has for its equation 

^a T^ x« — A -r • ) 

a o c 

which is the equation of an ellipse, whose semi-axes a, fi are 
given by the equations 

a c 

therefore the vertices of the ellipse lie respectively on the hyper- 
bolas which are the traces of the surface on the planes of zx^ yz. 

Also, since - = r 9 this ellipse is always similar to the ellipse 

which is the trace of the surface on the plane of xy. 

Hence the locus may be generated by the motion of a 
variable ellipse which moves, &c. (See Def.) 

183. The locus may also be generated by the motion of an 
hyperbola, for, if the surface be cut by a plane parallel to the 
plane of yz^ whose equation is ^r = a, the curve of intersection 
will be an hyperbola, the equation of whose projection on the 
plane oiyz will be 

If a < <7, the semi-axcs /8, 7 will satisfy the equation 



i'' " c" " ^ a* ^ 



R 
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hence the extremities of the transverse axis 2/3 will lie on the 
ellipse, which is the trace on the plane otxy. 

If a > a, we shall have ^ = -4 = -5 - 1; 
' (T a ^ 

hence the extremities of the transverse axis 27 will lie on the 
hyperbola, which is the trace on the plane of zx/ 

184. To find the form of the surface at an infinite distance. 
If z be increased indefinitely, 

-. + |s=^ (I + -.) = -« ultimately. 

Let this surface and the hyperboloid be cut by a straight 
line drawn parallel to Oz through a point (a?', y\ 0), and let 2,, z^ 
be the corresponding values of z^ 



'» -.'2 



then "^ +|5-=?i., 



a c 

, x^ V* «* 

and -7 + ^v =~|-+lj 
a c ' 

-J s. — 1^ and «j - «j, = 



if aj', or y', or both, and therefore z^ and 2^, be indefinitely in- 
creased, 2j - «, will diminish indefinitely, and ultimately vanish ; 



li 11 > 

• • « ~ 2.x — 1< 

a c 



is the equation of an asymptotic surface, which lies further 
from the plane of xy than the hyperboloid. 

This asymptotic surface is a cone, for, if It be cut by any 

X z 

plane whose equation is - = - cos&, all the points of intersection 

a c 

will lie in the planes ^ = ± - sin ^. The surface is therefore 

c 

capable of being generated by a straight line which passes 

through the origin, and is guided by the ellipse whose equations 

are 

9 9 

X V , 

-7+75 = 1, and 2 = c. 
a 
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The figure shews the position of the conical asymptote rela- 
tive to the hyperboloid. 

ABab is the principal elliptic section, A'Ba'b', A"B'a'T 
the sections of the hyperboloid and cone made by a plahe parallel 
to that principal section, at a distance OC = c. 
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The Hyperboloid of two Sheets, 

185. Dep. The hyperboloid of two sheets may be generated 
by thd motion of a variable ellipse, which moves so that its 
plane is always parallel to a fixed plane, and which changes 
its form, so that its vertices lie always on two hyperbolas 
having a common transverse axis, traced upon two planes 
perpendicular to each other and to the fixed plane. 

186. To find the equation of the hyperboloid of two sheets. 
Let A C AB be the hyperbolas traced on two perpendicular 

planes, taken for the planes of zx^ xy, and having the common 
semi-transverse axis OAj and let QPB be the variable ellipse 
in any position, whose axes are Qif, BM^ parallel to the plane 
o{ yz. 

Take P any point (a:, y, z) in the ellipse, and draw PN per- 
pendicular to BMj then OM=x^ MN^y^ and NP=^z) there- 
fore, since P is a point in the ellipse, 

y^_ g' 
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^,v 



end if a, o and a, h be the semi-exeB of the two hyperboks A Q, 
AS, — —' 

SIS' ^ , QiT 






vhlch U the eqnatioD of the hyperboloid of two sheets. 

187. To constmct the locus of the surface whose equation is 

Let the Borface be cnt bj a plane whose eqnatioQ is x^a; 
■ the eqoatioD of the projection on the plane of yz of the curve of 
iuteraection ia 

b' c' a* ', 

which, if a >a, ia the equation of an ellipse whose semi-azea fi, y 
are given b7 the equations 

f-"' , - •»• 

b-~a- ?' 



f 
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therefore the vertices of the ellipse lie in two hyperbolas, whose 
equations are 

•^ — ^, = J , and 1 - -5 = 1, 

which are the traces of the surface on the planes of ocy^ zx^ having 

a common transverse axis in the line Ox ; and since -r = - « this 

ellipse is always similar to a given ellipse, axes 25, 2c. 

Hence the locus may be constructed by the motion of a 
variable ellipse which, &c. (See Def.) 

188. The locus may also be generated by the motion of a 
hyperbola ; for, if the surface be cut by a plane parallel to the 
plane of ajy, whose equation is « = 7, the curve of intersection 
will be an hyperbola, the equations of whose projection .on the 
plane of xy will be 

^' - ?! - 1 4. 5:! 



x^ 'if 

which may be written -« — ^ = 1, whose transverse and con- 
jugate semi-axes will satisfy the equations 

^« "" "^ y.« "" 7v« • 

a CO 

Hence the tranverse axis will have Its extremities in the hyper- 
bola, which is the trace on the plane of zx^ and the hyperbolic 
sectiqn will be similar to the trace on the plane of xy. 

189. To find the form of the hyperboloid of two sheets at an 

infinite distance, 

, a? y^ z* 
If X be increased indefinitely, the equation -« = t* + — + 1 

shews that y, or z^ or both, will also be increased indefinitely, 
and the equation becomes 



i'($4)hry\ 



v'^ c"! 



V z 

= ^ + "5 ultimately. 
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Let the hyperboloid, and the surface represented by this 
equation, be cut by a straight line parallel to the axis of a;, 
drawn through the point (0, y\ «'), aj^, a?,,, the corresponding 
values of x are given by the equations 



ar 



y 



Z 



m 



a" ~"b* "'"c" 



Ji 



.o» 



and ^ = Ij. + 1. + 1 ; 
o b c 



St V 

a;"- X 



a 



.•.' -*— =— ^ = 1» and a?,- a;, = ; 

therefore a;, — x^ diminishes indefinitely, and ultimately vanishes 

as 7/' J or z\ or both, increase indefinitely ; hence the hyperboloid 

of two sheets continually approximates to the form of the 

. a^ 7/ «* 
surface whose equation is -5 = r? + -5 ♦ which is therefore called 

a c 

an asymptotic surface. 

Also, if this surface be cut by a plane whose equation is 

fj X 

^ = - cos^, all the points of intersection will liq in the two 

planes - = ±-8in^; and the surface can therefore be gene- 
rated by straight lines drawn through the origin, which inter- 
sect the ellipse, whose equations are '^ + -5 = 1, a; = a. 




^ 
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This asymptotic surface 13 therefore a cone on an elliptic 
base^ and lies nearer to the plane of yz than the hyperboloid, 



since a;,' < a?,*. 



Its position relative to the hyperboloid is shewn in the figure, 
in which BC is the section made by a plane parallel to yz 
through the extremity of the transverse axis, and DE^ de are 
sections of the hyperboloid and conical asymptote, made by a 
plane parallel to yz. 



The Elliptic Paraboloid. 

190. Dep. The elliptic paraboloid may be generated by 
the motion of a parabola, whose vertex lies in a parabola traced 
upon a fixed plane, to which its plane is always perpendicular, 
the axes of the two parabolas being parallel, and the concavities 
turned in the same direction. 

191. To find the equation of the elliptic paraboloid. 

Let xOy be the plane on which the fixed parabola OQ \& 
traced. Ox the axis of 0^; QR the axis of the moveable 
parabola QP^ P any point (a;, y, z) in the parabola. 




Draw PN perpendicular to QR^ and QU^ NM to Ox^ then 
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since P is a point in QP^ if Z, Zl be the latera xecta g( OQ 

and QPy 

P2^ = r.QN, and QlP^l.OU-, 

... t. + !!= ou^ QN^ OM=x, 
which is the equation of the elliptic paraboloid. 
192. To construct the locus of the equation 

Let the locus be cut by a plane, whose equation is y = /8, 
the projection of the curve of intersection upon the plane of zx 
has for its equation 

which represents a parabola whose axis is parallel to the axis 

of a;, the coordinates of whose vertex are y-, /8, 0; therefore 

the vertex of the parabolic section lies in the parabola whose 
equation is y^ =■ Ixy which is the trace on the plane of xt/ ; there- 
fore the locus may be constructed by the motion of a parabola, 
whose vertex, &c. (See Def.) 



The Hyperbolic Paraboloid. 

193. Def. The hyperbolic paraboloid may be generated by 
the motion of a parabola, whose vertex lies in a parabola traced 
upon a fixed plane, to which its plane is perpendicular, the axes 
of the two parabolas being parallel, and the concavities turned 
in opposite directions. 

194. To find the equation of the hyperbolic paraboloid. 

Let xOy be the plane upon which the fixed parabola is 
drawn. Ox the direction of the axis of the parabola ; let QR be 
the axis of the moveable parabola QP^ parallel to Ox^ measured 
in the direction contrary to Ox, 



I 
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X 



Draw PN perpendicular to QR, and QU, NM to Ox; then, 
if P be any point (a;, y, z) in QP, OM=x, MN—y, and 
NP= z. 

Let ?, r be the latera recta of OQ^ QP; 

therefore, P2P = r.QN, &ad QIP = I. OU, 
and 9^^-?^=0U- QN= OM; 

which is the equation of the hyperbolic paraboloid. 
195. To construct the locus of the equation 

Let the locus of the equation be cut by the plane, whose 
equation Is y = /8; the projection of the curve of intersection 
upon the plane of zx has for its equation 

which represents a pai*abola, whose axis is measured in the 
direction contrary to Our, and the algebraical distance of whose 

vertex from the plane yOz is -y ; therefore the section by the 



130 THE HYPERBOLIC PARABOLOID. 

plane y = /8 is a parabola, whose latus rectum is T and the co- 

ordinates of whose vertex are ^ , /8, ; or, the vertex lies in a 

parabola traced upon the plane of a?y, whose equation is ^ = fe- 

Hence the locus may be generated by the motion of a para- 
bola, whose vertex, &c. (See Defr) 

196. The locus may also be generated by the motion of an 
hyperbola ; for if it be cut by a plane parallel to that of yz 
on the positive side, whose equation is a; = a, the equation of 
the projection of the curve of intersection on the plane of yz 

will be ^ — ^ = a, whose tranverse and conjugate semi-axes, 

/8, 7, will satisfy the equations ^—la and 7*= -fa, the extremi- 
ties of the trans^rse axis will lie in the trace on the plane of xy^ 
and the conjugate axis will be equal to the double ordinate of 
the trace on the plane of zx corresponding to d? = - a. 

If it be cut by a plane parallel to yz on the negative side, 
the section will be an hyperbola whose trans-ferse axis will be 
in the direction x)f Oz. 

If a = 0, the hyperbolas will degenerate into two straight 
lines, which is the intermediate form in the transition. 

197. To jmd ibe farm of the hyperbolic paraboloid at an 
infinite distance. 

If y and z be indefinitely increased while x : z remains finite, 

V* «* /, Tx\ z* . . ^ , 
^ = y ^1 + ^ j = ^ ultimately ; 



y ^ 



and if these planes and the hyperbolic paraboloid be cut by a 
straight line parallel to Oy, drawn through a point («', 0, «'), 
y,, y^ the corresponding values of y will be given by the equations 

^'t--^" and?^-^-aj'- 
^ - ^, , ana ^ ^ -aj , 



« -" &' 



. y, — h.=,x\ or y^-y^^ 



I -' ^« ^' y.+y, 
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Therefore, if al remain finite or small compared with y^ or y,, 
y% " Vi '^^^ diminish as z' increases and will ultimately vanish ; 

and the two planes, whose equations are -y* = ± -iiif , will give the 

form of the surface at an infinite distance for finite values of x^ 
or for values of x which are small compared with y or z. 

These planes will not form an asymptotic surface, except 
for points at which x vanishes compared with y or z^ since 
y^ — y^ will not ultimately vanish in any other case, and simi- 
larly for «, — «,. 




The figure is intended to shew the position of the asymptotic 
planes with reference to the hyperbolic paraboloid. 

Ox is parallel to the axis of the generating parabola, of 
which OB is one position in the plane of zx. 

PAp^ PAp are opposite branches of a hyperbolic section 
perpendicular to 0.t, the asymptotes of which RCR\ rOr are 
sections of the asymptotic surface, AA' the transverse axis 
being parallel to Oy, 
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* 

LL\ IV are the traces on the plane of yz of both the para- 
boloid and its asymptotic surface. 

^ QB^ is a branch of a hyberbolic section on the negative 
side of Ox^ the two asymptotes of which SG'S\ sC's are sec- 
tions of the asymptotic surface, and the transverse axis BG' is 
parallel to Oz. 

198. To skew thai the elliptic and hyperbolic paraboloid are 
particular cases of tite ellipsoid^ and the hyperboloid respectively. 

a c 

be the equation of an ellipsoid or hyperboloid, and let the 
origin be removed to the point (—a, 0, 0). 
The transformed equation is 

^« ± J. ± ^. - ^ . 

Let a, b^ c become infinite, while - , — remain finite quan- 
tities, and denote these by I and l\ 
The equation may then be written 

_.5* -,JJ _2 

alt ' 

which has for its limit, when a becomes infinite, 

which is the equation of an elliptic or hyperbolic paraboloid. 

V c^ 
The assumption that - and - remain finite is the same thing as 

assuming that the latera recta of the traces on the planes 
xy^ zxj respectively, remain finite when the axes become in- 
finite, and the corresponding ellipses or hyperbolas become 
parabolas. 

It is obvious from the above, that the elliptic paraboloid is a 
limiting case of either the ellipsoid or the hyperboloid of two 
sheets, and the hyperbolic paraboloid of the hyperboloid of one 
sheet. 



SURFACES OP THE SECOND DEGREE. 133 

m 

199. The sarfaces of the second degree, which we have been 
discussing, have equations of the two forms, 

and Bt/* 4 Cfe* = Ax ; (2) 

and it will be shewn in a succeeding chapter that the equations 
of all surfaces of the second degree may by transformation of 
coordinates be reduced to one of these two forms. 

The first form of equation includes all surfaces which have 
a centre at a Jinite distance, and the second those which have 
a centre at an infinite distance. 

In the equation (1), if —ir, — y, — « be written respectively 
for a?, y, «, the equation will not be altered ; therefore if (a?, y, z) 
be a point in the surface, (—a?, — y> — «) also will be a point in 
it, so that if POP* be any chord through the origin 0, the chord 
will be bisected in 0, and will be a centre of the surface. 

Also, for any values of y and z^ the values of x are equal 
and of opposite signs, therefore the plane of yz bisects the 
chords which are drawn perpendicular to it ; and a plane which 
bisects the chords drawn perpendicular to it is called a prin^- 
cipal plane of the surface. 

Hence the planes xy^ yz and zx are principal planes of the 
surface. 

It is evident that the planes of zx^ xy are principal planes of 
the surfaces whose equations are of the form (2). 

The sections made by the principal planes are called ^nn- 
cipal sections. 

That the surface represented by (2) may be considered to 
have a centre at an infinite distance may be shewn by con- 
sidering this equation as the limiting form of (1) when the 
origin is transferred to a point (— a, 0, 0), a being determined 
by- the equation At^^D, The equation (1) will then assume 

the form 

Aq^ + By^ + Ca' == %Atfx^ 

and this surface has a centre on the axis of x, at distance a 
from the origin. 

Now, if we suppose A to vanish, while Ao, remains finite, 
an equation of the form (2) is the result. But to satisfy these 
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conditions a must be infinitely great; hence a surface repre- 
sented by (2) bas a centre at an infinite distance on the axis 
of a;, and also a third principal section, parallel to the plane of 
yzj at an infinite distance. 

200. Considering the peculiar importance of the properties 
of surfaces of the second degree, and their frequent occurrence 
ia the solution of problems, and the establishment of theorems, 
in all departments of physical science, we have adopted a special 
terra derived from the term Conic^ invented by Salmon for the 
locus of the equation of the second degree in Plane Geometry. 

Dep. The locus of the general equation of the second degree 
is called a Comcoid,* 



X. 

(1) A Btraight line is drawn through a fixed point O, meeting a fixed 
plane in Q, and in this straight line is taken a point P such that OP. OQ 
is equal to a given quantity; shew that P lies on'a sphere passing through 
O, whose centre lies on the perpendicular from O upon the plane. 

(2) Investigate the equation of a sphere conceived to be generated by 
the motion of a variable circle, whose diameter is one of a system of 
parallel chords of a given circle, to which the plane of the variable circle is 
perpendicular. 

(3) Construct the sphere whose polar equation is r = a sin^ cos^. 

(4) A straight line moves with three fixed points A, JB, C in the three 
coordinate planes ; shew that any other fixed point P of the straight line 
will lie on an ellipsoid whose semi-axes are equal to PA, PB, and PC, 

(5) Find the locus of. a point whose distance from a given point bears 
a constant ratio to its distance, (1) from a fixed plane, (2) from a fixed 
straight line. 

(6) Find the locus of a point which is equidistant from two fixed lines 
which do not intersect. 



* The reasons for not adopting the term ^tadi-ic, which is employed by 
Salmon and approved of by many writer^, are given in the Preface. 
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(7) The locus of a point, whose distance from a fixed plane is always 
equal to its distance from a fixed line, is a cone. 

(8) Shew that the elliptic paraboloid may be generated by a variable 
ellipse, the extremities of whose axes lie on two parabolas having a common 
axis, and whose planes are at right angles to each other. 

(9) Shew that an hyperboloid of one or two sheets degenerates into a 
right elliptic cone, when its axes become indefinitely small, and preserve a 
finite ratio to each other. 

(10) Three straight lines, mutually at right angles, are drawn from the 
origin to meet the ellipsoid - + |-^ + - = ], shew that, if Uieir lengths 

be ri, r„ r^, 

111111 

— 4- — 4 =—+_ + _ 

♦•.*♦•.•'•»• «•*•«• 

(11) The curve traced out on the surface^ + - = ar by the extremities 

c 

of the latera recta of sections made by planes through the axis of z lies on 
the cone y" + «■ =« 4a:*, 

(12) The locus of the line of intersection of two planes at right angles 
to each other, each of which passes through one of two straight lines 
inclined at an angle 2a, and whose shortest distance is 2c, is a hyperboloid 
of one sheet, one of whose axes is 2c, and the others are as cos a : sin a. 

(13) The surface generated by a straight line, revolving about a fixed 
straight line, with which it is supposed rigidly connected, will be a cone, or 
a hyperboloid, according as the straight lines do or do not intersect. 

(14) Find the equation of the locus of a line which always intersects 
two given lines, and is perpendicular to one of them. Interpret the result 
when the two given lines ase at right angles to each other. 



(15) The locus of the middle .points of all straight lines passing through 
a fixed point and terminated by two fixed planes is a hyperbolic cylinder. 

(16) Find the locus of straight lines which meet the two lines « = a, 
y = 0, and « = - «, « = 0, and touch the sphere a:* + y* + «• = c"; and shew 
that the locus reduces to two central conicoids when c ~ a. 

(17) The ellipse, whose equations are - + ^ = l, and z« mx, rotates 

o o 

about the axis of s, prove that it always lies on the surface 

*• + y' - (a« - 6«) -?L = b\ 



m'a' 
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^ ..t 



(18) Prove that the cones on the elliptic base -j + n = ^» * = ^» whose 

a:' «• 

vertices are on the hyperbola -5 — ^ " w ~ ^ ' V = 0» w© rigl*t circular. 

(19) Of two equal circles, one is fixed and the other moves parallel to a 
given plane and intersects the former in two points ; prove that the locus 
of the moving circle is two elliptic cylinders. 

(20) If A^ B, G be the extremities of the axes of an ellipsoid, and A C 
BC the sections containing the least axis, find the equations of the two 
cones whose vertices are A^ B, and bases BC, AC respectively; shew that 
the cones have a common parabolic section, and if / be the latus-rectum of 

this parabola, and /^ k those of the sections AC, BC, then » =^ t« + yt - 

(21) Find the locus of a point through which three straight lines can be 
drawn mutually at right angles, and passing through the perimeter of a 
curve whose equations are s = 0, and ax* ^ br/*^l. 

(22) The trace of an ellipsoid on the plane of ;ry is AB; shew that a 
cone which has AB for a guiding curve will intersect the elliiMoid in 
another plane curve, and that this plane intersects the plane of ^B in the 
polar with respect to AB of the projection of the vertex on that plane. 



«k 
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CHAPTER XL 



ON GENERATION BY STKAIQHT LINES. 

201. In the preceding chapter we have shewn how certain 
surfaces of the second degree may he generated by the motion 
of ellipses, hyperbolas and parabolas. In the case of the 
cylinder and cone we have investigated the equations by sup- 
posing them to be generated by the motion of a straight line 
subject to certain conditions. p 

We shall in this chapter shew that the hyperboloid of one 
sheet,, and the hyperbolic paraboloid, as well as the cone and 
cylinder, are capable of being generated by the motion of a 
straight line. 

But, before giving the analytical representations of the mode 
of generation by straight lines^ a general geometrical discussion 
may be found useful. 

202. Since a surface of the second degree can be inter- 
sected by a straight line in two points only, unless it should 
turn out that the line lies entirely in the surface, as in the 
case of a cylinder, it follows that no straight line can intersect 
a plane section of the surface in more than two points, and 
that every plane section must therefore be a conic. 

JNow, if a plane be drawn containing a tangent to the prin- 
cipal elliptic section of the hyperboloid of one sheet and per- 
pendicular to its plane, the curve of intersection with the surface 
will, in consequence of the flexure of the surface being in 
opposite directions, be a conic which crosses itself at the point 
of contact, and the only conic having this property is two 
intersecting straight lines. 

T 
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i 



Hence, through every point of the elliptic section two 
straight lines can be drawn which lie entirely in the surface, 
and by making the plane travel round the ellipse, such straight 
lines sweep round the whole surface, which can therefore be 
generated in two ways by the motion of a straight line. 

203. If we take any two positions of the plane through 
tangents FTj P'T to the principal elliptic section APP'A\ 




their line of intersection, which will be perpendicular to the 
principal plane, will intersect the hyperboloid in two points only 
0, Q^ and the two pairs of generating lines will be PQ^ PQ 
and P'^, P'Q^ since no straight line common to the plane 
PQQ and the surface can meet QQ except in Q or Q. 

Thus, the orthogonal projections of generating lines on this 
principal plane are tangents to the principal elliptic section ; and 
similarly for the principal hyperbolic sections. 

Also, through every point such as Q^ two straight lines can 
be drawn which lie entirely in the surface; and it is evident 
that generating lines of the same system, such as PQ and PQ\ 
do not Intersect. 

If a plane be drawn in any direction containing a generating 
line PQ^ the conic of intersection must be two straight lines ; 
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hence, the plane will contain another generating line, and these 
two generating lines will be of opposite systems, since thej 
must intersect at a. finite or infinite distance. 

Since P'Q is parallel to a generating line of the opposite 
system, drawn through the other extremity of the diameter 
through P', the same conical surface will be generated by lines 
drawn through the centre of the hyperboloid parallel to either 
system of generating lines. 

204. No straight line^ which does not belong to one of the two 
systems of generating linesj lies on an hyperboloid. 

For, if possible, let a straight line {C) lie entirely on the 
hyperboloid, then since each system generates the whole hyper- 
boloid, {C) must meet an infinite number of straight lines of 
each system ; let two of these [A) and (jB) of opposite systems 
intersect ( C) in two difierent points, in which case a plane can 
be drawn through them intersectmg the surface in three straight 
lines ; but the section of a surface of the second order by a plane 
must be a curve of the second degree, therefore no such line as 
( C) can exi^t. 

205. We leave it to the student to shew that a hyperbolic 
paraboloid may be generated in a similar way, and that the 
generating lines are all parallel fo one or other of two fixed 
planes. 

It will thus be seen that, since no three lines of a cone of the 
second degree can be parallel to the same plane, unless the 
cone split up into two planes, this forms a complete distinction 
between the two cases in which the generating lines of conicoids 
are real, vi^;. the hyperboloid of one sheet and the hyperbolic 
paraboloid. 

206. To find the surface generated by a straight line which 
meets three fixed non-intersecting straight lines. 

Let these fixed straight lines be {A\ (J3), (C); these lines 
obviously lie on the surface in question. 

Now consider any plane through {A) ; it will meet [B] and 
[C) in points Q, £, and in these points only, and QR will 
meet [A) in some point P; so that PQR is the only straight 
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line of the system Ijring in the plane. Hence this plane meets 
the surface in two straight lines PQR and {A)^ which form 
a group of the second degree. But the section of a surface 
by a plane is a curve of the same degree as that of the surface. 
The surface in question is, therefore, of the second degree. 

207. To find in what cases a straight line can he dravm 
through a given point of a conicoid^ so as to lie entirely in the "i 

surface. 

Let the equation of the conicoid, supposed central, be 
aa;'* + Jy* + c«*=l, and let [fg^h) be the given point, l^m^n 
the direction cosines of the straight line supposed to satisfy 
the condition ; the coordinates of any other point at a distance 
r from (/, y, A) are/+ 7r, g + mr^ A + wr ; hence the equation . 

a(/+Zr)* + 6(;7 + 7wr)* + c(A + nr)":al, 

must be satisfied for all values of r ; 

.-. aP 4 Jw* 4 en* = 0, (1) j 

a/*Z + 6ym + cAn = 0, (2) 

and a/*+V + «A* = l- (3) -^ 

(I) shews that one or two of the quantities a, &, o must be 
negative; let c be negative; then since, by (1), (2), and (3), 

(aP + im«) [af + hf) - {afl + bgmy = (1 - cA*) (- cn^ - c'AV, 

aJ(^Z-/m)* + cn' = 0; (4) 

hence, unless a, (, or c » 0, which are cases of cylindrical sur- 
faces, ab must be positive, and therefore both a and b will be 
positive, since all three cannot be negative. 

Thus the central surface, on which a straight line can lie 
entirely, must be the hyperboloid of one sheet. 

V* «' 
If the surface be non-central and its equation be y + — = a;, 

the equation corresponding to (1) will be 

w' M* 

-^ + - = 0, 
b c ' 

which shews that the surface must be the hyperbolic paraboloid, 
since b and c must have opposite signs. 



1 
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In this case, for every position of the point (/, g^ h) there 
are two straight lines which lie entirely on the surface. 

The hyperboloid of one sheet, and the hyperbolic paraboloid, 
can therefore be generated in two ways by the motion of a 
straight line. 

208. The equations (2) and (4) give the directions of the 
two straight lines through (/, g^ A), 

209. To find the points of an hyperboloid of one aheet^ cor^ 
responding to which the generating lines will be at I'igM angles. 

By equations (1) and (2) of (Art. 207), 

[of I + bgmy + cV (aP + brn^) = ; 

if ?,, w,, iij, and Z,, w,, «,, be the direction-cosines of the two 
generators 

m^m^ a [af^ + cA*) ' 

alX _ bm^m^ _ cn^n^ 
*'• bg'-\-ch'~ch'l^f''^af + bJ'' 

IJ^ ^ m^m^ ^ n^n^ 

i-/« ^-/ i-A« 
a •' b ^ c 

and ZjZ, + wtjWj + n,n, = 0, 

•' "^ a b c^ 

hence, the points lie on the intersection of the sphere 

« . t 1 1 1 

^ a b c^ 

with the hyperboloid. 

210. The following method of dealing with generating lines, 
shews very clearly their relative positions. 



142 GENERATION BY STRAIGHT LINES. 

Analysis of generating Lines. 

211. To find the generating lines of an hyperhohid of one 
sheet 

The equation of the hyperbolold of one sheet Is 

a? y" z^ , 
a o c 
this equation may be written in the form 

-y+ ^a = [cos5± - sin^J + fsin^T - cos^J 

for all values of 5 ; 

/. - = cos5±-sin5 and ? = 8ii!i5T- cos^, (1) 

a c c ^ ^ ' 

satisfy the equation ; hence the two straight lines which, for a 
particular value of d^ have these for their equations, lie entirely 
in the surface. 

By the variation of we obtain two systems of straight 
lines, which lie entirely in the surface, and either of these 
systems generates the hyperboloid. These equations may also 
be written In the form 

x — a cos 5 _ y — J sin ^ z 
a sin 6 —b cos 5 "" c ' 

from which equations it Is manifest that straight lines drawn 
parallel to them through the centre will lie upon the asymp- 
totic cone. Hence also, no three generators of the hyperboloid 
can be parallel to the same plane. 

If 2 = 0, a; = acosd, and y = J sin^; therefore is the ec- 
centric angle of the point of intersection of the two straight 
lines^(l} with the trace of the hyperboloid on the plane of xt/, 

212. Any point of the hyperboloid may be represented by 
the coordinates 

a cos d sec 0, 5 sin 9 sec 0, ctan0, 

since these satisfy the equation for all values of and <f). The 
equations of the generating lines through this point may be 
readily found to be 

a; — a cos^ sec^ _ y — J slnd sec^ 2 — ctan^ 

asin(^±^) — Jcos(^±<^) "~ ±c ' 



GENERATION BY STRAIGHT LINES. 143 

which shew that tbej meet the principal elliptic Bection in points 
whose eccentric angles are 0±4>> 

213, The projections of the generating lines upon the principal 
planes are tangents to the traces on those planes. 
The equation of the trace on the plane of zx is 

x' z^ 

a» c* " ^' 

and that of the projection of a generating line on the same plane 

-=cos5±- sin^, 
a c 

and the points of intersection are given by the equation 



~ + l- fcosfif- sin^j =0, 



z 
c 



Z 9j2 

or -5 cos'^ T — cos 5 sin + sin*^ = 0, 

which, giving equal values of z^ shews that the projection is a 
tangent to the trace upon the plane of zx. 

Similarly, the projection on the plane of cry, and the trace on 
that plane, intersect in points given by the equations 

- COS^ + f 8m^=l, -5 + T2 = l> 

a ^ a 



whence f - sin^ — ^ cosffj =0. 



Hence the points of intersection coincide, or the projection 
is a tangent to the trace on the plane of xy. 

214. To shew that two generating lines of the same system 
do not intersect. 

The equations of two generating lines of the same system 

X z u z 

are - = cos5 ±-sin^, 7^=sin5 T- cosff, 
a c ^ I c ' 

and - = cos ^' ± - sin d\ ? = sin^' + - cos 6' : 
a c ^ c 



144 QENERATION BT STRAIGHT LINES. 

if the two lines meet, we shall have at the points of intersection, 

= cosd — cos^ ± - (sind — sin ^), 

c 

and = Bin^— sin6?'T-(cos^— cosO'); 

and the condition of intersection will be 

(cos B - cos fff + (sin B - sin By = ; 

which cannot be satisfied unless B — ff. 

Hence, generating lines of the same system do not intersect. 

215. To shew that generating lines of opposite systems must 
intersects 

The equations of two generating lines of opposite systems 

are - = costf ±- sintf , 'r = sin^ ^- cos6? ; 
a c ^ c 

and - = cos^hF- sin^', \^miB* t- cosB\ 
a c ^ c 

If the two lines meet, we shall have at the points of intersection, 

= cos^ — cos^ ± - (sin5 4 sin^), 

c 

and = sln^ — sin 5' hF - (cos B + cos 0'), 

and the condition that they may intersect will be 

COS* B - cos*^' + sInV - sln*^' = 0, 

which, being identically true, shews that any two generating 
lines of opposite systems intersect. 

216. To find the locus of the intersection of two generating 
lines of opposite systems^ drawn through points in the principal 
elliptic section^ whose eccentric angles differ by a constant angle. 

Let 6 + a, and © — a, be the eccentric angles of two points in 
the principal elliptic section, differing by a constant angle 2a. 
The equations of the generating lines of opposite systems are 

J=:cos(d + a)±-sin(e + a), | = sin(e+a)T^ cos(e + a), 

Of* Si U Z 

and -=cos(0-a)T-sin(8-a), | = sin(8-a)±- cos{6-a). 
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At the points of Intersection, 

O = sin0 sInaT- sin0 cosa, /. -=±tana. 

c c 

Also - = co80 cosa±- cosO sina — cosd seca, 
a c 

f = sin0cosa±- sinO sina = sin0 seca ; 
c 

•'• -3 + 7i = sec* a, and - = ± tana. 
a c 

Therefore the locus required Is the two elliptic sections, 
parallel to the plane of ory, which intersect the traces on the 
planes of zx^ yz^ at points whose eccentric angles are ± a. 

217. The accompanying figure is meant to be a repre- 
sentation of the positions of sixteen generating lines of each 
system, corresponding to eccentric angles differing by ^tt. 
ABab Is the principal elliptic section, A' Bab* and A'B'd'b" are 
the parallel elliptic sections which intersect the conjugate axis 
of the hyperboloid at its extremities G\ C", the axes of which 
sections are in the ratio \/2 \\ to the axes of the priucipal 
sections. 

The generating lines through the extremities of the axes 
-4a, Bb intersect these two ellipses at points L\ jBl', and -L", K'\ 

whose eccentric angles are — and -—- , i.e. at the extremities of 

4 4 . 

equi-conjugate diameters; and those through X, iT, the ex- 
tremities of equi-conjugate diameters of the principal elliptic sec- 
tion pass through the extremities of the axes of the two ellipses. 

The two ellipses ABd and A'E'a" are the loci of the inter- 
sections of opposite systems of generating lines drawn through 
the extremities of conjugate diameters of the principal elliptic 
section. 

The figure serves to represent that the intersections of gene- 
rating lines of opposite systems drawn through points in the 
principal elliptic section, whose eccentric angles differ by a 
constant angle, lie in an ellipse, the plane of which is parallel 
to the principal plane. As, for example, such pairs of gene- 
rating lines as LB^ FD^ and BL\ PF. 

u 
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218. To find the generating lines of a hyperbolic paraboloid. 
The equation of the hyperbolic paraboloid, 

I C '' 
ia satisfied by the values of x, f/, s for evciy point in the lines 
whose equations are 



■Jl Vf Vf ' 



(1) 



whatever be tlic value of a. 
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Therefore by giving a all valaes, we obtain two series of 
straight lines, all of which lie entirely in the surface ; and these 
are the two systems of lines which are rectilinear generators gf 
the paraboloid. 

The equation (1) shews that in the two systems all the gene- 
rators are parallel respectively to the two asymptotic planes, 
whose equations are 

219. To shew that generating lines of a hyperbolic paraboloid 
of the same system do not intersect^ and that those of opposite 
systems do intersect. 

Let the equations of two generating lines of the same 

system be 

y^ a y^ z ^sjV 



^"""^ ^l ^ V^' " V^' ' V^ V^' " )8 ^' 

If the two lines could intersect, these equations could be 
simultaneous, therefore a ~ y3 = 0, which is impossible, since the 
two generating lines are distinct ; hence they do not intersect. 

Changing the order of the signs in the ambiguities in the 
second set of equations, we have the equations of a lino in the 
system opposite to that of the first. 

If then the straight lines intersect, 



, a-/3 _2a ,„ /I 1\ 



and the consistency of these equations proves that two generating 
straight lines of opposite systems will always intersect. 

220. To shew that the projections of the generating lines on 
the principal planes are txxngenfs to the principal sections, 
Since the equations of the generating lines are 
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the eqaations of their projections on the plane of zxj are 

2z _ »JT a 

which, being of the form z = mx — — , are the equations of tan- 
gents to the parabola »* = - Tx ; similarly for the projections 
on the plane of xy. 

221. The accompanying figure is intended to represent the 
manner in which the liyperbolic paraboloid is generated by 
straight lines. 



K/ 



: --"::;av :::;■--- j 



m 



D 



^....^ 



:ir.-j 



a' 



/ 



B 



HAK^ E'A'K' are portions of the branches of a hyperbolic 
section made by a plane parallel to that of y0, cutting Ox on the 
positive side; ECE\ DCD' are the asymptotes of the section. 

FBF^ OBG* are portions of the branches of a hyperbolic 
section parallel to yz on the negative side of Ox. 

A OA' and BOD* are the traces on the planes of xy and zx. 



• • ••• • • 
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The two sectionB are so chosen that the generating lines 
through B^ an extremity of the transverse axis of one section, 
pass through A^ A\ the extremities of the transverse axis of the 
other. 

dO^ dOe are the traces of the paraboloid on the plane yz^ 
where the hyperbolic section degenerates into two straight lines. 



XL 

(1) The equations of the generating lines of the sarface 

ya + Mr + ary + a* = 0, 

drawn through the point f 0, am^ j , are 

« (1 ± »0 = am - y = T (mz + a\ 

(2) At any point where the planes x-^^y \ %^±a meet the surface 
^y + ys ->- iMT + a' s 0, the two generating lines of the surface are at right 
angles to each other. 

(3) The eccentric angles of the points in which the principal byperholic 
sections are met hy any generating line are complementary, and that of 
the point in which it meets the principal elliptic section is equal to one of 
these. 

(4) Prove that the points at a finite distance on a hyperholic paraboloid, 
at which the generating lines are at right angles to each other, lie in 
a plane. 

(5) Shew, hy geometrical considerations, that the locus of intersection 
of two generating lines drawn through two points in the principal elliptic 
section of an hyperboloid of two sheets, whose eccentric angles differ by a 
constant quantity, is two ellipses parallel to the principal plane, at equal 
distances from it. 

(6) Prove that, if any straight line intersect three straight lines which 
are all parallel to the same plane without intersecting each other, the 
intersecting straight line will in all positions he parallel to another fixed 
plane. 

(7) Shew that there are two straight lines, and two only, which intersect 
four straight lines, no three of which are parallel to the same plane, and 
no two of which intersect. 

(8) Find at what points of the principal elliptic section of an hyperbo- 
loid the generating lines can be at right angles, and shew that the 
diameter parallel to the tangent at that point is equal to the length of the 
imaginary axis. 
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(9) If four generating lines intersect so as to form a quadrilateral, 
vhose angular points taken in order are (^i0i), (^20t), (^s08)> (^404)> (*®® 
Art. 212), prove that ^i + ^3 = ^a + $4, and 0, + 0, = 0a + 04- 

(10) A straight line moves so as to intersect the parabolas 

y* = ax, « = 0; «• = - 6x, y = J 

and to be always parallel to one of the planes •=— = ± -r; shew that its 
locus is the paraboloid — - ■=- ^x. 

(11) The equation of the locus of a straight line constrained to moye so 

as to intersect three straight lines, which do not intersect each other, and 

are not parallel to the same plane, is, when referred to axes parallel to the 

straight lines, 

yz zx xy X y z ^ ^ 

be ca ao a o c 



(12) The generating lines of the hyperboloid -; + 7-, - -j = 1, at any point 

«• y* z* 
where it is met by the gone — + ?; ~ "• = ^> ^f® ^^^^ perpendicular to some 

other generating line. 

If the generating lines be themselves at right angles, the point will lie 
also on the sphere x' -i- y* 4 z' = a* -f 6' - c*. Shew that these conditions 

cannot coexist unless -^ + r. =^ -7 • 

ar 0* c* 

(13) If three generating lines of the same system on an hyperboloid be 
mutually at right angles, the shortest distance between any two will lie 
on a generating line. 

(14) If three generating lines of the same system, mutually at right 
angles, be made the edges of a rectangular parallelepiped, shew that the 
angular points of the parallelepiped which are not on the hyperboloid will 
lie on the surface x" + y* + a* = a" + 6' - c*, and on the surface whose equation 
would be obtained by eliminating h between the equations 

^' x.^^^. ** +1-0 "''' I *'y' **'=' -1 



A« + a* A" + 6* A* - c* ' ' ^A* -t ««)• (A«-f 6")* (/*• - c«)' 

(15) If two planes be drawn, passing respectively through two gene* 
rating lines of the same system at the extremities of the major axis of the 
principal elliptic section, and intersecting in a third generating line, the 
traces of these planes on either of two fixed planes will be at right angles 
to each other. 

(16) If a ray of light be reflected between two plane mirrors, inclined at 
any finite angle, shew that all the reflected rays will lie on an hyperboloid 
of revolution ; and And its position. 
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(17) The perpendiculars from the origin on the generating lines of the 
paraboloid -i - tj = - lie upon the cones (- + ^j {ax ± by) + 2«' = 0. 

(18) The perpendiculars from the origin upon the generating lines of 
the hyperboloid -| + ^ - j = 1 lie upon the cone 

(19) The angle between two planes, each passing through the centre, 
and through one of the generating lines at any point of an hyperboloid, is 
given by the equation 

2r cot0 _ 2 _ i 1 1 
abc p* a* b* c* * 

r being the distance of the point, and p that of the plane containing the 
generating lines, from the centre of the hyperboloid. 

(20) If be the acute angle between the perpendiculars from the centre 
on the generating lines of an hyperboloid which pass through the point 
(a cosa, b sin a, 0), then will 

c' (g' - by ^ g* (6« + <^)« &« (c« -f g«)* 
tan*J^ sin'« cos* a 

(21) If be the angle between the generating lines of the hyperboloid 

which pass through a point at a distance r from the origin, and if ^ be the 
perpendicular from the origin upon the plane passing through them, 
shew that 2abe cot0 ^p (r" - a*-b* + c*). 

(22) The tangent of the angle between the generating lines of the surface 

g-*6=^' 
which gass through the point (/, ^, A), is 

- g - 6 ' 

(23) Prove that if r be the distance of any point of the surface 
j/z + s^ + ory + 2a' e 0, from the origin, the angle between the' two genera- 
ting lines at that point will be 

cos ' , — - . 
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(24) The BDgle between the generating lines through the point (xys) of 

)the hyperboloid — +7- + - = ! is cos'* c-^^ — ^ , where \,, \. are the roots 

a b c A,, - A^ 

of the equation 



a (a + Aj 6 (6 + X) c (c + X) 

(25) Generating lines of the hyperboloid 

are drawn through points in the plane of xy^ whose eccentric angles are 
a, ^ ; shew that their points of intersection are given by the equations 

a? y ^ g 1 

a COS — -^ b sin ^ ± c sm — -^ cos ^ '^ 

2 2 2 2 

also that the shortest distance £ between two of the same system is given 
by the equation 

4 sin" — 7^— Bin" — ~ co8^ — ^ cos« — j^ 

i" a" 6" C" 

(26) The straight line which is orthogonal to each of two non-intersect- 
ing generators of the hyperboloid «* + y' - «• = a", becomes a generator of 
the opposite system when the two non-intersecting generators become 
consecutive. 

(27) Shew that the shortest distances between generating lines of the 
same system drawn at the extremities of ^diameters of the principal elliptic 
section of the hyperboloid whose equation is 

lie on the surfaces, whose equations are 

cxy ] abz 



a" + y" "a* - b* 

(28) Shew that, if an eye observe the generating lines of an hyper- 
boloid of one sheet, every generating line will appear to lie on another. 

If the eye be placed upon the surface of the hyperboloid whose equation 
is oar" + 6y" + «• = 1, prove that the points through which the generating 
lines appear to be perpendicular lie on a plane whose equation is 

(a + J + c) (abx + % + cA2 - 1) = 2 (a^/c + ft^y + c*hz), 
where (/, y, h) is the position of the eye. 



CHAPTER XIL 



SIMILAR SURFACES. PLANE SECTIONS OF CONICOIDS. 

CYCLIC SECTIONS. 

222. We shall now consider the nature of the curves in 
which a plane intersects central and non-central conicoids, and 
we shall at present consider these surfaces as given by equa- 
tions in the simplest form, such as have been discussed in the 
tenth chapter. 

We shall examine the special cases in which the section 
made by a plane is circular, called a cyclic section, and the 
generation of the central conicoids and of the elliptic paraboloid 
by the motion of a variable circle, the plane of which is parallel 
to a given plane. 

Similar Surfaces. 

223. Def. Two surfaces are similar, say U and U\ when 
for any point determined with regard to ?7, and any two 
radii OP, OQ^ another pojpt 0\ and two radii 0'P\ O'Q can 
be found for U\ such that lPOQ=^'lP'OQ\ and 

aP' : O'Q I'. OP: OQ, 

224. From the definition it follows that if OA^ OB^ 0(7 be 
thrcQ arbitrary radii at right angles to one another in [7, three 
radii 0'A\ 0'B\ OC can be found also at right angles satis- 
fying the above proportion, and if the direction cosines of radii 
OP and O'P' referred to these as axes, in U and Z7' respec- 
tively, be equal, OP : O'P' :: OA : O'A. 

The surfaces will be similarly situated when the lines OA^ 
OB, OC are parallel to O'A', O'B', O'C, and in this case 
may always be chosen so that and 0' coincide, in which 

X 
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case the surfaces are said to be similarly situated with respect 
to 0. 

225. The analytical expression of this statement is that, 
if /(if, y, «) = be the equation of any surface, that of any 
similar and similarly situated surface will be 

/{X(a:-a),X(y-/S),X(2^ -.7)1=0, 

where OP=XO'P'. 

It is easily seen that the number of conditions, which the 

coefficients of the equations of two surfaces of the /i*** degree 

^ ^- 1^, • (w + l)(n-f 2)(7i + 3) ^. , . ^ . 
must satisty, is .^ — -— -^ ^- 5, m order that they may 

be similar and similarly situated. 

Also, that the terms of the highest degree in the two equa- 
tions must be the same, except for a constant factor. 

Thus, in the case of the hyperboloids, they are similar if 
they have similar conical asymptotes. 

It will be seen that, according to the definition, hyperboloids 
of one and two sheets may be similar, as 

— aa? — ly^ + cz* = 1, 

for imaginary radii of one drawn in the same direction as 
real radii of the other will be in the same ratio. 

226. Sections of the same contcoid hy parallel planes are 
similar and similarly situated conies. 

Sections of similar and similarly situated conicoids hy the 
same plane are similar and similarly situated conies. 

These propositions are easily proved by transforming the 
axes of coordinates, so that the plane of xy is parallel to the 
cutting plane, when the projection of any section, found by 
making z constant, will be represented by an equation in x 
and y, for which the terms of the second degree will be the 
same. 

Hence, we can deduce that a plane section of a hyperbolold 
is a hyperbola if the parallel plane through the centre intersects 
the conical asymptote in two of its generating lines. 
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227. It is of great importance to observe that, when two 
conicolds are similar and similarly sitaated, the condition, that 
the terms of the second degree are the same in each except 
for a constant factor, or, in geometrical language, that their 
real or imaginary asymptotes have their sheets parallel, may 
be stated as follows: "similar and similarly situated conicoids 
intersect the plane at infinity in the same real or imaginary 
conic." 

A particular case of this is that "all spheres pass through 
the same imaginary circle at infinity." 

228. To detei'mine the nature of the section of a comcvid 
made hy any given plane. 

This may of course be done by the substitutions of Art. 147, 
but for surfaces of the second degree the plane sections will 
be curves of the second degree, so that simpler methods may 
advantageously be employed. If it be required only tT> dis- 
cover the species of conic to which the section belongs, we may 
effect this immediately, taking any orthogonal projection of 
the curve of section, since an ellipse, parabola, or hyperbola, 
will be projected into a curve of the same species, though in 
general of different eccentricity. The only exception is when 
the plane of section is perpendicular to the plane of projection, 
but as no plane can be perpendicular to all the coordinate 
planes, there is at least one of the coordinate planes which may, 
in any proposed case, be taken as the plane of projection, and 
which will not be perpendicular to the plane of section. 

As an example of this method, we may take the section of 
the paraboloid hy* -\-cz* = x made by the plane Ix + my •\-nz = 0. 
The equation of the projection of the curve of section on the 
plane of yz is I {by* 4 cz*) -f my -f n« = 0, which is always au 
ellipse, or always an hyperbola, according as b and c have like 
or unlike signs. If 2 = 0, the exceptional case above mentioned 
arises, and taking the projection on zx we have the equation 

(n"ft + m*c) z* — wi*a?, 

or the section is parabolic, unless n'J 4 m^c = 0, when it reduces 
to a straight line,' the other straight line completing the curve 
of intersection being at an infinite distance. Hence, for the 
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pai:aboloids, all sections parallel to the axis of the principal 
sections are parabolas, and all other sections ellipses for the 
elliptic paraboloid, and hyperbolas for the hyperbolic paraboloid. 
If, however, a more exact determina^tion is required, it will 
be convenient to deal with the problem in the manner we 
propose. 

Plane Sections. 

229 To find the locus of the centres of all sections of a 
central c/)mcoid made by parallel planes. 

Let ax^ + by* + 02' = I be the equation of the surface, and 
Ix + my + nz=-p that of one of the parallel planes. 

Any straight line drawn in this plane through the centre of 
the section will be bisected at that point. 

Let (f, 1;, f) be the centre, r any radius of the section drawn 
in the direction (X, /i, v), therefore the values of r are given by 

a{^ + \rY-^b{v + firY + c{^+yry=l, (1), 

and, since the values of r are equal and of opposite signs, 

a^ + brjfL + c^v = 0, (2) 

also, since the direction of r lies in the plane, we have 

l\ + mfJL + nv = 0, 

which equations being true for an infinite number of values of 
X : u": V, we have ^ ^^^ 

C m n 

therefore the equations of the locus of centres of sections made 
by planes whose direction-cosines are ^, m, n are 

ax ^by ^ cz 
I m n ' 

230. The equation for determining r being 

(a\* + bfi' + cO r* = 1 - af - J17" - cf ', (4) 

shews that the parallel plane sections are similar, for, if (V, ;*', v) 
be the direction of another radius /, r* : r* is independent of 
j}j or constant for all the parallel sections, which are therefore 
Hiinilar andsimilarly situated. 
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231. To find the position of tfie cutting plane when the curve 
of intersection becomes a jyoint'ellipse or Une-hyperlola, 

Since each member of (3) becomes 

a b c 

2 

equation (4) becomes (aX* -f J/a' + c/) r* = 1 - "^^ ^ . 

rt 6 c 

If -Bj be the value of p when the section becomes a point- 
ellipse or Hne-hyperbola, r = for any direction which makes 

a\* + 5u* -f cv^ finite ; therefore 'or'* = - + -7- + — . 

a c 

The point-ellipse is when the values of X, /a, v given by 
aX" -h J/Lt'* 4- cv'' = 0, and l\ + mfi. + 721/ = are impossible, and the 
line-hyperbola when they are real. 

Now, it is not hard to shew that 

[ma\ — Ibfif + abcv^'UT* = 0, 

hence, the section degenerates to a point-ellipse when abc is 
positive, or for an ellipsoid and hyperboloid of two sheets, and 
to a line-hyperbola when abc is negative, or for an hyper- 
boloid of one sheet. 

232. To find the locus of the centres of all sections of an 
elliptic or hyperbolic paraboloid made by parallel planes. 

Let by^-\-cz^—2x be the equation of a non-central conicoid, 
and let the equation of one of the parallel planes be 

Ix + my + nz =^, 

then using the same notation as in the last article, we obtain 

the equation 

J (17 + p,rY + c (?+ vrY = 2 (f + Xr), (1) 

and deduce for an infinite number of values o(\i fii v 

brjfjL -{■ c^v - X = 0, (2) 

and m/jL i-nv + ifX = ; 

therefore -5 — _^ — _ (3) 

m , n I ^ ^ ' 
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thus, the locus of centres of sections made by plcines whoso 
direction-cosines are /, 9/2, n is a straight line parallel to the 
axis of the paraboloid. 

233. To find the position of the plane for which the section 
is a point-ellipse or linerhyperbola. 

Since Zf + mi; + n^^p^ 

and the equation for determining r is 

^-. fm^ n*\ 1 

= f ■*■ U" "^ 7J P = J (^"*'^ ""PP^'*'- 

The sections are ellipses, when r cannot be infinite, or when 
b and c are of the same sign ; point-ellipses when^ = tar. 

They are hyperbolas where b and are of opposite signs, 
and the directions of the asymptotes are given by i/x* + cv* = 0, 
which shews that the asymptotes are parallel to the same two 
planes for all values of Z, m, and n. 

234. To find the magnitude and direction of the axes of any 
plane central section of a central conicoid^ and the area when 
the section is elliptic. 

The equations which connect the direction of any radius of 
the section by a plane, whose equation is Ix + my-k-nz^ 0, are, 
as in Art. 229, 

and ?X4-»i/t-f «v = 0, (l) 

... n' [{cLT^ - 1) X' + [br" - 1) /i'l + [cr^ - 1) (ZX + iw/*)* = 0, (2) 

is an equation which, for a given length r, gives generally two 
values of X : /i ; but if the given length be that of either semi- 
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axis, the two values of \: ja are equal, the condition for 
which Is 

{{af^ - 1) «• + (cr» - 1) P} {(Jr» - 1) r« + {cf^^ 1 ) 7n'} = (cr« - 1)« Pm^ 

.'. ?(4r"-l)(cr'-.l)+...= 0, (3) 

^'•^7^ + JrTT + oV-l=«5 (4) 

this quadratic in r' gives the squares of the semi-axes of the 
section. 

If 2a, 2^ be the axes of the section, 

a p 
and -5 + ^ = P(J4c)+»/i*(c + a)-f n'(a-f J). 
When the section is elliptic its area 

TT 



= 7ra/8 = 



Again, the coefficient of V in (2) is n*{ar*- 1) + P(cr'~l), 

which, by (3), is easily reduced to . ^ -^ hence 

the equation (2) becomes 

'.-. (ar»-l)^ = (Jr'-l)^ = (cr»-l)^, (5) 

and, if we write a and fi for r, these equations, with (1), will 
determine completely the directions of the two axes. 

The equations (4) and (5) might have been formed by 
making r* a maximum or minimum, but wo leave this to the 
student, the process adopted being more instructive. 

235. To find the direction of the plane section whose axes are 
of a given magnitude. 

The equation giving the axes in terms of the direction of the 
plane section is 

r 



m n 



ar"- 1 ' br*-l ' cr^ - I 
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whence, if 7, S be the reciprocals of the squares of the given axes, 

Pbc + m^ca + «*aJ = 7S, 

?(J + c) + w*(c + a) + n'(a + J)=7+S, 
r + m* -f w* =1; 

multiplying the second and third equations by —a, a", and add- 
ing, we obtain, for the determination of Z, m^ and w, 

P(a-J)(a-c) = (a-7)(a-8); 

similarly, ?n* {b - c) (6 — a) = (6 - 7) (6 — 8), 

and n* (c - a) (c - i) = (c — 7) (c — S) ; 

the second equation shews* also that if a, J, c be in order of 
magnitude, b must be intermediate between 7 and S, 
Hence, for a circular section, 7 = ^ = 8 



.*. m = 0, and 



P 1 w 



« 



a- b a-'C i— c ' 



236. To determine the nature of a central plane section of a 
central comcoid. 

The nature of the section may be dclfirmincd from the dis- 
cussion of the roots of the equation f3) obtained in Art. 234, ^viz. 

[rbc^m^'caWab) /-[/' (t+c)+wa* [c^a)^-m\a^-b)] r*-hl=0, (1) 

observing that the discriminant 

{?* (J -f 0) + w" (c -h a) +n^{a-{- bjY - 4 [rbc -h m^ca + ii^ab) 

can be reduced to the form 

(1) For a hyperbolic section, the values of r" obtained from 
(1) must be of opposite signs; therefore T'bc + ni'ca + n\ib is 
negative, in which case the values of r* must be real. 

(2) For an elliptic section, the values of r*, which by (2) are 
real if a, &, c be in order of magnitude, must be both positive ; 

.*. Pbc -f wiVa -I- 7i^ab is positive. 

(3) For a rectangular hyperbolic section, the values of r' 
must be equal and of contrary signs ; 

I'. P (J + c) 4 wi* (c -f a) + ii' {a + 6) == 0, 
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aiilce DO real or finite values of a, i, c will, at the same time, 
admit of rbc + m^ca + n^ab =» as a consistent equation. 

(4) For a circular section, the two values of r* are equal 
and of the same sign ; therefore the expression (2) is zero, hence 

^ , /" «" 1 

m = 0. and r = y = , 

' a — 6 — c a — c 

or e s= 0, and , = = ^ , 

of which only one is possible. 

(5) When Pfc + w'ca-f n*ai = 0, one of the roots is. infinite, 
and the section becomes two parallel generating lines, the 
distance between which is 2r, where r is given by 

{? ( J + c) + w" (c + a) + n" (a + J)} r" = t . 

From this analysis it appears that all sections of ellipsoids 
are ellipses, but that for the hyperboloids we may have ellipses, 
hyperbolas, or parallel straight lines. 

237. We have in this discussion considered only central 
sections, but the nature of any section and the magnitude of 
the axes may be found at once by considering the similarity of 
parallel sections, the sections corresponding to parallel straight 



«r r 



Unes being parabolic; or, by writing — ^ ^ Ij^stead of r*, the 

argument may be carried out in the same manner as above. 

238. To find the angle hetween the real or imaginary asymp^ 
totes of a plane section. 

From the equation (aX* + 5/a* + cv") r* = 1, 

when r = 00 , aX' + hfJ^ + c>^ = 0, 

and Zx -f mil, -f wi/ = 0, 

if CD be the angle between the asymptotes of the section, supposed 
hyperbolic, it may be shewn by the method of Art. 25 that 

r (t -f c) + m* (c + g) + n^ [a -f b) 
2 V{- [Pbc + m'm + n'^ab)] ' 

or it may be obtained directly from the quadratic in r* (Art. 234), 
smce tan -- = ~- , and therefore cot « = - — r-rsr • 

Y 
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This gives the condition that cotco will be real, infinite, 
or impossible as Vbc + «i*ca + w'afc is negative, zero, or positive, 
thus determining the condition that the section may be hyper- 
bolic, parabolic, or elliptic. 

239. To find the area of any elliptic section of a central 
conicoid made by a plane not passing through the centre. 

Let the equation of the plane be 2x + my -{- m =p ; the area 
of a central elliptic section has been shewn to be 

and any radius vector of the section considered is given by 

-+T + - 
a c 

hence, w being the value of p when the section vanishes, 

a o c ^ 

and, since l*bc + irfca + rifab is positive, -or is real only when abc 

is positive, or for the ellipsoid and hyperboloid of two sheets. 

But if we take tar for the value of p when the section of 

the hyperboloid of two sheets, which is conjugate to that of 

one sheet, vanishes, since in this case a, i, c have their signs 

changed 

, ? _ ^' _ *** 

a b c ' 

Hence, if ^ be the area of the parallel central section of 
the ellipsoid and hyperboloid of one sheet, and of the hyper- 
boloid conjugate to the hyperboloid of two sheets ; and A be 
the area of the section by the given plane, since they are in the 
duplicate ratio of homologous lines, * 

for the ellipsoid A'^A U - ^^ , 

for the hyperboloid of two sheets -4' =8-4(^-1], 

for the hyperboloid of one sheet -4' = -4 f I + ^ j . 
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If we take two conjugate hyperbololds aai*4 Jy* + c«* = ± 1, 
and the asymptotic cone to both, ax^ -f %* + c«* = 0, the area of 
the section of the latter may be found, from those of the former, 
by making a, i, c infinitely large, preserving their ratios. Hence 
if A^^ A^j A^ be the areas of the sections of the three surfaces 
made by any plane cutting them $ill in ellipses, and A that 
of the parallel central section of the hyperboloid of one sheet, 
we shall have 

whence A^ + A^^ 2^,, or the section of the cone is an arithmetic 
mean between the sections of the two hyperbololds. 

Also, if V be the volume of the cone cut off by a plane 
touching the hyperboloid of two sheets, we shall have 



^/[abc) ' 
which is constant for all positions of the catting plane. 

240. To find the magnitude and direction of the axes of any 
plane section of an elliptic or hyperbolic paraboloid. 
The equation of the paraboloid being 

by^ -f (»• = 2aj, 

and that of the cutting plane 

lx-\-my-{'nz = p^ 

the equations connectbg any central radius of the section with 
its direction (A, /i, v) is 

2 

(i/** + cv") r' = I (^ - «r) = if suppose (Art. 233) 

-if(\' + A*«+v'), 
and ZX + wift + Kn = 0; 
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and If r be the length of either of the semi-axeSi this equation 
will give equal valqes of /* : v, 

{P (Jr» ~ if ) - m»Jf } [P {cr^ -If) - nW} = If "wV, 

or PJor*-{P(& + c) + m»c + n*J} Jfr« + if»«0. (2) 

This equation gives the magnitude of the axes 2a, 2/8} and 
the area of the section when elliptic 

The coefficient of m' in equation (1), is 

■and the equation becomes 

br'-M . . _ . a^-M 






— jj|. .ny •- 2r/i?i/LtF + j-^-^-kM '^V s= ; 



whlcb| writing a, iS for r, completely determine the directions 
of the corresponding axes of the section. 

241, To determine the nature of nny plane section of a 
paraboloid. 

Take the equation 

PJcr*-{P(J + c) + m»c + n«J}Jfr»-f2f*=rO, 
and observe that the discriminant 

{P(J + c) + m'c + w'J}«-.4PJc(P + m» + n"), (1) 

is reducible to 

{P (ft - c) - m^c + n^hy + 47nVJc. (2) 

The two forms (1) and (2) of the discrimlnaat shew that it 
is positive whether be be positive or negative, so that the values 
of r* : Jkf are always real. ^ 

(1) For an elliptic section, he is positive and M positive, 
therefore p — v has the same sign as h 
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(2) For a hyperbolic section, he is negative, since the values 
of r* must be of opposite signs. 

(3) For a rectangular hyperbola, he is negative, and 

P(J + c) + m'cH-n'J = 0. 

(4) For a circular section, he is positive, and by (2) 

m = and r = » = - « 

e-o c ' 

^ , P m" 1 
or n sa and - = ? = r , 

only one of which gives a real position. 

(5) The condition Z=0, which makes one value of r* infinite 
and the other finite, corresponds to the case of a parabolic 
section, since in this case 17 and ^ in (3) Art. 232 are infinite, 
and therefore the centre of the section is at an infinite distance. 

Cyelic Sections. 

242. Although we have already determined the positions of 
the planes whose intersections with conicoids are cuH^ular, by 
treating such sections as particular cases of ellipses, it will tfe 
instructive to consider them from another point of view, since 
they have an interest peculiar to themselves in the solution of 
many problems both pure and physical. 

243. To find the eyelie seettons of a eonieoid central or «ow- 
eentral. 

Let the equation of the eonieoid be 

this may be written in the form 

ft (a5"+y" + «*) + («-*)«?■- (J- c)«* + 2dl»+c=0, 
hence, if the eonieoid be cut by a plane whose equation is 

V(a — h)x±i\/[h — c) « =sp V(« •- c)> 
the coordinates of the points of the intersection satisfy the equation 
5(aj*+y"+«') + jp V{«-c){V(a-J)ajTV(&-c)«} + 2<&4-«»0, 
whidi is the equation of a sphere. 
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These plane sections will be real, if a, bj c are in order 
of magnitude when all are positive, \{ a>b when c is negative, 
and if c> i, without regard to sign, when b and c are both 
negative. Alao if a = 0, the sections are real when b and c are 
both positive, and ob. 

Hence, cyclic sections of central surfaces are parallel to the 
mean axis in the ellipsoid, to the greater transverse axis in 
the hjperboloid of one sh^et, to the greater conjugate axis in 
the hyperboloid of two sheets. 

If a be the inclination to the principal section (a, i), 

cos a sin a 1 

'Jia — b) ±*J{JI>'-c) ±V(«-c)' 

Cyclic sections of the elliptic paraboloid are parallel to the 
tangent at the vertex of the principal section of greatest latus 
rectum ; and for these sections putting a = 0, 

cosa _ sina _ 1 

7r"±v(c-j)"'±vw* 

It is obvious that these are the only cyclic sections, since a 
plane not parallel to one of the axes, as that of y, being of 
the form Jx^rfny-^-nz^p^ could not reduce the expresssion 
(a - J) a?* - (J — c) 7? to a linear form, so as to ensure that the 
points of intersection with the conicoid should lie on a sphere. 

244. Oenerafion of a conicoid by the tnotion of a variable 
circle. 

From the last article it appears that the central conicoids 
and the elliptic paraboloid can be generated by the motion of 
a circle, the plane of which is parallel to either of two fixed 
planes, and the diameter of which changes so that it is always 
a chord of the section which is perpendicular to the line of 
intersection of the two fixed planes. 

The centre of the circle of course describes in each case the 
diameter conjugate to the chords which it bisects. 

245. Def. The point-circles in which the variable circle ter- 
minates are called umbilics^ these are real only for the ellipsoid, 
the hyperboloid of two sheets and the elliptic paraboloid. 
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]For the conicoid aaj'*+ jy*-f c«^ = l, the four nmbilics are 

a > J > c. 

For the elliptic paraboloid, Jy* + c«* = 2a:, oJ the two 

umbilics at a finite distance are given by -jj- — y. = ± -jjj-. , 
2aj = T — 1 and v = 0. 

246. ^ny ttoo cyclic sections of opposite systems lie on one 
sphere. 

The equations of the planes of two cyclic sections of opposite 
systems are 

y{a-b)x- ^{b-c)z-Jc]y{a-'b)x-{-^{b-c)z-'k'} = 0; 
or, (a-J) ;r'- (&-c) «'- (Z;+ A') V(a-J) a?-(A;-A') V(S-c) «+ ii =0. 
Hence they intersect the surface In a sphere whose equation is 
l{x*+y'+z')-^l + {k^\-Jc')^/{a•-b)xi•{k^-k')^/[b-c)^^-kk'==^0. 

247. It is an instructive problem to deduce the positions 
of the cyclic sections directly from the equation (4) obtained 
in Art. 230. 

This equation may be written 

and since, for a cyclic section, the values of r, and therefore of 
p, are equal for all values of \, /i, v consistent with the equa- 
tion tK + mfi -f wv = 0, it follows that 

{p-a) {m/i + n v) • + f { (p - J) At* + (p - c) V*} = 

is true for an infinite number of values of /t : v, the coefficients 
of /i'^, /Ltv, and y* are therefore each zero ; 

/. (p — a)wn = 0. 

If p = a, either ?=0, or p = J = c, in which latter case the 
surface is spherical, and the equation is satisfied for any values 
of /, m, Uj i. e. for any direction of the plane. 

Also if wi = 0, the coeflScient of /** =p - 6 = 0, and similarly, 
for n = 0^ p = c. 
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Hence, If the surface be not splierical, we must have. 2, m^ 
orn = 0. 

Suppose m = 0, then u^ = bj and the coefficient of v* 

= (^-a)nH(p-c)P = 0; 

P ft' 1 

• — -^___ — — ^_^.._«_ 

i — a c — & c-a' 

which give real values for I and n only under the same circum- 
stances as are already stated in Art. 243. 

The corresponding process for non-central surfaces can be 
followed out by the student. 

248. Geometrical investigation of the direction of a cyclic 
section of an ellipsoid. 

In the ellipsoid let OA^ OBj OC he the semi-axes in order 
of magnitude, and if possible let a central circular section not 
pass through B^ but cut AB and BC in P, Q respectively, 
0P= OQj being the centre of the section ; but OP is inter- 
mediate between OA and OB in magnitude, and OQ between 
OB and 0(7, which is absurd; hence, the central circular 
section must contain the mean axis. 

The inclination of the plane to OAB is the same as the 
angle RO^^ OB being that radius vector of the section AC 
which = OB. 

It is easy to give a similar proof for the hyperboloids. 

249. Thus a method of obtaining the direction of the circular 
sections of an ellipsoid is to find the inclination to OA of a 
radius vector of the ellipse (a, c), whose length is &, the mean 
semi-axis of the ellipsoid ; if a be this inclination, 

y cos'a . J' sin'a , « • • 

- , 1 = — = 1 = cos a -f sui a : 

a c ' 

sln'g _ cos^g 1 

y a' c' V c« a" 
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XII. 



(1) All spheres which intersect a given conicoid in plane sections and 
pass through a fixed point on it pass through one of two fixed circles. 

(2) Find the equation of an ellipsoid referred to the planee of its 
central circular sections and a central plane at right angles to them. 
When these are rectangular axes, prove that the squares of the axes are 
in harmonical progression, and that the equation takes the form 



c* a* 



= 2. 



(3) Prove that through any point on an ellipsoid two planes of circular 
section can be drawn ; but that when the circles are equal, the points must 
lie on one of the principal planes passing through the mean axis. 

(4) If two circular sections of different systems be such that the sphere 
on which both lie is of constant radius mh, the locus of the centre of the 

sphere is the hyperbola — — j^ - jj — -, = 1 - wi", y = 0; Of b, c, being in 

descending order of magnitude. 

(5) The sphere (a:" 4 y* 4 c' + o" - ^ - c') = 2z meets 

X* v* z* 
the ellipsoid -^ ^- t-, + --, = 1 only at umbilics. 

(6) The locus of centres of all plane sections of a given conicoid drawn 
through a given point is a similar and similarly situated conicoid, of which 
the given point and the centre of the given surface are extremities of a 
diameter. 

(7) In a paraboloid of revolution, the eccentricity of any section is the 
cosine of the inclination of the plane to the axis of the surface, and the foci 
of the section are the points of contact with spheres inscribed in the 
surface. 

(8) A sphere is described, having for a great circle a plane section of a 
given conicoid ; prove that the plane of the circle in which it again meets 
the conicoid intersects the plane of the former circle in a straight line 
which lies in one of two fixed planes. 

(9) A plane drawn through the origin perpendicular to any generating 
line of the cone x* (a» - d*) + y' (b* - <i') + z* (c« - d'J = 0, will intersect the 

ellipsoid -7-f-'r^ + -slina section of constant area. 
'^ or b* cr 

X* y* - s* 

(10) In the hyperboloid -; f j^" = 1 (a > c), the spheres, , of which 

l)arallel circular sections are great circles, will have a common radical i^ane. 
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(11) On a centi*al circular section of the ellipsoid or* + hy* + C2»= 1 a 
right circular cylinder is constructed, shew that if 6 be an arithmetic mean 
between a and e, the cylinder will again intersect the ellipsoid in an ellipse, 
the plane of which will be given by ('ia - c) « i (3c - a) s » 0, and that the 

area of the ellipse will be ^^ {2 (a« + c') - 36'}*. 

(12) Prove that the difference of the squares of the axes of a central 
section is proportional to the product of the sines of the angles which 
it makes with this planes of circular section. 

(13) Shew that if elliptic paraboloids have one of their cyclic sections 
eo^ncident with a central cyclic section of a*" + 6y» + cz" = 1, a,h,e being 
in order of magnitude, the locus of their vertices will have the equations 

— , and y = 0. 



VK* - a) (c - 6)} h -a h (e - a) % 
Also, that the equation of the plane of the other cyclic section common to 

the conicoid and one of the paraboloids will be ± \/(r— — ) « + « + — = 0, 

where / is the latus rectum of any section parallel to the plane of xy. 

X* t/* 2* 

(14) If sections of an ellipsoid ~ + -^^ + _ = i be made by planes 

passing through the centre, and through another given point (ar'yV), the 
sections of greatest and least area will be at right angles to each other, and 

the areas will be , i ^i, Tj being the semi -axes of the section 

r, Tj 

xx' yyf ss* 
made by the plane — 4 ^ + — = 0. Shew that the product of the areas 
^ a h c / 

will be constant if the point lie on. the curve ot intersection of the ellipsoid 

and a concentric sphere. 

(15) The locus of the axes of sections of the surface /ix* f hy^ t cz* = 1, 

which contain the line - = '?^ = - , is ihe cone 

( m n 

(ft - c) %jz (»« - ny) + (c - fl) zx [nx - &) + (« - fc) xy {ly - mx) * 0. * 
(IG) Show that the foci of all parabolic sections of the surface 

— + 7 = X, lie on the surface 
a o 



L y' =*\ (y^ a *'\ ""^ Of' . *'\ 



(17) Prove that the foci of all the centric sections of the conicoid 
aa^ i by* -h cz^ = If lie on the surface 

(X* 4 1^« -f «•) (1 - ax* - by* - cz*) [a (c - 6)« /z* 4 6 (a - c)» £»x« 4 c (6 - ayxY) 

« (flx* + by* -f c^) [{e - by y*z* 4 (a - o^ 7?x* + (6 - «)• x^/). ^ 



CHAPTER XIII. 



TANGENTS. CONICAL AND CYLINDRICAL ENVELOPES. 
NORMALS. CONJUGATE DIAMETERS. 

250. On many accounts it is desirable that the student 
should be early acquainted with the chief properties connected 
with tangent lines and tangent planes to conicoids, before he 
IS led to consider more general surfaces. We shall therefore 
give in this chapter some of the principal propositions relating 
to tangency in the case of the conicoids as represented by their 
equations in the simplest form. We shall also explain the 
properties of conjugate diameters and diametral planes. 

Tariff ent lanes and Planes, 

251. To find the condition that a straight line shall touch a 
given conicoid^ at a given point 

Let the equation of the conicoid be 

the equations of a straight line drawn in a direction (X, fi^ v) 
through the given point P, {/, g^ A), are 



5=r, 



0) 



the values of r at the points P, Q^ where it meets the conicoid, 
are given by the equation 

a{f-\-Xry + h(g + firy-hc{h + vry=^l; 
or, since af + Jy' + cj" = 1,' 

2r (q/\ + &7/A + cAv) + r* (aV + V + cv') = 0. 

If the direction be such that Q coincides with P, the straight 
line will become a tiUDgent, and in this case the two values of 
r will be zero ; therefore 

a/X + JgrytA + cAv ^ 0, (2) 

is the condition of contact at the point (/, g^ &). 
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252. To find the equation of a tangent plane at a given point 
of a conicoid. 

The locus of all the tangent lines which can be drawn 
through the point (/, g, h)^ is found by eliminating X, /a, v 
between the equations (1) and (2) of the last article, giving 

or afx H- bgy + ckz = 1. (3) 

The loCus is therefore a plane, and this plane is called the 
tangent plane to the surface. 

Itp be the perpendicular from the centre upon the tangent 
plane 

i = a'/'4ty + c'A'' (AVt. 70). 
/^ 

Cor. 1. The generating lines of a hjrperboloid of one sheet 

through the point (/, g^ h) being two of the tangent lines, the 

tangent plane contains these lines, which together form what 

we have called the Ime-hyperbola in Art. 231. 

Cor. 2. Since any generating line is Intersected at every 
point by some line of the opposite system, no two of which lie 
in the same plane, it follows that the tangent pland to the 
hyperboloid at any point in a generating line changes its 
position as the point moves along the line. 

253. To find the equation of a tangent plane to a conicoid 
drawn in a given direction. 

Let (Z, 7/2, n) be the given direction of the normal to the 
tangent plane, so that its equation is tr + mi/ + nz ^p ; com- 
paring with the equation 

afx + bgy + chz = 1, 

I m n 
'^"Tg^ch^^' , 

and, since af* 4- hg* + cK^ = 1, 

and the equations of the two tangent planes in the given 
direction arc determined. 
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254. The equation of a, tangent plane to the cone 
or' + hy^ + c^ = 0, Is oKx + J/x-y + cvz = 0, if the line of contact 
be in direction (\, /*, v) ; and Ix + my + W2 =fc if the tangent 
plane be in direction (?, 7/1, w), subject to the condition 

-+-7- +~ = 0, 
a c 

255. Jb ^nrf the equations of an asymptote to a central 
conicoid. 

Let the equation of the conicoid be aa;* + 6^^ + 055"= 1, and 
let (jf , 1/, (^ be any point In the asymptote whose equations are 

^— = ^ = = r, then the two values of r are Infinite 

In the equation 

.•. a\' + J/A" + cv* = 0, and af\ + J77/A + cJ^i^ = 0, 

and, If af* + J77' + cf " - 1 be not finite, the straight line lies 
entirely in the conicoid. 

Hence, every straight line drawn In a tangent plane to the 
cone aa?* + iy' + C55* = 0, parallel to the line of contact, is an 
asymptote, including the generating lines In which it may 
intersect the conicoid. 

256. To find the nature of the intersection of a central coni" 
coid with the tangent plane at a given point. 

Let the equation of the conicoid be aa? + hy^ + ca* = 1 , that 
of the tangent plane at (/, g^ h) is afx + bgy + chz = 1, we have 
also a/' + J/4-cA' = l. 

At the points of intersection 

(a/» + hg'){a^^ + hf) - [afx + IgyY = (1 - cV) (1 - cz') - (1 - chz)* ; 

.-. oJ (gro; -^)' 4- c (2 - A)* = 0. 
For the ellipsoid and hyperboloid of two sheets the only 

solution is ^ = ^ = 7=1, since ai, and c are of th'e same sign ; 

J if 

for the hyperboloid of one sheet the section is two lines, since 
a&, and c are of contrary signs. 
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257. To find the magnitude and direction of the axes of the 
section of a central conicoid made hy a given plane through the 
centre. 

Let the equations of the conicoid and plane be 

aa;' + J^* + C2'= 1, and tK + wy + w« = 0. 

The equation of a sphere of radius r is a;' + y' + «* = r*; there- 
fore the cone 

is the locus of all diaroeters of the conicoid which are of equal 
length 2r; the cone, therefore, intersects the given plane in 
two lines which are the direction of equal diameters of the 
central section, and if r be chosen so that these directions 
coincide, the given plane will be a tangent plane to the cone, 
and the line of contact will be an axis of the section ; therefore, 

by Art. 254, ^^ + t t^7 + »_ = 0, which is the quad- 
ratic giving the lengths of the semi-axes. And, by the same 
article, if (X, /a, i^) be the direction of the axis 2r, 

^ (^^" - D « '^. (^^' z} ) ^ r(?r!zi) 

I m n ' 

258. To find the locus of the points of contact of all tangent 
planes which pass through a given point external to a given 
conicoid. 

Let (/, jy, h) be the given point, aa?'+ Jy^ + ca'ssl, the 
equation of the conicoid. 

The equation of a tangent plane at any point (f, 97, ^ on 
the conicoid is a^x-k'hr)y-\-cfy^\^ and if it pass through the 
given point q/J + hgri H- cAf = 1. 

The tangent planes at every point of the conicoid whose 
coordinates satisfy this equation pass through the given point, 
the locus required is therefore the section of the conicoid by 
the plane whose equation is (ifx'\-hgy-{'chz=^\. 

259. Def. The plane oontaining the points of contact of 
all tangents from any point to a conicoid is the Polar Plane 
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of the point, and the point is the Pole of the plane, with respect 
to the conicoid. 

This will be a definition whether the point be external or 
internal, if we consider that imaginary tangent planes have a 
real plane containing the imaginary curve of contact. 

Another definition will be given which docs not involve 
the consideration of tangency. 

One of the most important propositions connecting the pole 
and polar plane is the following. 

260. If U he the polar plane of any point P with respect to 
a conicoid^ the polar plane of any point Q in the plane U toill 
pass through P. 

For, if ax* + i^ + c«' = I be the equation of the conicoid, and 
[fj ffj h) be the point P, the equation of its polar plane U will be 

afx-\-bgy-\-chz=:^lj 
and, if (/', g\ h') be any point Q in Z7, 

aff-Vlgg'-Vchh'^l:, 
but the equation of the polar plane of Q is 

afx + hgy -f ch'z = 1, 

' which by the last equation contains (/, y, h\ hence the polar 
plane of Q pusses through P. . 

Conical and Cylindrical Enveltpes, 

261. To find the conical envelope of a conicoid the vertex of 
the cone being a given point. 

If {/, g^ h) be the given vertex, and (7, tw, n) the direction 
of any generating line of the cone, the equation 

a (/+ hf + i (^ -i mrY + c (A + nrf = 1 
must give equal values of r; therefore 

(«/* + &/ + c'** - 1) («^ + ^^** + ^*) = {<^fl+l>ffni + chn)\ - 
If (x, y, z) be any point in the generating line, 

I m n ^ 
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hence the equation In Z, 772, n being homogeneous 
(a/» + V + cA' -l){a{x -/)' + h {y -'.y)' + c (« - A)'} 

= {«/(« -/) + A^ (y - .9) ^ch{z- h)Y 
is the equation of the conical envelope. This is readily re- 
ducible to the form 

For, writing u, r, u^ for oo;* + by^ + c^;" - 1, q/i + hgy + cAa? — 1, 
and af^ + 69^" + c/i" - 1 respectively, tt^ (u — 2t? + mJ = (^ - ^o)" 5 
therefore u^jl = v*. 

262. This latter form may be obtained directly by Art. 258, 
since it is a surface of the second degree which passes through 
(fjff^h) and touches the conicoid where the planeq/Ic+/>^(/y +c//2= 1 
cuts it. 

For Au=^v'* is the equation of a surface whiph touches the 
conicoid m = where v = 0, and, being satisfied by ( /, </, /e), we 
obtain, by substituting, A = w^, since v becomes w^. 

263. To find the equation of a cylinder^ which envelopes a 
given central conicoid^ and has its generating lines in a given 
direction. 

Let (X, /i, v) be the direction of the generating lines of the 
cylinder, and ax* + hy^ + c2* = I the equation of the conicoid. 

The equations of a generating line through any point (f , 17, f ) 
of the cylinder are 

and where this line touches the conicoid the values of r, which 
are equal, arc given by 

a[^ + \ry + l{ri-^,irf-^c[^^vry^l) 
.-. (aV + biJ.' + cii") ((. f + J,;« + c^ - 1 ) = (aXf + b^ + cv^Y 5 

aiiJ, since (f, 17, 5") is any point on the cylinder, this is the 
equatiou of the enveloping cylinder. 

This equation may also be deduced from that of the conical 
envelope by making (/, y, h) pass off to infinity in the direction 
(X, /i, v)^ so that/: g : h=^X : /jl : y. 
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Non-central Surfaces. , 

264. The corresponding propositions in the case of the non- 
central surfaces whose equations are of the form by* + cz* = 2x 
will be easily obtained by the student. 

The condition for the tangency of — j^ = ^ — - = is 

The equation of the tangent plane at (/, y, h) is 

hgy-\chz^x-\^f. 
The equation of the tangent plane in direction (2, m^ n) is 

The equation of the enveloping cone, vertex [f^ g^ h) is 

= {i^(y-^)+cA(i.-A)-(aj-/)r, 

or (J>g* + cV - 2/) ( Jy" + ca^ - 2aj) = (% + cA« - a? -/)*. 
The equation of the enveloping cylinder, direction (\, ^, i^), is 
(J/*' + cv*) (Jy* + C2* - 2a?) = (J/iey + cvz - X)'. 

265. To find the equations of the normal to a canicoid at 
any point, 

D£F. A normal at a point is the straight line drawn per- 
pendicular to the tangent plane at that point 

If (/, ffj h) be the point, the equation of the tangent plane is 
^f^ + l^lf + chz = 1 ; therefore the equations of the normal will be 

af " hg ^ ch ^*^» 

if r be the distance between (a;, y, z) and (/, y, A), and p be 
the perpendicular on the tangent plane from the centre. 

266. To shew that six normals can he drawn from a given 
point to a central conicoid. 

Let the equation of the cohicoid be ax^ + by' + c^;^ =& 1. 
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The equations of a normal at a point (x, y^ z) are 

ax by cz '^^ 

if this pass through a given point (/, g^ h) 

f=x{pa + l)j g = y{pb + l)^ h = z{pc-\-l)] 

•• {pa+iy^ipb+iy^ ipc+iy"'' 

which gives generally six values of p determining the feet of 
six normals from the given point. 

267. To shew that the locus oj^ a pointy from which three 
normals can he drawn to a central conieotdj which have t/ieir 
feet in a given plane section of the conicoid^ is a straight line^ 
and to find the condition to which the given plane section must 

he subject.* 

x^ V* z^ 
Let the equation of the conicoid be-5H-Ti+ -5=li ^^^ that 
^ a c ' 

of the given intersecting plane 

Z- + mf+n-=l, (1) 

a c ^ ^ 

and let (^, 97, ^) be a point from which if six normals be drawn 
the feet of three of them will lie on the given plane section, the 
other three must then lie on some other plane section given by 

,x , y , z 
a 

Hence the six feet lie on the surface 

\ a c J\ a h c/ 

SMS 

And it is easily shewn by Art. 266 (l)_that the six feetldso 
lie on each of the three surfaces 

U= (y - c") yz - i V + c'Sy = 0, 

V=\c*- o') zx - c'?» 4 a'f « = 0, 
W= (a' - b') xy - a*ly + h\x = 0, 

♦ Q.\writrly Journal, rol. viii., p. 69, 



ff+m'f +n'-=rf. (2) 

a b c ^ 
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and therefore on the surface 

XJ7+/iAF+vTr=0. (4) 

Now we can make (3) and (4) identical by writing for the 
equation (2) 

X y « ^ ^v 
y- +^+ — H=0, 
la mo nc ' 

and equating the remainder of the coefficients, so that 

^ ' \ n mj be ' 

Xc«?-va-f = (m-i)J, (6) 

Hence it follows that, when the plane (1) is given, the locus 
of the point (^, ^, ^) is a straight line, since equations (6). are 
equivalent to two equations in f , 17, ^ and a relation between 
7, m, 72, which must be satisfied in order that normals at some 
three points of the plane section may meet in a point. 

This equation of condition may be written 

K-t7»')(P-l) ^ (nN^P) (7ii-_-l) ^ (r'-fi»')(n'-l) _,, 

or,^ in Wolstenholme's Problems^ 1150, 

(w V - P) (J'' - cj + (nV - 7»*) (c* - a)'* + (Pth* - n") {a« - J*)' = 0. 

Since - , -r 5 - ^ are the Boothian coordinates of the given 

plane, this gives the tangential equation of a surface fixed with 
reference to the conicoid, to which all the planes which satisfy 
the required condition must be tangents. 
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If the student desire to be acquainted with other elegant 
properties of the six normals, he should consult the paper by 
F. Purser referred to for this article. 

Conjugate Diameters, 

268. Def. a diametral plane of a conicoid is the locus of the 
middle points of a system of parallel chords. 

269. To find the diametral plane corresponding to a given 
series of parallel chords in a given central conicoid. 

Let the equation of the surface be 

X, /i, V the direction-cosines of each of a series of parallel chords, 
and (^, 97, 4) the middle point of any one of them. 
The equation of this chord will be 

and we shall have, for the points in which it meets the surface, 
the equation 

But, since (^, 17, 1^) is the middle point of the chord, the 
values of r obtained from this equation will be equal and of 
opposite signs, and therefore the equation 

aXf + ifif) + 01^5'= 

will give the locus of the middle points of all such chords, which 
is the diametral plane required. 

The form of this equation shews that it passes through the 
centre, as it manifestly ought to do. 

We shall have, conversely, that any central plane whose 
equation is ic + my + w£? = 0, will bisect a series of chords parallel 

to the straight line -j- = -^ = — , which is called the diameter 
° l m n ^ 

conjugate to the plane. It appears from Art. 229 that the locus 

of the centres of a series of sections of the surface parallel to a 

given central plane is the diameter conjugate to that plane. 
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If a conicoid be referred to a diametral plane, as that of 
xy^ and the corresponding conjugate diameter as the axis of z^ 
since every straight line parallel to Oz will be bisected by the 
plane of a?y, the equation of the surface can only contain even 
powers of z. Hence, if we can find three planes such that 
the intersection of any two is conjugate to the third, the equa- 
tion of the surface referred to these planes will be of the form 
aaj* + Jy* + c«" = l. We proceed to investigate the conditions 
of the existence of such planes. 

270. To find the conditions that each of three central planes 
of a central conicoid may be diametral to the intersection of the 
other tivo. 

Let the direction-cosines of normals to the planes be (Z^m^w,), 
(Z,«i,wJ, and {lyn^n^}. 

The equations of the diameter conjugate to the first will be 

aa; _ Jy _ cz 

and if this be in the intersection of the other two planes, and 
therefore lie in each of them, we shall have ^ 

7^1 ^1 . ^f rv T 7 I* ^* W. 

* a * *c ' "a * 'c 

Hence, if the three conditions 

a b cab cab c 

be satisfied, the planes will be such as required. 

These planes are oalled conjugate planes^ and their inter* 
sections conjugate diameters. 

Since we have only three relations between the six quantities 
which determine the planes, there will be an infinite number of 
such systems, and we can determine such a system satisfying 
any three other relations which we may choose, provided the 
resulting equations are not inconsistent with those already ob- 
tained. For example, we can. In general, determine a system 
of conjugate planes each of which shall pass through one of 
three given points. 



f 
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271. To find the relations between the coordinates of the ex^ 
tremities of a system of conjugate diameters of a central conicoid. 

The equation of the surface being aaj* + Jy*4-c«* = l, and 
the coordinates of the extremities of the semi-diameters r,, r^, r, 
being (a?,, y„ «,), (a;,, y„ «J, [x^^ y^^ a,), we shall have, since the 
points lie on the surface, 

<^i + ^y^ + <^i = «< + h! + <^^ = «^a* + %s" + ^s'* = Ij (0 
and, since the diameters through the points are conjugate, 

= aa;,aj, + 6^,y, + cz^z^ = 0. (2) 
The systems (1) and (2) shew that 

^1 V^, yi Vi, «i Vc ; «2 Va, y, V*, «a Vc ; a?, Va, y, V J, z^ ^jc ; 
are the direction-cosines of three straight lines at right angles 
to each other, and we know therefore (Art. 143) that they are 
equivalent to the systems 

aa?,* + ax^ + ax^ = hy^ + Jy,* + Jy,'* = cz^ + cz^ 4 cz^ = 1, 

yi«i + yA + y8^8 = «i^i + \^^ + «8^8 = ^^y^ + ^^y^ + ^ays = <>• (3) 

a?* V* 7? 
Hence, in the ellipsoid — + fj + -« = 1, we shall have 

^X+«'."=«*. yr+y:+y:=v', z^+z:+z;=,?, (4) 

or the sum of the squares of the projections of three conjugate 
diameters on one of the axes is equal to the square of that axis. 
If (Z, w, n) be the direction of any line, by (3) and (4) 

(^ + my^ + TjaJ" + [Ix^ + niy^ + n«J* + {Ix^ -+ my^ + waig)" ' 

r/ - (te, + my^ + 7i«J* +...= a* + J* + c* -j?" ; 

but (ZXj H- iwy^ 4 w«J" and r^" — (/a;, + «iy, + w«,)* are respectively 
squares of the projections of r^ upon a line and a plane whose 
directions are given by (Z, w, w), hence it follows that 

The sum of the squares of the projections of three conjugate 
diameters on any line or any plane is constant. 

272. To find the relations which exist between the lengths of 
a system of conjugate diameters of a central conicoid and the 
angles between them. 
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Let the equation of the surface referred to its principal axes 
be aa? •\-hy^ ■\'Cz^ = \^ and, referred to a system of conjugate 
diameters inclined at augles a, ^, 7, let it be a! a? + h'y^ + cV = 1. 
The invariants derived from h {x* + y* + «') — ax* - by* — c«*, and 
the transformed expression, see Art. 153, give the equations 

111111 

a o c a o c ^ ^ ' 

sin'g sin'ff sin*7 _ 1 1 1 
6 c c a ao be ca ab^ ' 

, 1 — cos'a — cos')3 — 008*7 + 2 cosa cosjS CO87 1 . . 

and jj/-, ; — ^ i = -^ . (3) 

abc abc ^ ' , 

When the surface is an ellipsoid, all these lengths are real, 
and we see from (1) that the sum of the squares of three con- 
jugate radii is constant ; from (2) that the sum of the squares 
of the faces of a parallelepiped having three conjugate radii as 
coDterminous edges is constant ; and from (3) that the volume 
of such a parallelepiped is constant. 

In the hyperboloid of oue sheet, since abc is negative, and 
1 — cos* a — cos'yS — cos' 7 + 2 coaa cosyS cos 7 is always positive, 
dVc must be negative, but a, J', and d cannot all be negative, 
hence one and only one is negative ; that is, in a hyperboloid of 
one sheet, two of a system of conjugate diameters meet the 
surface in real points, and the third does not. 

In the hyperboloid of two sheets, ahc^ and therefore a'JV 
is positive, hence two, or none, of the three a , h\ c are negative. 

If none be negative, writing —« , — T5 , — -5 for a, 5, c respec- 

a \} c 

tively, we must have both a^ — b^ — c^ and ftV — a'(6' + c*) 

positive, which are easily shewn to be inconsistent. Hence two 

must be negative ; or, in the hyperboloid of two sheets, one and 

only one of a system of conjugate diameters meets the surface 

in real points. 

273. The relations (1) and (3) may be obtained geometri- 
cally. We will give the proof in the case of the ellipsoid, and 
lea^yl^Cther two cases as exercises for the student. 

Xet Oxy Oy, Oz be the directions of the axes of the surface, 
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Ox'^ Oy\ Oz* those of a system of conjugate diameters ; A^ By Cj 
A\.B\ (7\ the extremities of the semi-diameters along those 
axes ; a, &, c, a', b\ c' their lengths. Also, let. the sections 
AB^ A JO* intersect in A^ let OB^ be the semi-diameter con- 
jugate to (?-4j in the section A'JBj and let CB, meet AB in B^ ; 
OA,^a,, 0B,^\, 0B^^\. 




Then, the plane A'B being conjugate to OCA 0A^\ OB^^ 
OC will be a system of conjugate radii, or OA^ will be con- 
jugate to the plane CB^^ and since 0^,iies in a principal plane, 
C*OB^ will be perpendicular to that plane, and will therefore 
contain OC'^ and 0(7, OB^ being the principal semi^axes of the 
section B^C'^ 0-4,, OB^^ OG will be a system of conjugate 
diameters, and OA^^ OB^ will be conjugate in the secticm AB^ 

Hence we have the equations 

a^ + ft^^^ + ^'S ^' + 0" = ^-^^'*, a' + y^a.'^+V, 
and from these we obtain the relation 

a'" + J'" + c'" = a" + 6' + c*. 

Also, since the parallelogram of which 0A\ OB are con- 
terminous sides, is equal to that of which OA^^ OB^ are con- , 
jterminous sides, and similarly for the section B^C\ AB^ we 
have 

vol (a, y, c ) = vol («,, J,, c) = vol (flj, &„ c) = vol (a, i, c) ; 

denoting any parallelepiped by three conterminous edges. This 
is equivalent to relation (3) of the last article. 



^ 
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274. To find ike diametral plane bisecting a given system of 
parallel chords^ in the case of non-central conicoids. 

Let the equation of the surface be ^ -f - = 2ir, and let 

(\, fij v) be the direction of the chords^ the equation of the 
diametral plane "fvill be 

shewlp^that all the diametral plantss are parallel to the common 
axis of the principal parabolic sections ; a fact which might have 
been anticipated from the consideration that these surfaces have 
their centre on that axis at an infinite distance. 

We cannot in these surfaces, as in the central conicoid, have 
a system of three conjugate planes at a finite distance, but we 
can find an infinite number, such that, for two of them, each 
bisects the chbrds parallel to the other and to a third plane. By 
taking the origin where the intersection of these two meets the 
paraboloid, and referring to theae three planes, the equation 
of the surface will assume the form * 

lT + "7 — 22?. 
O C 

Let the' equations of the two diametral planes be 

w,y + w,« = l, (1) 

m^-]-n^=lj (2) 

and let the direction of the third plane be (Ijn^n^). The direc- 
tion-cosines of the chords bisected by (1) ajne in the ratios 

libm^icn^ 

and if these be parallel to (2) and the third ^aoe, we shall have 

bm^m^ + en^% = 0, l^ + l>^J^i + ^»i = 0- 

Similarly, in order that (2) may he conjugate to the inter- 
section of the other two, we shall hare 

bm^m^ 4- t\i\ = 0, i, + bm^m^ + cn^n^ « 0. 

One of these is coincident with <Mie of the former, and, there 
being thus only three relations necessary between the four 
quantities determining the planes, aa infinite number of such 
systems can be determined. 

/ BB 
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Polar Plane, 

275. We shall conclude this chapter by proving a theorem 
which gives rise to the definition of the polar plane of a point, 
alluded to in Art. 259. 

Def. The polar plane of any fixed point, with respect to 
a given conicoid, is a plane, which, with the conicoid, divides 
harmonically all straight lines passing through the fixed point. 

276. Through a fixed point a straight line is dravm meeting 
a central conicoid^ and on this line a point is taJcen^ such that 
its distance from the fixed point is a harmonic mean between the 
segments of the line made hy ike conicoid; to find the locus of 
the point. 

Let the equation of the conicoid be oaj' + iy + cjs" = 1, and 
let the equations of the straight line through the fixed point 
(/, g, A) be 

L m n 

The values of r at the points of intersection are given by 
the equation 

a (/+ '^)' + ^ (^ + ^0" + c (A + wr)' = 1 . 
If rj, r, be the roots of this equation, 

1 j. _ 2 {afl -^ bgm -\- chn) 
r , "^ 7, " ~ a/^ + ft/' + cA"-! ' 

If now r be taken for the distance from {f g^ h) of the point, 
whose locus is required, - = — f- — ; therefore 

1 9 

a/" + bg^ + cA* - If {of I + bgm + chn) r = 0, 
and, since Ir^x — /, &c., the equation of the locus will be 

afx + bgy + chz = 1. 

277. The corresponding locus for an arithmetic mean is a 
conicoid similar to the given one, of which a diameter is the 
line joining the given point and the centre. 

For a geometric mean, the locus is a similar conicoid, which 
meets the given conicoid in the polar plane of the given point. 
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XIII. 

(1) Find the equation of the tangent plane upon the principle that no 
othet plane can pass between it and the surface in tlie neighbourhood of 
the point through which it is drawn. 

(2) Prove that the three surfaces 

a^ y* 2z «• «• 2z x^ j/ 2z 

will have a common tangent plane, if 

= 0. 



«.'. 


«.'. 


«.• 


V. 


V. 


V 


Cl*. 


c,'. 


c,' 



(3) Tangent planes are drawn to an ellipsoid, and ore such that their 
Intersections with the plane zjr are parallel to the line 

ex V(6" -<^)±az V(«' - 5*) = 0, 

shew that the points of contact all lie on a circular section. 

(4) The locus of the centres of sections of a^* 4 by* -i- cs' = 1 by planes 
which touch ««* + )3y' + 72^ = 1, is 

a* h* c* 

« P 7 



(5) Prove that the tangent planes of the cone 



a« (6* - c«) &• {a* - c") c« (a« + ft«) 



= 0, 



cut the surface — + ^--^=lin rectangular hyperbolas. 

(6) Find the locus of the feet of the perpendiculars let fall from a point 
(«i pi 7) 01^ the tangent planes to the cone ax* + 6y* + ez* « 0; and prove 
that if the locus be a plane curve it will be a circle, and that, if 5 > a and 

e negative, the point must lie on one of the lines y = 0, ^ « — . 

(7) The tangent planes to an ellipsoid at points lying on a plane section 
will intersect any fixed plane in straight lines which touch a conic section. 

(8) Two similar and similarly situated ellipsoids have their axes in the 
ratio of 1 : n, n>\\ from any point on the exterior as vertex a cone is 
drawn enveloping the interior, shew that the plane of the curve of intersec- 
tion with the exterior ellipsoid touches another similar ellipsoid whose axes 
are to those of the interior as »* - 2 : n. 

(9) If the area of the central curve in which a cylinder touches an 
ellipsoid be equal to that of the section containing the greatest and least 
axes, psove that the axis of the cylinder will lie on one of two planes. 
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(10) If an ellipsoid be placed on a horizontal plane with an axis 2e Ter- 
tical, shew that the altitude of a star which will cast on the plane a circular 

shadow is tan~^— > , where d is the distance of the foci of the horiaonta) 

a 

principal section. 

(11) The normal at any point P of an ellipsoid meets the principal 
planes in O^, Gz, O^; prove that PO^.TOzmPQi Taries as the cube of 
the area of, the central section made by a plane conjugate to the diameter 
through P. 

(12) If r be measured inwards along the normals to an ellipsoid so that 
pr om* a constant, p being the perpendicular from the centre on the 
tangent planCy prove that the locus of the point thus obtained will be 

aV 6V cV 

(a« - my "^ C6« - m*y "*" (c« - m«/ ^ ' 

What does the locus become when m is equal to one of the principal axe» 
of the ellipsoid ? 

^* v' s' 

(13) The normals to the ellipsoid -i + ^ + -a'=l&t points on the pkaea 

— +1+ -o+lall intersect the straight line 
a b c ° 

ax (6« - c') = hy{(^^a') = cz (a« - 6»). 

(14) The enveloping cones which have as vertices two points on the 
same diameter of a conicoid intersect in two parallel planes between whose 
distances from the centre that of the tangent plane at the end of the 
diameter is a mean proportional. 



(15) If («!, yi, Zi), (afa, y„ Zj), (x„ y^ z^ be the extremities of three 

X* v^ z* 
conjugate diameters of the ellipsoid i+M + ~i='l> ^® equation of the 

plane passing through these points will be 

}. (*i + *3 + *,) + p (y, 4 y, + y,) + ^ («i + «. + «3) = 1 . 

If one of the ends {x^, y„ zi) be fixed, shew that the perpendicular from 
the centre on this plane will describe the cone 

a*x* + 5*y« + c"a« = 3 {xxi + yyi + zz^)K 

(16) The locus of the centre of gravity of the triangle formed by joining 

JT* t/* S* 1 

the extremities of three conjugate diameters is -z + 4-. + -i- - , and the loen» 

a' 6* c' 3 

of the intersection of tangent planes drawn through their extremities is 
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(17) ProTe that the sum of the products of the perpendiculars from the 
two extremities of each of the three conjugate diameters of a conicoid upon 
any tangent plane is equal to twice the square of the perpendicular from 
the eentre. 

(18) Proye that the sum of the squares of the distances of any point of 
a giyen sphere from the six ends of any three conjugate diameters of a 
giren concentric ellipsoid is inyariahle. 

(19) If three straight lines be conjugate diameters, and the planes per* 
pendicular to them conjugate planes, find their direction-cosines. 

(20) The locus of points, from which rectilinear asymptotes can be 
drawn to the conicoid aa^ -^ by* ^ c^ ^ If hi right angles to each other, is 
the cone o* (6 + c) «■ + b* (c ^a)y* -^^ c^ (a.+ 5) «" = 0. 

(21) The locus of the intersection of two tangent planes to the cone 

•B* t/' 2* 

— + "^^ + — = 0, which are at right angles, is the cone 

{b + c) «• + (c + a) y* -f (o + 5) «• = 0. 

(22) If two planes be drawn at right angles to each other touching the 
central conicoid ax* + &^' + cs' » I , and haying their line of intersection in 
a giyen direction (/, m, n), shew that the locus of their line of intersection 
will be the right circular cylinder 

«» + tt* + «• s (te + my + nzY + + — r — + . 

a o e 

(23) If the non- central conicoid ^ ^ ^ » 2a;, be taken in the last pro- 
blem, the locus will be 2/ (te ^my ^m)-2x^a (n* + ?) + 6 (^ + m«). 

(24) The locus of the intersection of three tangent planes to the conicoid 
07? -h 6y* 4- cs* a 1, which are mutually at right angles, is 

^ a b c 



a \b 



and to the conicoid — + -r«=2j:, is« = - 



(26) The locus of the intersection of three tangent lines to the ellipsoid 

•t' w* s' 

~ + 2 + Ti = If mutually at right angles, is 

a It (^ 

(i» + c«) a:* + (c* + a*) y* + {a* i 6*) «» = ftV + d'a^ -^ a'b*. 



(26) Shew that the cone, whose yertex is (/, y, h), which enyelopes the 
b* ^ c> 



ellipsoid -% + n + -a = ^ > will be cut by the plane of xy in a rectangular 



1 
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hyperbola, if .the vertex lie on the spheroid — — |-, + - = 1. Also, if P be 

the centre of this section when V is the vertex, shew that the locus of P 
will be the inverse of the projection on the plane of xy of whatever curve 
V is made to describe upon the spheroid. 

(27) A cone whose vertex is any point of the hyperbola a; » (^, 
•p - ^ = 1, envelopes the ellipsoid -§ + n + t" ^» whose least semi-axis is c ; 

and h and k satisfy the relation 6* - c = — ^| — ^ + — ^-p — ; shew that 

the directrices of all the sections of the ellipsoid made by the planes of 
contact lie in one or other of two fixed planes. 

(28) The points on a conicoid, the normals at which intersect the 
normal at a given point, all lie on a cone of the second degree having its 
vertex at the given point. 

(29) The six normals drawn to the ellipsoid ~i + li + p "* ^ ^'^^ ^ 
point (/, ff, h) all lie on the cone 

(i«-c«) -^ + (c«-a*)^-- + (a«-6*)-^=0. 
x-f ^ 'y-g ^ ^ z-h 

(30) The six normals drawn to the conicoid ox* + 6^' -f cs' a 1, from any 
point of the lines a (6 - c) a? = ± 6 (c - a) y = ± c (a - 6) z, will lie on a cone 
of revolution. 

(31) A section of the conicoid as^ ^hy^ ■{ ez*^\ is made by a plane 

parallel to the axis of 2, and the trace of the plane on xy is normal to the 

ax* by* c* 

ellipse -; Ti + TT- -^r* = r-i rr. ; prove that the normals to the conicoid 

(fl - c)' (b - cy {c* - aby ^ 

at points in this plane will all intersect the same straight line. 

«/• z* 

(32) The normals to the paraboloid ^ + - a 2«, at points on the plane 

c 

px ^ qy ^ rz^l, will all meet one straight line if 

p\b^e)^2p{q^^r*c)r.2^^P^^. 

" 

(33) Prove that a tangent plane to the cone -r + ^ — =0 will meet 

- e b c 
V* z* 
the paraboloid -- -t - « 2:r in points, the normals at which will aHl intersect 

o c 

in the same straight line, and the surface generated by the straight line will 
have for Its equation 

2 (6 - c) [x (by* - ci*) + 6c (3^« - 2«)}« = (by* - c««) (fty» + cz«)«. 
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(34) Shew that any three equal conjugate diameters of an ellipsoid 
lie on the cone 

^ (2a« - 5« - c«) + ^* (2b* - c« - fl«) + -' (2c« - a* - M) = 0, 

and that the planes containing two of three equal conjugate diameters 
touch the cone 

^ (2a«- 6« - c») "^ 6« (26« - c" - a«) "•■ c* (2€« - a« - 6«) " ' 
a, b, and c being the semi-axes of the ellipsoid. 

(35) If a, p, fy be the angles between three equal conjugate radii of an 
ellipsoid, shew that cos*a -f cos'yS -i- cos*7, and cosa cos^ cos7y will be 
constant. 

(36) The three acute angles made by any system of equal conjugate 
diameters of an ellipsoid will be together equal to two right angles, if 
2 (2a« - 6* - c«) (26« - c* - a*) (2c« - a« - 6«) = 27a«6V; 2a, 26, 2c, being the 
axes. 

(37) In the hyper boloid -r + ?; - -i = !• ahew that, if a* and 5* be each 

or 6' er 

> c*, the equation of the surface may be put into the form y* + «•-«• = i*, 
and if a, y3, ^ be the angles between (yz), (w), (xy) in this case, 

^ f o X (a« + 6") («• - O (6* - ^) 
xos a (cos^ C087 - COS «) = ^ 2 (a' f 6« - /?«/ ' 



CHAPTER XIV. 



CONFOCAL CONICOIDS. FOCAL CONTCS. BIFOCAL CHORDS. 

CORRESPONDING POINTS. 

278. In th« preceding chapters we have considered the 
Intersections of planes and straight lines with conicoids, in this 
chapter we shall discuss the mutual relations of conicoids 
grouped in a particular manner and called confocal conicoids, 
and prove certain theorems relating to their intersections, 
which will be useful hereafter when we treat of the curvature 
of surfaces and geodesic lines. 

A knowledge of the whole theory of confocal surfaces is 
essential for the solution of many important problems in 
Physics ; in fact, it was in the study of the attraction of ellip- 
soids that Maclaurin was first led to consider the properties 
of this class of surfaces. 

The theory may be said to have been completed by Chasles,* 
although many valuable propositions are due to M^Cullagh.f 

279. Def. Two conicoids are confocal, when the foci, real 
or imaginary, of their principal sections coincide ; or, when 
tbe directions of their principal axes coincide, and their squares 
differ by a constant quantity. 

Another definition will be afterwards given, but for our present 
purpose this definition has the advantage of greater simplicity. 

If -2+^ + **«=l> 8^^ '-77 + foi + -7i = l be the equations 
of two confocal surfaces, 



* Briot and Bonqaeti Geometrie Analytique, 
Aperfu Hittorique^ L'Acad. Bruz. 1837. 

t With reference to the relative claims of Chasles and M'Cnllagh to priority in 
certain investigations, see liouvillc's Journal^ vol. Xi., p. 120, and Proceedings of 
the Irish Accidemy, vol. Ii., p. §01. 
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or a'^b'=^a'*-b" and a'^c'^a'^^c'*. 

These relations have given rise to two methods of stating the 
equation of a group of confocal conicoids, called, for the sake 
of brevity, confocah. 

In one method a is called the primary semi-axis, and the 
equation of the group is written ^ 

^ and 7* being constant quantities, the individuals of the 
group being determined by assigning particular values to the 
primary axis. 

In the other method the equation 

_a?_ _£_ _e_ _ 

represents all conieoids confocal with 

a? y* z* ^ 

hj assigning arbitrary constant values to h. 

280. To shew that three conieoids can be drawn through a 

given pointy confocal with a given central conicoid^ and iJiat 

these three will be an ellipsoid and ike two hyperboloids,* 
_« «* «* 
Let -5 + ^ + -5 = l be the given couicoid^ in which 

a'>i8*>7*, where ^8" or 7' may he positive or aegative, and 
let (/, gy h) be the given point. 
All confocals are given by 



ag' jr* *' _i 



when any such passes through the point {f^ g^ i), k is determined 
by the equation 

P <f V 

a"-Aj^/3"-i^7*-i ' 



♦ Aper, Hut. (JO), p. »2; Proc, Ir. Acad.^ toI. II^ 4S6. 

CC 
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or (A-a-)(fc-i8«)(A:-y)+/M^-)8')(t-7^) . 

If now we write for k in the left side of the equation, 
successively a", /8*, 7*, — oo, the signs of the result will be 
+, —,4:, -; hence there are three real roots separated by 
these quantities. 

Also, the quantities a* — ft, iS" — ft, 7* — ft will have the 
following signs, corresponding to the three values of ft, 

7*>ft, + + +, 

)8'>ft>7', + + -, 

a^>k>^, + - -, 

which proves the proposition. 

Cor. Two confocal ellipsoids or two confocal hyperboloids 
of the same kind cannot intersect. 

281. If two parallel tangent planes be drawn to two conjbcah^ 
the difference of the squares of the perpendiculars from the common 
centre on these planes will he constant,* 

For, if Z, 972, n be the direction cosines of the planes and 
p^ p' be the two perpendiculars, 

jp« = Pa* + m^V + wV, (Art. 253) 

.-. /^y» = r'(a«wa'") + m*(5*-t")+7i»(c'-c'*)^a«-a". 

COE. If an ellipsoid and hyperholoid he confocal^ all tangent 
planes to the ellipsoid drawn parallel to tangent planes to the 
conical asymptote of the hyperholoid will he at the same distance 
from the centre. 

Fory = 0; .\ p^^a^-a*. 

282. The poles of a given plane^ taken with reference to each 
of a series of confocah^ lie on a straight line perpendicular to 
this plane.^ 

IS 9 

Let -5 + ,^ ^ + -j j = 1 be the equation of any one of 

• Aper. Hist, (37), p. 393 ; Proc, Ir. Acad^ toI. II., 491. 
t Aper. Hist. (50), p. 397. 
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the surfaces, ^ and 7 being constant, \x-\ fji,y'\-vz=^\ that 
of the given plane ; and let (^, f/, ^) be its pole with respect to 
the surface ; therefore the equation of the plane must be the 
same as 

g^ , ^y , gg _ . 

a ^ a "P ' a — 7 ' 

'• X /i ^' X V ^ ^ 

these are the equations of the locus, which is evidently perpen- 
dicular to the given plane, and, since the point of contact of the 
particular confocal which touches the given plane is the pole 
with reference to that confocal, the locus is the normal at the 
point of contact to the confocal to which the given plane is 
a tangent. 

Let (/, (7, h) be the point of contact of the particular confocal 
which touches the given plane, 2a its primary axis, 2a that 
of any other confocal, and N the part of the normal intercepted 
between the plane and the polar plane of (/, ^, A), whose equa- 
tion is "^ + ^ OA + 1 V = I1 which may be written 

a a — fy a —7 

a a a ^ ' \aa J ' 

/ 
and a?— /= — T Np^ &c., -W being measured inwards, and p be- 
ing the perpendicular from the centre on the given plane ; 

.'. Np = a* — a^. 

Elliptic Coordinates. 

283. The position of a point on an ellipsoid is determined^ 

when the octant on which it lies is knoxjon^ by the primary axes 

of the confocal hyperboloids which pass through it, 

. a^ v' «* 
For if 7^ + ^ + -^ = 1 be the equation of an ellipsoid and 

a* - i' = ^', a* ^c^ =^ 7*, 7 > iS, the primary axes of the confdcal 
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hyperboloids, which pass through the point (f , 17, 5) on the 
ellipsoid, will be given by the equations 

whence ^ + („._ ^j (a'-yS^ "*" (a*W) (a'-T*)"^' 



a* + ^a' + ^^=0, (1) 



or 

a 



if, then, a', a" be the primary semi-axes of the two hyperboloids, 
the roots of the equation (1) are a"*, a"* ; 






.«^'«^"« ^«^'«^"t 






/yy -(o»-6'')(o'-c«)' 
and similar expressions for 17' and J^« 

Def. The primary astes of the confocal hyperboloids, which 
pass through any point of an ellipsoid, are called the elliptic 
coordinates of that point. 

It follows that the equations, in elliptic coordinates, of the two 
curves of intersection with the ellipsoid are a! or a" « constant. 

284. When three confocah pass through a pointy each of 
the normals to the confocals at this point is perpendicular to 
the other two.* 

This will be proved, if we shew that at every point in the 
curve of intersection of two confocals the normsds are at right 
angles. 

Let the equations of two confocals be 

/*<■ «** im* 

X y z 

a c ' 

, a? y* «' _ 

• Aptr, Hist^ (80), p. 892, 
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If (f , 17, 5) be any point in the line of intersection, we find by 
sabtracting 

therefore if Z, nt, n and ?, m', n' be the direction cosines of the 
normals 

IV + mm' H- wn' = 0, (Art. 253) 

which proves the proposition. 

285. Three conjbcab pass through a point P, and a central 
section of one of Oiem is made by a plane parallel to the tangent 
plane to it at P; to shew that the axes of this section are parallel 
to the normals at P to the other confocals. Also^ if^'^o,^ 2a', 2a" 
he the lengths of the primary axes of the confocals^ the squares 
of the semiroxes of the section will he a* — a'* and a' - a"".* 

-P 0?" V* «* a? y* z* 

^** a« + j» + ? = ^' ^"^A + jnifc+TrA"! '«P'^«8«°* 

the three confocals through P[f g^ A), by giving k the two 
values k\ k*' derived from the quadratic 

a^{a^^k) ^ V (6'- A) ^ c^c^^k) "' ^^^ 

If (/, ?w, n), (f, m\ w'), and (Z", ?n", n") be the directions of the 
normals at P to the three confocals 

f_ 9__^J^ J f _ 9 _ A 

a-Z "" i'we " en *^°^ (a"-*') ? ~ {V--k') m' " (c"-i') n' ' 

and we shall obtain from (1) and (2) the equations 

a«P Vm^ (?n* _^ 



(2) 



and 



a^^k' • t«-A' ^ c^-A' 

a*-*' ? J«-i' m' c^-k n' 



a* ' I h^ ' m c* ' n' N 

By Art. 234 or 257, k' is the square of one of the semi-axes 
of the section by the plane, £» + Twy -f w« = 0, parallel to the 
tangent plane at P, and (Z', 7n', n) is its direction ; also, since 
a^ — k' s^a'^j cf — d^ is the square of the semi-axis which is 

• Proc, Ir, Acad.f toI. ii., p. 499. 
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parallel to the normal to the confocal correspondiDg to A;', and 
Bimilarlj for k". 

If a y ci' belong to the hjperboloid of one and two sheets 
respectively, a > a", so that a* — a'* is the square of the smaller 
semi-axis. 

Cor. When two confocxds intersect^ the normal to one of theni 
at any point of the curve of intersection is parallel to an axis of 
a section made on the other by a plane parallel to the tangent 
plane at the point. 

And diameters of each confocal^ supposed central^ drawn 
parallel to the normals to the other at every point of the curve 
of intersection are of constant lengthy being real for one and 
imaginary for the other J^ 

286. To find the lengths of the perpendiculars from the centre 
upon the tangent planes at a given point to three confocals which 
pass through that point in terms of the primary axes. 

Smce ni='^ +'l4 + -4 J 
o a c ' 

the equation -ttt — 7«\ +.-.= reduces to the form 
^ a (a — Ir) 

k*-Ak' + ~ = Oi 
V 

.•. p*^'*A"* = a*JV and ©" = 7-5 i^rm ?m 1 V^ = &c. 

^ ^ \a — a )\<jir — a )^ -^ 

If, with the normals of the three confocals as axes, three 
new confocals be constructed, of which the semi-axes are re- 
spectively a, a, a" ; i, b\ b" ; and c, c', c" ; the squares of the 
coordinates of their points of intersection will be 

they will therefore pass through the centre of the first three 
confocals, and the squares of the perpendiculars upon the tan- 

gent planes through that point will be . ^_vi\f «_ «x = f) &C' J 



♦ Proc, Ir, Acad.j vol. ii., p. 499. 
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therefore the principal planes of the first three confocab will 
be tangent planes to the second three.* 

287. If p he the perpendicular on the tangent plane to an 
ellipsoid at any point of its curve of intersection with a confocal 
htfperboloid and d be the central radius parallel to the tangent 
to the curvcy pd will be constant. 

■p^_ „«_ o,dc 

(a —a ) [a —a ) 

Hence, if 2a be the primary axis of the hyperboloid, since the 
tangent to the curve of intersection is a normal to the other 
confocal hyperboloid, d" = a" — a"" (Art. 285) ; 

aic 

[a^'^^y 



.'. pd=-r-i j5ri which is constant. 



288. To find the directions of the principal axes of a cone 

which envelopes a given central conicoid. 

a? V* «' 
Let -5 + fi + "i = 1 be the given conicoid and (/, g^ h) the 
a o c 

vertex of the cone, then writing u^ for "^ + ?« + t" ^j *^® 

equation of the enveloping cone, referred to the vertex as 
origin, is 

The centre (f, i;, f) of a section made by a plane £c+ wy+wa= j, 
V being written for*^ + '^ + -r , ib given, as in (3) Art. 229, by 

«of -fo ^ ^oV -ffv ^ ^o(^- hv 
la* mV n<? 

" lf-\ mg-^nh "" lf-\- mg-^-nh' 
I^®* "• "*■ p« ■*■ ;7 "* ^ be the equation of a conicoid through 



♦ Aper. Hist,, (36), p. 398. 
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(/, g^ A), the tangent plane to it at that point being Ix-^my^^nz^p 
referred to the original axes ; 

•'• ^^^ "" ^ ^** ~ ^*)» ^' 
If a* — a* = ^ - J* = 7* — c' = i, or the conicoids be eonfocal. 

Hence, the centres of all sections parallel to the tangent 
plane to any confocal through the vertex lie in the normal to 
that confocal, which is therefore a principal axis of the cone, or 

The principal axes of a cone enveloping a given conicoid are 
normals to the three con/ocals drawn through the vertex. 

289. To find the equation of the enveloping cone referred to 
the normals to the con/ocals through the vertex as axes. 

Since these are principal axes the equation of the cone is 
of the form 

and, if p^^ p^j p^ be the perpendiculars from the centre of the 
conicoid on the tangent planes to the three confocals, the equa- 
tion of the line joining the centre and vertex of the cone, 

referred to the same axes, will be ~ = -^ = — and since this 

JPi P^ Pz 

line passes through the centre of the curve of contact, the plane 
of contact will be parallel to the plane conjugate to this line, 
whose equation is 

Ap^x-^Bpjif^^ Cpji^O (Art. 269), 
but the equation of the plane of contact will be 

X V z 

if X, /i, V be the intercepts on the three normals; 

.-. Ap;K^Bpji=Gpj^^ 
hencCf if aj, o,, a, be the primary scmi-axcs of the three con- 
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focals, since p^\ = a,* — a* &c. (Art. 282), the equation required 
will be 

V 1 II 

a, — a a, - a a^ — cr 

290. To Ji7id the equation of the enveloped xsonicoid referred 
to the three normals through the vertex. 

Since the equation of the plane of contact is 



p^x 






a,*— o" a^'-a" flg" — a" 



the ecpiation of the conicoid ia of the form 

if, therefore, we transform the origin to the centre (-/>,, — ^,, "?>)» 
by writing x—p^ for a;, &c., the coefficients of a;, y, « being 
equated to zero, we shall have 

p+-^-L- + P' + P' +1 = 
'' ^ a,' - a* ^ a," - a* ^ a," - a" ^ ' 

hence the equation required will be 

291. If from any point of a central conicoid a line be drawn 
touching two given confocals^ the portion of this line intercepted 
hetu)een the point and the plane through the centre^ parallel to 
the tangent plane at the pointy will he con8tant.\ 

If, with P the given point as vertex, two cones be described 
enveloping the two confocals, the line under consideration will 
be one of their common sides. 



♦ Scott, Quarterly Joumafy vol. vi., p. 258, t It>id- 

J Proc, Ir. Acad., voL II., p. 498, 
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Let afifi^ be the primary semi-axeB of the given conicoid 
and the two confocals drawn through the point P, a that of 
either of the conicoids to which the line through P is a tangent. 

The equation of the cone enveloping the conicoid (a) referred 
to the normals to the confocals through P is 

a?" y «* 

a^ — OL a^ — a a^ — a 

and X =-p^ is the equation of the central plane parallel to the 
tangent plane at P to («,), therefore the square of the portion 
of the common tangent intercepted between P and the central 
plane isj!?/+y*-f «" where 

^L. + _y_ + _! =0 



aj — a" ttj' — a" O3' — a 



in which the two values of a are a, a' the primary semi-axes 
of the two given confocals. 

If a^ ^a* = kj the equation may be written 

p* y* ** _A 

hence, the square of the intercepted portion is constant. 

292. Cor. Two conicoids can he dravm confocal with a given 
conicoid and touching a given straight line. 

293. If a chord of a given central conicoid touch two other 
surfaces confocal tvith it^ the length of the chord will be proportional 
to the square of the diameter of the first surface parallel to it. 

Let a central section be taken containing the chord PF \ 
draw CQ a radius of this section parallel to FI\ and produce 






♦ Proc. Ii\ Aead,, vol. ii., p. 498. 
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it to meet the tangent at P in T] let CN bisect PF^ and PJf, 
-parallel to NG^ meet CQ in Jf, then CM.CT=CQ* ; hence, since 
CT is constant by the last article, PF^^CM x (7^. 

294. When two confocaU are vieioed by an eye in any 
position^ their apparent boundaries cut one another at right 
angles wherever they appear to intersect,* 

The boundaries will appear to intersect in any line drawn 
from the eye so as to touch both surfaces. 

Let the points of contact of such a line be P, (/, g^ h) and 
P*, (y, g\ A'), and let the equations of the two confocals be 

X* y* g' __ r1 — a- y , g* _ 

a a—p^ a—y a a — p a —7 ' 

sinoe PP' is a tangent line, the points P' and P are respectively 
in the tangent planes at P and P' ; 

a a — p a —7 ' 

ana „'. + ^-..^y + ^^.y-i , 
therefore, subtracting and dmding bj a* — a*, 



ff , 99' , *A' 



= 0, 



which shews that the tangent planes at P and P' are at right 
angles, and proves the proposition. 

There may be four, two, or no apparent points of intersec- 
tion, and, when they exist, they will be in the direction of the 
common generating lines of the two enveloping cones of which 
the eye is the common vertex. 

295. The following method of dealing with tangents to 
confocal surfaces is due to Gilbert ;t it enabled him to solve 
with great facility many of the problems in this subject. 



♦ Aper, Hitt., (83), p. 392. Proc. Ir, Acad,^ vol. if., p. 604. 
t Xouv, AnnaleSf voL vi., p. 629. 
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He shews that, if we have points P, Q on two confocals 
whose equations are 

and, if (^, X) denote the angle between the normals at P and Q^ 
measured outwards, (8, X] the angle between PQ (= S) and the 
normal at P, and ^^e.^® ^^^ perpendiculars from the centre 
on the tangent planed at P and Q respectively, then will 

S 
cos(^, X) = ^_^, {^, cos(S, X) ^px, cos(S, 5)}. 

Let Xy j/y z and a;', y', «;', be the coordinates of P and Q, 
8 ,^ s sex' vV 2^' 

fr t t t 

Similarl7 - cos \,l, 6)^-^+ -^^-^ + ^,— j - 1 j 

s s 

.-. — cosfS, X) cos(8, ff) 

" ^^ ^ Vx« "^ (^-iff-jix^-ys*) "*" (0rr;^'')"(x*^')| ' 

r c> 

and co8(0,X)=^ . ^-|....=gj-_ {^^ co8(S,X)-p;^cos(S,e)}. 
Cor. If PQ be a tangent at Q to the surface (^) 
cos(S, 5) = ; .\ cos(e, X) =^*^» cos(S, X). 

296. 7/ tiDO confocals touch the same straight linCy the tangent 
planes at the points cf contact will he at right angles. 

For, if cos (S, X) = a and cos (S, 0) = 0, then cos (^, X) = 0. 

297. If \ fly V he the primary semi-^axes of the confocals pass- 
ing through P, that of a confocal enveloped hy a cone of which 
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P is the vertex^ T, «i, n the direction cosines of any generating line 
of the cone with reference to the normals to the three confocals^ 

P m* , n* _ 



For cos (S, e) = Oy 
or co8(5, X) cos(^, X) + cos(S, fi) cos(^, /*) + co8(S, v) cob{0j v) =0 ; 

... by Cor. Art. 295, ^^M + £^ + £^ = 0, 

which proves the proposition, aad shew» that the equation of 
the cone referred to the three normals is 






= 0. 



298. ij^ any point P be taken in a fixed plane U^ and on the 
normals to the three confocals passing through P lengths equal to 
the primary semi^axes be set off^ the swn of the squares of the 
projections of these lengths on a normal to the plane U will be 
constant for all positions of P in that plane^ viz. the square of 
the primary semi-axis of the confocal touching Z7.* 

Let be the primary serai-axi» of the confocal touching U^ 
X, fJL^ V those of the three confocals, then 

cos(8, X) cos(^, X)-f...= 0^ 

... (^-X«) cos»(tf, X) + (^-m') cos»(^, ^) + (^-v*) cos'*(^, v)=0, 

or X" cos»(^, X) + fi"" cos»(^, fi) -f v" cos'(^, v) = 0*. 

Focal Conies. 

299. Among the surfaces of the system of confocals obtained 
by giving all values to k In the equation 

a? , y ^ z J 



there are two which have a particular interest. K cf>V><? be 
all positive, suppose k to Increase gradually from zero, the 
surfaces will change from ellipsoids to hyperboloids of one 



♦ Com, Rend., vol. xxii., p. 67. 
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sheet, aa h passes through c*, and from hjperboloids of one to 
those of two sheets as it passes through V. 

When k = c', «* = 0, and the confocal may be considered as 
two planes coincident with that of xy^ it being the limit of a 
very fiat ellipsoid or hjperboloid of one sheet, as A; is a little 
less or greater than c*, the boundary of both being the ellipse 

a — c 
In the same manner the hyperbola 



It ~^j» + b^~<? * ^' ^ — ^* 



x^ z^ 



is the boundary of the two flat hyperboloids of one and two 
sheets for which ^ is a little less and greater than V, 

These conies are called the focal ellipse and hyperbola of any 
of the confocals; they pass through the foci of the two prin- 
cipal sections containing respectively the least and the mean 
axes of the ellipsoids of the system. The focal hyperbola also 
passes through the umbilici of the ellipsoids, for which 



.« -« 



x^ «' 1 



But there are other properties which make the term focal 
conies peculiarly appropriate, and which we shall discuss in 
the next chapter. 

300. To find the confocal hyperboloids which pass through 
a point in the principal plane section of an ellipsoid which 
contains the primary and least axes. 

Let the equation of the ellipsoid be 

X y _ 1 

a a — p a — 7 

and let (fj 0, h) be the point in the plane of zx. If a be the 
primary semi-axis of a confocal hyperboloid 

JL h^ 



f y 

therefore either a=B. or a*=''-^ 

' a 



V 
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The latter solutloo gives the hyperboloid 

a? y* g* 

which is a hyperboloid of one or two sheets according as 

^ < — ,1.6. as the point is one side or the other of the 

7 

focal hyperbola. 

The other solution gives the focal hyperbola, which must be 
considered as a flat hyperboloid of two sheets or one, according 
to the position of the point. 

301. We may observe here that as these focal conies belong 
to the group of confocals, many of the propositions given above 
can be applied to them. For example, a cone on a focal conic 
as base corresponds to an enveloping cone, since the focal conic 
IS in this case the curve of contact of a flat ellipsoid enveloped 
by the cone; and the normals to the coafocals through the 
Tertex are axes of the cone. 

302. To find the locus of the vertices of all right cones which 
envelope a given conicoid. 

Since the positions of the principal axes of such cones, which 
are perpejidicular to their a;^es of revolution, are indeterminate, 
we must consider three confocals through the vertex of some 
enveloping cone for which the directions of the normals to two of 
them will be indeterminate. It is evident that if we draw 
normals to a conicoid of which one of the axes is infinitely 
small, these normals will be parallel to that axis, unless the 
points at which they are drawn are indefinitely near the edge, 
and in passing round this edge from one side to the other the 
normals will assume every direction in a plane perpendicular 
to the tangent to the bounding focal conic, and this tangent 
being the normal to the third confocal will be the axis of a right 
cone. Hence, the vertices of right cones must lie in one of 
4he focal conies. 

30^. Cor. The locus of the vertices of right eones on an 
elliptic base is an hyperbola in a plane perpendicular to its 
plane and vice versi. 
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For any ellipse -» + ?« = 1 may be looked upon as the focal 



x^ z* 



ellipse of a oonicoid of which the focal hyperbola is -^ 1 = 1> 

if a*^ol^ = b*^^j and the vertex must therefore lie in the 
focal hj^erbola; hence the equation of the locus of the vertices 

m X Z 

Bifocal Chords. 

304. Def. a bifocal chord of a conicoid Is a chord which 
intersects two focal conies of the conicoid. 

These conies being the limits of confocals of the conicoid, 
the properties proved In Arts. 291 and 293 are true for 
these two particular confocals, whence, if a bifocal chord be 
drawn through a point P on the conicoid, the portion inter- 
cepted between it and the diametral plane parallel to the 
tangent plane at P is the primary semi-axis of the conicoid, 
obtained by writing for a* and a^ in the formula a,* — c* and 
a^-b^^ and the whole length of the chord is proportional 
to the square of the diameter parallel to it. 

Bnt in order to obtain a simple geometrical construction for 
the position of the four bifocal chords passing through a point, 
we have been obliged to deal with the problem in a direct 
manner, and we shall therefore give an independent solution 
of the problem concerning the intercepted lengths of the chords 
as a preliminary step. 

305. If P be one extremity of a bifocal chord of a conicoid^ 
the portion of the chord intercepted between P and a plane through 
the centre^ parallel to the tangent plane at P, will be equal to the 
primary semi-axes of the conicoid. 

Let /, m, n be the direction cosines of a bifocal chord drawn 

H t It 

X V z 

through a point P (y, g^ h) of a conicoid ^ + ?, + -§ = 1 ) whose 

a o c 

real focal conies are 

^ I ^ -1 and '"* ''*- -1 



BIFOCAL CHORDS. 209 

then ^^t^* + '^"{P^ = «» (Art. 172, Cor. 1), (1) 

multiply (1) by -j — j , and (2) by t; — -, , and add ; then 

(«/- Vif {mf- IffY («y - mhy _ ,(l ±\.,{l_l\ 
a*c* ■*" a'b* '^ 6V ~ * \c' a") ^ W a") * 

//' / A'-W? a* B'X /?/ mg bAx" 

U" "*" 6= "^ 7A^ ^ i^ "^ ?; ~ W "^ b* ^ 7) 



or 






2» »n* a" 1 

4. L __^ _ _ • 

a- b c a 



hence, if PO the normal at P, and PQ the bifocal chord, meet 
the central plane perpendicular to PO in F^ E reapectively, 

a' cos' EPF^PF\ and PF=PEcosFPFi .'. PE^a. 

306. If a tangent plane be drawn perpendicular to the bifocal 
chordj the distance from the centre to the point where the chord 
meets this plane wUl be equal io ike primary semi-axis. 

This can be shewn by multiplying (1) by a^'-.c'y and (2) by 
a*-b\ and adding; whence 

307. To shew that the four bifocal chords through any point 
P of an ellipsoid lie in two planes passing through the normal 
at P and intersecting the primary axis of the ellipsoid in the feet 
of ike normals ai the umbilics. 

The bifocal chords of an ellipsoid through any point P{fg^ h) 
are the generating lines common to the conical surfaces, whose 
common vertex is at P^ and whose guiding curves are the 
focal ellipse and hyperbola 

EE 
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Now the equations of the two cones referred to parallel axes 
through P, are 

and(^.3f^-(^|j^=y,ort, = 0; (2) 

and a common axis is the normal at P, whose equations are 

The equation of two planes containing the bifocal lines and 
the normal is — = — , where w„* v^ are the values of u. v ob- 

tained by writing ^ , ^ , -j for a?, y, « ; and it is easily proved 

that u^i ^0''^'^' 

Multiplying (1) by ^, and (2) by -^^ and subtracting, we 

obtain 

(X _ yy (y _ z\* fz ^ xV 

\? 1^) , \^ h) Ah f) 

and |a»(i«-o')^+J»(c''-a')^+c'{a'-J«)|V 

Hence, the four bifocal lines lie in two planes whose equa- 
tions referred to the axes of the ellipsoid are 

= ±V(a«-5*)v'(«''-c-")^|c«(|-l)-J«(|-l)|, 

which pass through the points \±- \/(«*-i') V(a*-c*), 0, ol , 
that IS, through the feet of the normals at the umbilics. 
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Corresponding Points. 

308. Dep. If (x, y, z\ {x\ y', z*) be two points P and P' 
situated respectively on the ellipsoids 

t V H X t t 

* y — 1 A j.^ _ 1 



/M OfJ f/ 9/ 

P and P' are said to be corresponding points if - = — , , f ~ X^ » 

- = -7 . Ivory first made use of points so connected in order to 
c c 

establish a relation between the attractions of an ellipsoid on an 

external and on an internal point, proving the following pro- ^ 

position : 

309. If P^ Q be two points on an ellipsoid^ and P\ Q the 

corresponding points on a confocal ellipsoid^ PQ = P'Q. 

Let (a;, y, z\ (f , 17, f ) be the points P, Q on the ellipsoid 

a? v* z* 

-^ + ji + -5 = 1, and let (a?', y', «'), (f, 17', f) be corresponding 

points P', Q* on the confocal -73-+ ^ + -^f = !• 

X x' f f 

Since - = -> and - =■- ^ , we have 
a a a a ^ 

and similarly for the other coordinates ; 

or PQ'^PQ. 



a? 



310. Since a;*-aj'»= (a* -a'*) -,, if be the centre of the 



a 



ellipsoid, then OP^^OP'^^a^- a\ 

311. If any concentric ellipsoid he drawn through the vertex of 
a cone enveloping a given ellipsoid^ the tangent plane at the point 
corresponding to the vertex will meet the second ellipsoid in an 
ellipse^ every point of which will correspond to a point in the 
plane of contact; andj if the ellipsoids be confocal^ the lengths oj 
the tangents from the vertex will he equal to the corresponding 
radii of that ellipse. 



1 
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^* (/> 9i A) ^^ *he vertex of the cone enveloping the 

eUipsoid _ + |. + _= i, (i)^ and kt -^ + |r+ 35 = 1, (2), be 

an ellipsoid on which the vertex lies. 

The plane of contact of the cone is^ + '^ +— ? = 1 in which 
^ or h c 

let (f , 17, f ) be any point, then, if (f ', Vj D he the correspond- 
ing poJnrt on (2), and (/*, ff\ K) correspond to the vertex, we 
bave/f=/r; 

" a' ^ V ^ & ^^' 

therefore (f^, 17', f^ is on the plane which touches (1) at {fyff'yh'). 
Ako, if the ellipsoids be confocal, the latter part of the 
proposition is obvious bj Ivorj^s theorem. 

312. Jl^ three points on an ellipsoid be Che extremities of three 
conjugate diameters^ the three corresponding points on any other 
ellipsoid vrill be also at the extremities of conjugate diameters. 

For the corresponding points on a concentric sphere are the 
same for both ellipsoids, and these are obviously at the ex- 
tremities of three perpendicular radii. 

313, Confocal ellipsoids are cut hy a fixed confocal hyper^ 
holoid ; to shew that if any point be taken on the curve of 
intersection of one of the ellipsoids^ the corresponding point on any 
other will lie on its curve of intersection. 



a? y* s? 



^A Z.M mm ^r 

If (^1 y^ ^) he a point on the intersection of — „ + 75 + -; = 1 

a (T 

z^ v' «* 
with the hyperboloid -i + ^ + -j = 1 confocal with it, 

if {x\ y\ z) be the point corresponding to (a?, y, i) on the con- 
focal ellipsoid -;; + ^ + ^ = 1, writuig ^ for - .* &c., 
^ a be ' ° a a ' ' 

x'' y'^ z"^ _ 
a'V'^ b''0''^c'y~ ' 
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therefore mHltipljing by a** — a*, we obtain 

therefore the point (a?', y\ «') alsa lies on the hyperboloidr 

314. Cor. If the hyperboloid which cuts the confocal 
ellipsoids be either of the flat hyperboloids, whose common 
edge is the focal hyperbolay all points on this edge will her 
corresponding points ^ sa that the following theorem is proved ^ 

The point en any ellipsoid vfhich corresponds to an umbilie on 
a confocal ellipsoid vnll he itself an umbilie. 

315. One of the series of ellipsoids in Art 313 is the flat 
surface bounded by the focal ellipse, and the corresponding 
curve of intersection is the principal section of the hyperboloid^ 
which is an ellipse or hyperbola as the hyperboloid is of one 
or two sheets, being confocal with the principal sections of the 
ellipsoids. 

If hyperboloids of one and two sheets be confocal with the 
series of ellipsoids, a, a' their primary semi^axes will be elliptic 
coordinates of the points on any of the ellipsoid? in which the 
curves of intersection with the hyperboloids intersect} and if 
r, r be the distances of the corresponding point on the flat 
ellipsoid from the nearer and farther foci of the principal section 
of the ellipsoid, r +r = 2a and r— r = 2a', whence the plane 
curve corresponding to any curve on the ellipsoid, given in 
elliptic coordinates, can be found, or vice versd. As an example^ 
take the following : 

316. A curve is drawn on an ellipsoid such thatj if a central 
section be taken parallel to the tangent plane at any pointy the 
distance of the foci of the section will be constant^ to find the 
corresponding curve on the plane of the focal ellipse. 

If a, (I be the elliptic coordinates of a point on the curve, 
the squares on the semi-axes* of the section corresponding to this 
point will be c? — a* and a* — a'*, hence a' — a" is constant and 
the" curve required will be rr = constant ; if the given curve pass 
through the extremity of the least axis, the corresponding curve 
will be a lemniscate* 
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XIV. 



(1) Prove that the locas of the points of intersection of tangent planes 
to three confocals, which are perpendicular to each other, is a sphere. 

(2) If -= + ^ + - a 1 be the equatipn of an ellipsoid, and (/, ^, K) be 

a 6 c • ' 

any point, a', h\ e\ a', 6", c'\ a*", 6'", c'" the semi-axes of the confocals 
through that point, then 

y« __ ^*_ A» 1 

(3) If normals be drawn from a fixed point to each of a series of con- 
focals, shew that they will form a cone of the second degree. 

(4) The points on a series of confocals, at which the normals are 
parallel, lie oh an equilateral hyperbola of which one asymptote is parallel 
to the normals. 

(5) If a, a', a'*, a"', be the tranrsvese axes of an ellipsoid, and the three 
confocals which can be drawn through a given point, and if a'* + a'* + tf'"* = 3a', 
then three tangent planes can be drawn from the given point to the given 
ellipsoid mutually at right angles. 

(6) If through the vertex of a cone enveloping a given ellipsoid a con- 
focal conicoid be drawn, the plane of contact will intersect the normal and 
the tangent plane to the conicoid at the vertex in a point and a line which 
are pole and polar with respect to the curve of contact; hence, shew 
that the normal is the axis of the cone^ 

(7) Through a straight line in one of the principal planes tangent 
planes are drawn to a series of confocal ellipsoids ; |}rove that the points of 
contact lie on a plane, and that the normals at these points pass through a 
fixed point 

If a plane be drawn cutting the three principal planes, and through 
each of the lines of section tangent planes be drawn to the series of 
conicoids, prove that the three planes which are the loci of the points of 
contact will intersect in a straight line, which is perpendicular to the 
cutting plane and passes through the three fixed points in which the 
three series of normals intersect. 

(8) The surface generated by the central circular sections of a system 
of confocal ellipsoids cuts the ellipsoids orthogonally. 

(9) Through any fixed straight line tangent planes are drawn to each 
of a system of confocals, shew that the locus of the normals at the points of 
contact is a hyperbolic paraboloid. 

(10) The rectangle contained by the side of a cone of revolution 
enveloping an ellipsoid, intercepted between the vertex and point of con- 
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tact, and the perpendicular from the centre upon the tangent plane at that 
point, is constant 

« 

(11) PQ is a tangent at Q to a conicoid; X, fi, v are the primary semi- 
axes of the confocals through P; /, m, n the direction- cosines of PQ 
referred to the normals to the confocals at P; ^, m\ n' those of the perpen- 
dicular p from the centre on the tangent plane at Q; prove that, if 
PQ = a, V/f + fj^mm! + »*«n' 4 />a = 0. 

(12) Shew that three non-central conicoids can be drawn through a 
given point, confocal with a given non-central, and that these will be a 
hyperbolic and two elliptic paraboloids. Shew also that the three normals 
to the confocals at the point are mutually at right angles. 

(13) Three confocal paraboloids intersect in ^9; a cone having its vertex 
at 8 envelopes a fourth confocal paraboloid ; find the equation of this cone 
referred to the normals to the confocals at iS as axes. 

(14) Prove that the polar of the foot of a normal to an ellipsoid with 
respect to the focal ellipse is the polar of the foot of the ordinate with 
respect to the principal section of the ellipsoid ; also that the^ line joining 
the two feet is a nonnal to an ellipse similar to the principal section. 

(15) When the two confocal hyperboloids through a point degenerate 
into flat surfaces bounded by the focal hyperbola, explain the perpendicu- 
larity of the three nonaals at the point. 

(16) Find the three confocals of an ellipsoid dirough a point in one of 
the focal conies. 

If (/, 0, K) be a point on the focal hyperbola of the ellipsoid — + -Jj + - = 1, 

ft V C 

shew that the ellipsoid which passes through it is 

(6* - c')/* (ft» - c«)V* + («• - *•)* A' («* - i') ^" " («• - *") (** - ^) * 

(17) a\ y, (f and a*, V\ d' are the semi-axes of the confocal hyperbo- 

loids which pass through a point P in the ellipsoid -f + n + j ~ ^ » -?»/*> P" 

are the perpendiculars from the centre upon the tangent planes at P ; shew 
that the equation of the plane of the focal ellipse referred to the three normals 

at P is — \^ \ — ^ + 1=0, and that the bifocal lines lie in the two 

planes ^ = ^ • 

(18) Shew that the equation of the circular cone containing the four 
bifocal lines through any point of an ellipsoid is [ — j -Ijx'sy'-fs^, re- 
ferred to the three normals to the confocals through the point, p being the 
perpendicular on the tangent plane to the ellipsoid. 



216 PROBLEMS. 

(19) If X, be the length of a bifocal chord of the paraboloid '^ + - = x, 

c 

which makes angles fi and 7 with the axes of y and z respectively, 

1 cos*^ cos* 7 
\b c ' 

(20) Find the locus of the point corresponding to a given point of an 
ellipsoid, on a system of confocal ellipsoids. 

(21) Corresponding points on an ellipsoid of semi-axes a, b, c, and a 
sphere of radius r, being defined by the relations 

X a! y yf * _ ' 
ar^h r * c r * 

(x, y, t) being on the ellipsoid ftfid (x, t/, z') on the sphere, prove the 
following theorems j: 

(i) The points on a system of confocal ellipsoids corresponding to a 
fixed point on the 8|>hese are on the intersection of two confocal hyper- 
boloids. 

(ii) The curve on the sphere 4x»i«esponding to the curve of intersection 
of the ellipsoid and a confocal hyperboloid lies on the asymptotic cone of 
the hyperboloid. 

(iii) If four curves on an ellipsoid of the kind described in ii, form, 
a small rectangle of sides da, ds^, there will be a corresponding rectangle on 
the sphere whose sides c2<r, d<^ are connected with ds, d$' by the relations 
rds = \,rf<r, rdt^ = \d<r, W \^ being the differences between the squares of 
the semi-axes of the ellipsoid and the two hyperboloid^ vrJbdch intersect it 
in two adjacent sides of the small rectangle. 



CHAPTER XV. 



MODULAB AND UMBILICAL GENEBATION OF CONICOIDS. 
PBOPEBTIES OF CONES AND SPHEEO-CONICS. 

317. The modular and umbilical methods of generating 
conicolds, invented by MacCuIIagh and Salmon respectively, 
may be stated as follows : 

For the modular method, "The locus of a point "whose 
distance from a fixed point is in a constant ratio to its distance 
from a fixed straight line, measured parallel to a fixed plane^ 
is a surface of the second degree." 

The fixed point is called a modular focus^ the fixed line a 
directrix^ the constant ratio the modulus^ and the plane the 
directing plane. 

318. Since this locus contains ten disposable constants, viz. 
three dependent on the position of the fixed point, four on that 
of the fixed straight line, and two on the direction of the fixed 
plane, and one more, namely the constant ratio, the locus may, 
in general^ be made to coincide with any surface which can be 
represented by an equation of the second degree in an infinite 
number of ways, since there will be only nine equations con- 
necting the ten disposable constants. 

If all but the thijee coordinates of the focus be eliminated, 
there will result two final equations determining a curve locus 
of such points ; such curves are called focal conies^ being the 
same as the limits of the confocals discussed in the last chapter. 

Again, if all but the four constants which determine the 
position of the directrix be eliminated, there will be three final 
equations which, with the equations of the straight line, will 
determine a ruled surface, called a dirigent cylinder^ the trace 
of which on the plane of the focal conic is called a dirigent cxmic. 

FF 
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319. For the umbilical method, " The locus of a point, the 
square of whose distance from a fixed point bears a constant 
ratio to the rectangle under its perpendicular distances from 
two directing planes, is a surface of the second degree." 

This locus contains ten disposable constants ; three dependent 
on the position of the fixed point, three on the position of each 
of the directing planes, and one more, namely the constant ratio. 

The fixed point, therefore, will not generally he unique, but 
may be on any point of a curve locus. 

The fixed point is ^led an umbilical focus^ the intersection 
of the planes a directrix^ the constant ratio the umbilical modulus^ 
and the locus of the focus the umbilical focal conicj the tirace of 
the dirigent cylinder on the principal plane being the umbilical 
dirigent cotiic. 

320. To find the locus of a point wliose distance from a focus 
is in a constant ratio to its distance from, a directrix^ measured 
parallel to a given directing plane* 

Let 8 the focus be taken for origin, Sz^ 8y parallel to the 
directrix DN and the directing plane respectively, and let a, /3. 
be the coordinates of D in xy^ e the modulus, and o> the angle 
of inclination of the directing plane to the plane oixy. 




Let PN be drawn from the point (a?, y, z) to the directrix 
parallel to the directing plane, NM parallel to /Sy, and PM 
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perpendicular to NM] then PMN will be parallel to the directing 
plane. Hence we shall have MN=y—/3^ and Pif =(a:— a) seco) ; 
and, P being a point in the locus, 8P=e,PN] 

.\ aj« + / + «' = e'{(:»-a)«8ec''o)+(y-/3n; 

this is the equation of the locus required, which is a surface 
of the second order. 

Since i5 = a;tan(» + A is the equation of any plane parallel 
to the directing plane, we have, at the points of intersection with 
the surface^ 

a* sec'fi) +/ = a:' + y* + [z - A)*, 

which,, combined with the equation of the locus, shews that the 
curve of intersection lies on a sphere, except when c=l, in 
which case it lies on another plane ; hence, all sections parallel 
to the directing plane are circles, or when e = 1 straight lines. 

321. That the section by a plane through S parallel to the 
directing plane is a circle is obvious geometrically, for, if this 
plane cut the directrix in Hj the section is the locus of a point 
whose distances from 8 and H are in a constant ratio, and 
is therefore a circle, unless ^=1, in which case it is a straight 
line, and the surface is a hyperbolic paraboloid. 

322. To find the, locus of a pointy the square of whose dts- 
iance from a focus is in a constant ratio to the rectangle under 
its distances from two fixed directing planes. 

Let the focus 8 be taken for the origin, the planes bisecting 
the angles between the directing planes being parallel to the 
planes of oci/j yz. 

Let also to be the inclination of the directing planes to the 
plane of xy^ a, 7 the coordinates in the plane of zx of any point 
in the directrix, and e the constant ratio. 

From any point P, let PQj PR be drawn perpendicular to 
the directing planes ; 

.\ 8P'^ePQ.PR] 
the equations of the directing planes will be 

{x — a) sincti ± (« — 7) cos© = j 
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therefore, if x^y^ a be the coordinates of P, 

a?* + y* + «* = « {[x — a)* Bin'o) — (i5 - 7)' cos* ft)} 

will be the equation of the locus, which is of the second degree. 

If the surface be cut by a plane, parallel- to either directing 
plane, whose equation is (ic — a) sin«± (a? — 7) cosa>=^, the 
curve of intersection will obviously lie on a sphere, and will 
therefore be a circle. - 

323. We have seen in both modes of generation, and it is 
also evident from the consideration of the number of constants, 
that the equation of a conicoid can be put into the form 
S=UV^ where U=0 and F=0 are the equations of two real 
or imaginary planes, and S = is the equation of a point sphere, 
or the imaginary cone having its vertex at a point which we 
have called a focus, and passing through the circle at infinity 
which is common to all spheres (Art. 227). 

The conicoid and cone intersect in two plane curves crossing 
one another in two points P, Q which lie in the line of inter* 
section of the planes {7, F, called the directrix ; a plane contain- 
ing the tangent lines to the two curves at P will be a tangent 
plane to both conicoid and cone at P, and will therefore contain 
a tangent to the circle at infinity, which lies on the cone. 

The generating line SP of the cone, whose vertex is the 
focus 8^ will be the intersection of two consecutive tangent 
planes to both conicoid and cone, each of which tangent planes 
contains a tangent line to the circle at infinity, and since the 
same argument holds for Q, SQ will be another such generating 
line. 

If, therefore, a series of planes be drawn which touch both 
the conicoid and circle at infinity, these planes will envelope 
a torse, and a focus will be a point on the developable surface 
or torse in which two of its generating lines, which are not 
consecutive, intersect. 

The locus of the foci will therefore lie on a double curve on 
the torse, and this curve will be the same for all conicoids 
enveloped by the same torse, touching also the circle at infinity. 

Chasles suggested the following definition of confocals. 
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Def. Couicoids are confocal v^hen they are capable of being 
enveloped by the same developable sarface described bo as to 
touch the imaginary circle at infinity. 

324, To find the focal and dirigent conies in the case of 
central conicoids. 

Let (f , 17, ^ be a focus, and (f ', 1;', 0) the foot of the cor- 
responding directrix supposed parallel to the axis of z. 

X* y* ^ 
The equation of the conicoid -ji + ^ + "5 = 1> whether 

generated by the modular or umbilical method, must coincide 
with the equation 

(a, - f)"^ (y _ ,)» + (« - 5)« = X (a; _ f y + ;* (y - ,7, 

X, iL being of the same or opposite signs. Comparing these 
equations, we have f = Xf', i; = /4iy', f=0, and 



C . C 



/. X — 1 — -5 , /A — 1 - ^ , 

^ VI J ^* 



The focal conic is therefore confocal with the conicoid, and lies 
in the principal plane perpendicular to the directrix. Again, since 

f = -^,- f , and ^ = — j«— V^ 
the equation of the dirigent cylinder is 

(a'-c") ^ + (6"- c')5j = i. 

325. The focal and dirigent conies are reciprocals of each 
other with respect to the principal section in the plane of which 
they licj and the line joining the foot of any directrix with the 
corresponding focus is a normal to the focal conic. * 

The equation <5f a focal conic being -^ — -^ + ~ — ^ = 1, the 
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equation of the tangent at the point (f , tf) is -r~j + tt — x = h 

or -4^ + ^ = 1 ; whence it i» the polar of (f, V)j the foot of the 

corresponding directrix, with respect to the section in ory. 

Also, since c? (f ' — f ) = c*f ', and i* {ff — i;) = c'ly', 
the equation of the tangent may be written 

it is therefore perpendicular to the line joining (f , rj) and (f ', V), 
whence the second part of the proposition. 

326. // a section of a comcoid be made by a plane perpen- 
dicular to that of a focal conicj so that it contains a directrix^ 
to shew that the distance of any point of the section from the 
directrix will have a constant ratio to the distance from the cor-- 
responding focus. 

For if (f , i;, 0) be the focus corresponding to the directrix 
(f) V)? the equation of the conieoid may be put into the form 

(a; - f )' + (y - ij)' + 2' = X (x - f )• + /* (y - ,7, 

and, if the equation of the plane be — j^ = - — - = r, then for . 

any point P of the section [x — f )* + (y — rif + j8j* = (XP + fiw?) r* ;. 
therefore SPol PQ^ if PQ be perpendicular on the directrix. 

327. Cor. If the plane containing a directrix be perpendi- 
cular to the focal conic, the corresponding focus S will be a 
point in the plane (Art. 325), and will therefore be a focus 
of the section y hence, Every point of a focal conic of a conieoid 
is a focus of the section made by a plane perpendicular to the 
focal conic at that point, 

328. To find where a conieoid is intersected by its focal conies^ 
If the directrix be parallel to Oz for the conieoid 

a? y* z* 

a b c ' 



^ y!__ 



the equations of the focal conic will be -^ — 5 + r^^—^ = l, « = 0^ 

a "^ c 1/ *~ c 
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«nd It will intersect the conicoid if », , ^ + rrru — 1\ *= ^ 

a (a - c) [0 — c ) 

give aj' : ^* positive. 

Hence, if the focal cenic and the corresponding principal sec- 
tion be both ellipses or both hyperbolas they do not intersect ; 
but, if they be not of the same kind, they will intersect in the 
4imbilics of the conicoid; whence the name umbilical focal 
<;onic. 

Now, referring to the equations of Arts. 320 and 322, we see 
that in the modular method of generation the focus cannot lie 
on the conicoid, but may do so in the oimbilieal method, thus 
ihe umbilical focal conies correspond to the umbilical method 
-of generation, and the other focal conies to the modular method. 

329. To find the focal and dirig&at conies for non-central 
surfaces. 

For the paraboloids, comparing the equation 

(«-f)'+(y-i7)''+(2-irr=\(j^-f)'+/*(y-vr 

<with ^ + — = 2a:, we have X = l^ b{l-ft,) = c = ^-^, 
i, = ,*i,',?=0, and i'+^'-^xr + Mi?'*; 

.-. i?* = 2(5-c)(f-ic). 

The focal conic is therefore a parabola, whidi has its vertex 

at the focus of the parabolic section parallel to the directrix, 

-and is confocal with the section in its plane, since the abscissa 

K)f its focus is ic + i ( J — c) = J J. 

2b* ( c\ 
Also, the equation of the dirigent conic is fl?** = , — ( f "^ o ) » 

which is the reciprocal of the focal parabola with respect to 
ihe section y* = 26a?. 

It will be found that the focal conic of an elliptic or hyper- 
bolic cylinder is the two straight lines containing the foci of the 
principal sections ; and that that of a parabolic cylinder is two 
straight lines, one of which is at an infinite distance and the 
other contains the foci of the principal sections. 
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330. In order to applj the modular method of generation 
to the investigation of properties of conicoids, the modulus and 
directing plane must be real, as well as the focal and dirigetit 
conies, and, referring to Arts. 320 and 324, we obtain the 
following conditions: 

fic' V* «* 

I. For the ellipsoid — + *^+ -« = lj a>b>Cj 

(1 -e» sec^ck)) a« = (1 ^e') 6* = c*, 
the only focal conic which is applicable being 

For an oblate spheroid a=b and <o=0. The prolate spheroid, 
for which i — c, cannot be generated by the modular method. 

II. For the hyperbolold of one sheet -^-f-rs — 5 = 1, J> a, 
the directing plane is parallel to Oy, and both the focal conies 

^=T? "^ VTf? = ^ *°^ j^ - 7T7" = ' "* »PP"«'We, the 
corre^onding moduli c, e' being given by («* — l)6*»c' and 
(I-e'*)6' = a', where ' 

cos* 60 sin*o» 



-f — ^=1- 



e"" e'* 



so that the hyperboloid of one sheet can be generated by means 
of foci lying in a focal ellipse or a focal hyperbola, the greater 
modulus corresponding to the ellipse. 

X* V* «* 

III. For the hyperboloid of two sheets -5 — r,- — i = 1 j ,i > C) 

the directing plane is parallel to Otfj and the focal conic is 

-5 1 - ,, — i = 1, the modulus being given by (I — e*) V ^ c*. 

The hyperboloid of revolution of two sheets, where. 6 = 0, 
cannot be constructed by the modular method. 

IV. For the elliptic paraboloid ^ + — = 2a:, & > c, 

esscoscD, J (I — «*) = c = J sin"w, 
the focal conic is y^^2 {h ^c)[x — ^c). 



I 
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V. For the hyperbolic paraboloid ^ = 2a;, 

6=1, J (1 — sec*©) == — c, or b tan*cD = c ; 
the focal parabolas are 

y« = (J + c)(2a? + c) and «* = -(J4-c) (2a?- J), - 
each of which satisfies the modular method. 

331. To trace the changes of the surfaces and real focal 
conies corresponding to changes of the modulus from to co , 

If we transfer the origin used in the equation of Art. 320 to 
the centre, and have regard to the sign of the constant term, 
we shall obtain the following results : 
e <cosai. Surface an ellipsoid, including an oblate spheroid. 

Focal conic an ellipse. 
e = cosa>, Surface an elliptic paraboloid. 

Focal conic a parabola. 
6>cos« and <], Surface at first an hyperboloid of two sheets, 

passing through a cone, to an hjpcrboloid of 
one sheet, conjugate axis perpendicular to the 
directrix. 
Focal conic at first an hyperbola, transverse axis 
perpendicular to the directive axis, passing 
through the asymptotic limit, viz. two straight 
lines, to an hyperbola, transverse axis parallel 
to the ^directive axis. 
esslj Surface an hyperbolic paraboloid. 

Focal conies two parabolas. 
6>1, Surface an hyperboloid of one sheet, conjugate 

axis parallel to the directrix, including an 
hyperboloid of revolution. 
Focal conic an ellipse, transverse axis parallel to 
the directive axis. 
The hyperboloid of revolution of two sheets is lost between 

e = l and 6 = coscd. 

332. The directrix in the umbilical method of generation 
being parallel to the intersections of the two series of circular 

aa 



\ 



226 MODULAR AND UMBILICAL 

sections, the pkne of the focal conic is known, and by Art. 322 
the umbilical modulus can be found in the same manner as in 
the modular method, and it will be seen that ail surfaces can 
be generated, except the hyperboloid of one sheet, the hyper- 
bolic paraboloid, and the oblate spheroid. 

Properties of Contcoids deduced hy the modular and umbilical 

methods. 

333. Every plane section of a conicoidj which is normal to a 
focal conic at any point j has that point for a focus. 

For, if 8 be the point through which the plane section passes, 
the corresponding directrix also will be in the plane ; let PQ 
be perpendicular to this directrix from a point P on the section. 

If the focal conic be modular, let PE parallel to a directing 
plane meet the directrix in By then the ratios 8P : Pit and 
PE : PQ will be constant for every point in the section ; and, 
therefore, 8P : PQ will be a constant ratio. 

If the focal conic be umbilical, let PJf, PN be perpendiculars 
on the planes through the directrix parallel to cyclic sections ; 
then 8P*cx:PM.PNj and for all points of the section PM: PQ 
and PN: PQ will be constant ratios, therefore 8Pcc PQ. 

334. If a section of a conicoid be made by a plane perpen- 
dicular to the plane of a focal conic^ it will contain two directrices ; 
to shew that the sum or difference of the distances of any point of 
the section from the two corresponding Joci will be constant. 

Let QDj Qlf be the two directrices, and 5, 8' the corre- 
sponding foci, which in this case will not be necessarily in the 
plane of the section ; draw through any point P of the section 
QPQ perpendicular to the directrices. 

If the focal conic be modular, draw EPE* parallel to a 
directing plane meeting the directrices in jB and PC. 

Since the modulus is the same for both foci, 

SP'.PEv. 8'P:PE'i 
.-. 8P: S'P:: PE : PR :: PQ : PQ\ 

and SPt S'PiPQ J PQ :: SP: PQ, 
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Now PQ + PQ or PQ ^ PQ is constant, according as P is 
or is not between the directrices, and 8P : PQ is constant, 

since PR : PQ is so ; therefore 8P ^ 8'P is constant. 

If the focal curve be umbilical, draw Pilf, PN perpendicular 
to the planes through QD parallel to the cyclic sections, and 
let PM\ PN' be corresponding perpendiculars for QD' ; then 
PM: PQ :: PM' : PQ^ and PN: PQ :: PN' : PQj 

also SP' = e.PM.PN, 8'P* = e.PM'.QN'i 

.'. 8P:8'P::PQ:PQy 

and the argument proceeds as before. 

S35. If a chord of a contcoid meet a directrix^ the line joining 
the point in the directrix with the corresponding focus will bisect 
the angle between the focal distances of the extremities of the chord 
or its supplement. 

Let the chord PP* meet a directrix in Q, and let 8 be the 
corresponding focus, then 8Pi PQ :: 8P' i P'Q\ 

.\ 8P : 8P' :: PQ : P' Q, 

which proves the proposition. 

336. Cor. If PQ be a tangent to a conicoid at P, meeting 
a directrix in Q, and 8 be the corresponding focus, the angle 
P8Q will be a right angle. 

337. A straight line touching a conicoid makes equal angles 
with the lines dravm from the point of contact to the foci which 
correspond to the directrices which the line intersects. 

For, if P be the point of contact, Q, Q the points in which 
the tangent meets the directrices, 8j 8' the foci, since the modu- 
lus is the same for both foci, we shall have 8P : PQ :: 8'P : PQ'. 

Also the angles P8Qj P8'Q are right angles, therefore the 
triangles are similar, and the angles QP8^ Q'P8' ai-e equal. 

338. If a conCj having its vertex in any directrix^ envelope a 
conicoid^ the plane of contact will pass through the corresponding 
focusj and be perpendicular to the line Joining the focus with the 
vertex. 
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If F be the vertex and 8 the focus, and VP be any side 
of the cone teaching the surface in P, P8V will be a right 
angle. Hence the locus of P, which will be the curve of con- 
tact, will be in a plane through 8 perpendicular to VS. 

339. If the vertex of a cane be any paint in a focal curve of 
a canicaidj and the base be any plane section of the conicaid^ the 
line joining the vertex with the paint in which the corresponding 
directrix meets the plane of section will be an axis of the cone. 

Let 8 be the vertex, and let the plane section cut the direc- 
trix in E^ and EP^ EP' be tangents to the section at P, P\ then 
8P^ 8P' will be perpendicular to 8Ej the intersection of two 
tangent planes to the cone through /SP, SP'] therefore 8E 
will be an axis. 

Cor. 1 . The second plane of section of the cone and coni- 
coid will intersect the corresponding directrix in the same point 
as the first plane. 

Cor. 2. If the first plane of section pass through the direc- 
trix, the second will do so also, and in this case, smce there 
will be an infinite number of axes of the cone, it will be one of 
revolution. 

340* If the tertex of an enveloping cone of a canicoid be 
a point on a focal conic of the conicoidj the cone will be one 
of revolution^ and its internal axis will be the tangent to the 
focal curve at the vertex. 

Let V be the vertex of the cone, VP^ VP' the tangents to 
the trace of the conicoid on the plane of the focal curve, then 
PP' will be a tangent to the dirigent conic at the foot of the 
corresponding directrix (Art. 325) ; and since the plane of con- 
tact is perpendicular to the plane of the focal curve, it will 
contain the corresponding directrix, the cone therefore will be 
one of revolution (Art. 339, Cor. 2). 

Also, since the tangent at V to the focal conic Is perpen- 
dicular to the directrix, and to the line joining V and the foot 
of the directrix (Art. 325), it will be perpendicular to the plane 
of circular section, and will be the internal axis of the cone. 
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Canes and Sphere- Comes. 

The properties of cones of the second degree, and of their 
intersections with a sphere whose centre is at the vertex, called 
sphero-contcsj have been discussed in an elaborate manner in 
two memoirs by Chasles.* In these investigations he has made 
use of certain reciprocal properties of the cyclic sections and 
focal lines, by which any theorem relating to cyclic sections 
Involves a corresponding theorem concerning focal lines. 

We can only make a selection of some of the innumerable 
propositions given by Chasles, in the proof of which we shall 
generally employ the properties of focal lines, in place of the 
reciprocal properties of the cyclic sections, employed with so 
much skill in those memoirs, for which we refer the student 
to a valuable translation by Graves. 

341. Focal conies of conical surfaces. 

Since a cone may be considered as the limit of either of 
the hyperboloids when the axes are made - indefinitely small, 
if a, &, c be finite quantities proportional to the principal semi- 
axes of an hyperboloid, supposed indefinitely diminished, we 

a? y* e* 
obtain the equations of the cone -i + ^ — 5 = 0, a> J, end the 

correspondmg focal conies, viz. 



+ 






a' + c' ' y + c' 

a'^-.J' + a' + c" ' 
and -= — r^ — 75 — 5 = 0. 

The same consideration shews that the line joining any focu9 
with the foot of the corresponding directrix is perpendicular to the 
focal line containing the focus. 

The student should obtain these results by a direct com- 
parison of the equation of the cone with such an equation a» 

(a:-fr+y'+(^-o'=x(x-f)«+.'(z-rr, 

* Nouv, Mem, de rAcad. Roy. de Brvxdlet, voL Tl. 
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which will give the focal and dirigent lines 

If he compare with the equation 

(* - f / + (y - 1?)' + «' = X' (a; - f )• + /* ry - ,')•, 
he will obtain the equation 

hence, when the directrix is in the axis, the vertex is a modular 
focus, X and X' are the squares of the moduli in the two cases, 

and are equal to 1 — 5 and 1 + -= . 

a a 

The cone has therefore the property that all the three focal 
conies are real, having a common point in the vertex, two of 
them being ellipses evanescent in the transition between real 
and imaginary existence, and the third the limit of an hyper- 
bola consisting of two right lines interaecting in the vertex. 

The vertex is therefore not only modular, but doubly mo- 
dular, since it is a point in two modular focal curves, and it is 
also an umbilical focus, as we see from the fact that the cone 
is the limit of two hyperboloids, for both of which the real 
focal hyperbola is modular, and for one the real focal ellipse is 
modular, while for the other it is umbilical. 

Of the two moduli in the modular generation of the cone, 
the less modulus belongs to the focal lines, and is called by 
MacCullagh the linear modulus^ while the other, to which only 
a single focus corresponds, is called the singular modulus. 



342. Cyclic sections of a cone. 

o*" f/" Z' 

The equation of a cone -§ + ^ = -« may be written 



s v t 



1 + 1 ) ^* - (ri - 1 J y* ; therefore, any plane sec- 
tion which is parallel to one of the planed (! + -«) ^* = (15 — 1) y*j 
lies on a sphere and is circular. 
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The planes through the vertex, to which circular sections 
are parallel, are called cyclic planes. 

343. A sphere^ which passes through the vertex of a cone and 
any circular section^ touches the cyclic plane of the opposite system. 

A sphere can be described through any two circular sec- 
tions parallel respectively to the two cyclic planes; let the 
plane of one of the circles approach indefinitely near to the 
vertex, in which case the circle degenerates into a point-circle 
lying on a cyclic plane, which is therefore a tangent plane to 
the sphere* 

Conjugate Diameters of a Cone. 

344. Take any line VA through the vertex of a cone, let 
VBC be its polar plane, and VA C any plane through VA inter- 
secting VBC in FC, then VB the polar line of VA C will He in 
VBC\ also VC will be the polar line of the plane through VA^ 
VB. Thus, if any plane cut VA, VBy VC in A, 5, and (7, the 
triangle ABC will be self-conjugate with respect to the section 
by the plane. If then a section be made by a plane parallel to 
VBCj the polar of the point in which this plane will cut VA will 
be at infinity, and the point will be the centre of the section. 
VA is therefore the locus of the centres of all sections by planes 
parallel to VBC] and F5, FOhave the same relation to VACy 
VAB respectively. VA^ VB^ VC, therefore, form a system of 
conjugate diameters of the cone. 

Cor. If a plane cut a system of conjugate diametral planes 
of a cone, the triangle formed by the lines of intersection b self- 
conjugate with respect to the section of the cone by the plane. 

Reciprocal Cones. 

345. If a cone he constructed whose sides are perpendicular 
to the tangent planes of any given cone, the tangent planes to it will 
he perpendicular to the sides of the given cone. 

Let any two tangent planes be drawn to a cone Aj then two 
corresponding sides of the other cone B^ perpendicular to those 
tangent planes, will be perpendicular to their line of intersection ; 
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the line of interaection of the tangent planes to A Is, tlierefore, 
perpendicnlar to the plane containing the corresponding sides 
of 5. 

Proceeding to the limit, the line of intersection becomes ulti- 
matelj a side of the cone A^ and the plane containing the sides 
of ^ a tangent plane to B] whence the truth of the proposition. 

From this reciprocal property the cones are called reciprocal 

cones. 

a? v^ z* 
If-i + f5 — i=0 be the equation of a cone, 0*2^*+ JV- cV=0 
a <y 

will be that of the reciprocal cone. 

346. Any plane through the common vertex, having re- 
lations to one of the cones, has perpendicular to it a line 
which has reciprocal relations to the other cone, and the plane 
and line are said to correspond. 

If two lines correspond respectively to two planes, they will 
each be perpendicular to the line of intersection of the planes, 
and the plane containing the two lines will correspond to the 
line of intersection of the two planes ; also the angle between 
the planes will be equal to the angle between the corresponding 
lines. 

347. The student will have no difficulty in establishing the 
following theorems : 

To a line through the vertex of a cone and its polar plane 
with reference to the cone^ correspond a plane and its polar line 
toith r^erence to the reciprocal cone. 

To three conjugate axes of a cone correspond three conjugate 
diametral planes of the reciprocal cone. 

348. The cyclic planes of a cone correspond to the focal lines 
of the reciprocal cone. 

The equation of the cyclic planes of the cone aV + jy = cV 
is (a' - J') 05* = ( J* + c*) «*, and that of the focal lines of the 

a^ t/* z* a? 2* 

reciprocal coae -5 + ^ = -« is -t — t. = ri — « \ these focal lines 
'^ or c a—o h -Vc^ 

are therefore perpendicular to the cyclic planes of the reciprocal 

cone. 
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The relation between the focal lines of one cone and tlie 
cyclic planes of the reciprocal cone is deduced geometrically 
thus : 

To a cyclic plane corresponds a line V8 perpendicular to It ; 
any two conjugate axes in the cyclic plane are at right angles ; 
therefore any two conjugate diametral planes of tlie reciprocal 
cone through V8 are at right angles. 

Let a plane be drawn perpendicular to VS through any 
point 8j this plane will meet the two diametral planes in two 
perpendicular lines, and, by Art. 344, Cor., the pole of one of 
these lines with respect to the section of the cone will lie on 
the other line; therefore this pole is on the directrix, and 8 
IS the focus of the conic section ; V8 is therefore a focal line, 
having the focal property proved for any conicoid in Art. 333. 

The locus of these directrices is called a dirigent plane by 
McCuUagh and a director plane by Cbasles, and this plane, 
with the perpendicular planes through the focal line, form a 
«ystem of conjugate planes; it corresponds, therefore, with the 
third axis, conjugate to two perpendicular lines In a cyclic 
fiectlon, which contains the centres of circular. sections parallel 
to that cyclic section. 

349. The method of dealing with propositions connected 
with focal lines, by the modular and umbilical methods, may 
bp seen by the following, in which we shall ata^e the reciprocal 
tbeoremsu 



Properties of Cones of the 8eeond Degree. 

350. The sines of the angles^ which any side of a cone makes 
with a focal line and the corresponding dirigent pLane^ are in a 
constant ratio. 

Let a plane pass through any directris: DQ and the con*e- 
sponding focus 8^ and let P be any point in the section of tlie 
cone made by this plane ^ V the vertex of the cone. 

Draw PjB, PQ perpendioular to the dirigent plane and 
directrix, 

II u 
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Then SP : PQ and PB : PQy and therefore SP : PR are 
constant ratios; and D8 being perpendicular to V8^ V8 in 
perpendicular to the plane of section, and PSV is a right angle. 

Hence, the ratio of the sines proposed is -rn-r * p,/ j and is 

therefore constant. 

Reciprocal theorem. The ratio of the sines of the angles made 
hy tangent planes with a cyclic plane and with the polar line of 
this cyclic plane is constant, 

351. The product of the sines of the angles which any side 
of a cone makes with the directing or cyclic planes is constant 

If V be the vertex of a cone, P any point on the cone, PZ, 
PL' perpendicular on the directing planes through F, then by 
the umbilical generation of the cone (Art. 322) PV^ is propor- 

PL PL' 
tional to PL. PL'] or 'py'ptr ** constant, which is the pro- 
perty enunciated. 

Reciprocal Theorem, The product of the sijxes of the angles 
which each tangent plane to a cone makes ioith the two focal 
lines is constant. 

352. A tangent plane to a cone makes equql angles with the 
planes through the side of contact and each of the focal lines. 

For, let the tangent QPQ' perpendicular to the side VP meet 
the dirigent planes in the points Q, Q^ and take /S, 8' the foci 
corresponding to the directrices through Q, Q ; then 8Q is per- 
pendicular to V8^ and also to P8^ and therefore to the plane 
VP8\ also VP is perpendicular to 8Q and PQ^ and therefore 
to 8P\ hence 8PQ is the inclination of the planes VP8, VPQ^ 
and being equal to 8'PQ! (Art. 337), the proposition is proved. 

Reciprocal Theorem. A tangent plane to a cone intersects the 
two cyclic planes in two straight lines^ which make equal angles 
with the side of the cone along which it is touched by the tangent 
plane. 

353. The last theorems are particular cases of the two 
following : 



] 
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The planes passing through the two focal lines of a coney and 
through the intersection of two tangent planes to the cone^ make 
equal angles vnfh these tangent planes. 

And the reciprocal theorem : 

A plane containing two sides of a cone intersects the cyclic 
planes in two straight linesj which respectively make equal angles 
with the two sides. 

We give Chasles' proof of the reciprocal theorem as a good 
example of the geometrical treatment of problems connected 
with cyclic planes. 

Take two circular sections of opposite systems of the cone, 
the plane of the two sides cuts the planes of the two circles in 
two chords, which, with the portions of the sides of the cone 
intercepted, form a quadrilateral inscribed in the circle in which 
the sphere containing the circular sections is cut by the plane 
of the two sides ; two opposite angles of this quadrilateral are 
supplementary, hence the chords make equal angles with the 
sides of the cone, and, since they are parallel to the sections by 
the cyclic planes, the theorem is proved, 

854. Simple propositions for the circle can be transformed 
into others relating to the cone with the same facility as in 
plane geometry properties of conies are obtained. 

This is effected by considering the lines and points in the 
circle as the intersections of planes and straight lines, passing 
through the vertex of a cone, with the plane, which cuts the 
cone in this circle. 

It will be sufficient to give two examples of this trans- 
formation. 

355. Two tangents to a circle make equal angles with the 
chord which joins the two points of contact, hence 

Two tangent planes io a cone and the plane of the two sides 
of contact intersect a cyclic plane in three straight lines^ the third 
of which bisects the angle between the other two. 

The reciprocal theorem is, 

If planes be drawn through a focal line of a conCy and two 
sides of the concj and through the line of intersection of two 
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planes touching the cone along these sides ^ the third plane will 
bisect the angle between the first two, 

356. Two tangents to a circle make equal angles with the 
line joining their point of Intersection with the eentre of the 
circle, hence 

Two tangent planes to a cone^ and the plane parsing through 
their line of intersection^ and through the conjugate of a cyclio 
plane^ meet that cyclic plane in three lines^ one of which bisects 
the angle between the other two. 

The reciprocal theorem is, 

The planes passing through a focal line of a cone and two 
sides of the cone make equal angles v)ith the plane passing through 
the same focal line and the straight line in which the plane 
containing the tipo sides intersects the dirigent plane^ 

SpherO'Conics, 

357. If a cone of the second degree be cut bj a sphere 
whose centre is at the vertex of the cone, the complete curve 
of intersection will be two closed curves, which will be plane 
curves if the cone be one of revolution. 

Chasles observes that we obtain three distinct curves if we 
consider the portions of the complete curve of intersection con- 
tained on the three hemispheres cut off bj the three principal 
plaiies of the cone. 

First, consider the hemisphere whose base is perpendicular 
to the interior or principal axis of the cone, the figure is then 
a closed curve, and may be called a spherical ellipse^ the foci of 
which are the points where the focal lines cut the hemisphere, 
having, it will be seen, properties in all respects corresponding 
to the foci of a plane ellipse. 

Secondly, consider the hemisphere whose baae is the other 
principal plane perpendicular to that containing the focal lines, 
the figure is then composed of two halves of spherical ellipses, 
which may together be called a spherical hyperbola whose foci 
lie within the concave portions, and it will be seen that sections 
of the sphere by the cyclic planes have properties similar to 
those of asymptotes. 

Thirdly, consider tho hemisphere whose base is the plane 
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(idntainiDg the foc&l lities^ the figure id then formed by two 
halves of spherical ellipses and has four foci and a centre where 
the minor axis of the cone meets the hemisphere. 

We shall consider a sphero-conic to be one of the first two 
of these curves, viz. the spherical ellipse or hyperbola. 

The curves in which a sphere cuts two reciprocal cones, of 
which its centre is the common vertex are called reciprocal 
8jphero-conic8. 

The principal reciprocal property connecting the two may 
be stated thus ; 

Every point of a sphero-conic ta the pole of a great circle 
which toiLchea the reciprocal sphero-conic. 

358. The intersection of a central conicoid with a concentric 
sphere is a sphero-conic. 

For, if oa:' -f ly* + cjj* = 1 and a:' + y' 4 «' = r* be their equa- 
tions, the curve of intersection lies on the cone 

this cone is evidently concyclic with the conicoid. 

359. We give below two or three of the numerous properties 
of sphero^conics, which are the counterparts of properties of 
plane conies, each of which has its duplicate obtained by forming 
the reciprocal proposition. The proofs of these can be gathered 
from the previous articles ; but as exercises in spherical trigo- 
nometry the student may take almost any ordinary property 
in plane conies relating to foci and directrices, and to asymptotes 
of h}rperbolas, which correspond to the cyclic arcs, and find 
analogues to them in sphero-conics ; he may also find equations 
corresponding to the polar equation of a conic or of a tangent 
to a conic, or of the auxiliary circle, or of the locus of the 
intersection of perpendicular tangents. 

A tangent to a sphero-conic makes An arc of a great circle which 

equal angles with the radii vectores ;toucheB a sphero-copic and is cut off 

drawn from the foci to the point by the cyclic arcs is bisected at the 

of contact (Art. 352). point of contact. 

The sum or difference of two radii The sum or difference of the angles 

drawn from the foci to any point of which a tangent to a sphero-conio 

a sphero-conic is constant. makes with the cyclic arcs is constant. 
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The firat theorem Is proved by limits as in plane conies. 

The product of the sines of iircs The product of the sines of arcs 

drawn perpendicular to the cyclic drawn from the foci at right angles 

arcs from any point of a sphero-conic to a tangent to a sphero-conic is 

is constant (Art. 351). constant. 

We give the following as an example of the mode of 
applying spherical trigonometry. 

360. The locus of the intersection of perpendicular tangents to a 
sphero-conic is another sphero-conic for which the product of the 
cosines of the distances from tie foci of the first sphero-conic is 
constant. 

Let tangents at P, P* intersect at right angles in Q^ 2a the 
major axis, 27 the distance of the foci 8^ 5', 8P=-r^ BP=^r\ 
8Q = p,S'Q==p\/:SQP=L8'QP' = ylr,ihen 

cos27 = cos/> cos/>'-f sin/0 sinp' sin2'^, 
and if ^, p' be perpendiculars on PQ from 8^ 8' 

sin jp = sin -^ sin p^ sinp = cos -^ sin p\ 

and sin^ sin/?', being constant, is equal to sin (a — 7) sin (a + 7) ; 

.'. COS/) cos/)' = cos 27 — 2 sin (a — 7) sin (a + 7) = cos2a, 
from which the equation of the cone determining the sphero- 
conic may be easily deduced, viz. 

This equation may also be obtained as follows : 
The equation of two tangent planes to a cone aaj^+&y*+c«'=0, 
drawn through a point (f , 17, ?) is 

(af + bf]* + c^) (aaj' + hf + cz*) - [a^x + % + c^zf = 0, 
or [Ix + my -t- nz) [Tx -F my + nz) = 0, 
U _ mm' _ nn 

•'• ^(i7=r^ "" h[c^ + a^ ~ ^a^+H) ' 
and, when the tangent planes are at right angles, 

P V* ^ fl I 1\,„ « ^, 
a c \a o cj ^ 
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XV. 

(1) t^roTe that the equation of two circular sections of an ellipsoid in 

elliptic coordinates is a'* + a"* - — aV = (a* - c*) .-i , where r is the radius 

of each circle, d the distance of its centre from that of the ellipsoid, and d^ 
the central distance of the umbilic. 

(2) Prove that the points on the plane of the focal ellipse of an ellipsoid 
which correspond to those of a circular section lie also i& a circle, whose 
area is to that of the section as a' - c' : i*. 

(3) The plane of any cyclic section of an ellipsoid will intersect the 
dirigent cylinder in an ellipse similar to the principal section in which the 
focal conic lies ; if the plane touch at an umbilic, the umbilic will be a 
focus of the section of the cylinder. 

(4) The focal ellipse of an ellipsoid corresponds on the dat confoiial 
ellipsoid to the principal section in its plane, and the focus of the principal 
section corresponds to the umbilic. 

(5) If PO be a normal to an ellipsoid, G the foot of the normal on th6 
plane of the focal ellipse, P' the point of the flat confocal, bounded by the 
focal ellipse, which corresponds to P, O' the point on the ellipsoid corres- 
ponding to 67 on the flat confocal, JP'O' will be perpendicular to the plane 
of the focal ellipse and be equal to PO, 

' ifi) Any point in the plane of the focal ellipse of an ellipsoid will be the 
focus of two plane sections perpendicular to that plane, which will be real 
only when the point lies within the trace on that plane and without the 
focal jCurve. 

(7) The square of the distance between a focus and the corresponding 

directrix of the section of an ellipsoid, made by the plane of contact with 

b* 
any enveloping cone of revolution, is —g — . , , _ , . 

(B) If a sphere intersect an ellipsoid in two plane curves, the sphere and 
ellipsoid will have two common enveloping cones, whose vertices lie on 
opposite branches of the umbilical focal curve. 

(9) The foci of a series of parallel sections of an ellipsoid perpendicular 
to the plane of a focal curve will lie on an ellipse which touches the trace 
on that plane and the focal curve. 

(10) Every sphere inscribed in a cone of revolution circumscribing an 
ellipsoid will cut the ellipsoid in plane curves. 

(11) If a section of nn ellipsoid be taken passing through a focus S, 
and the corresponding directrix, and if S' be the point on the trace of the 
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surface such that the eccentric angles of S, S' in the focal curve and the 
trace respectively arff equal ; i), If the extremities of the diameters conju- 
gate to these points, the eccentricity of the section will he — ^ . -jrj , 

O heing the centre, a, /9, the semi -axes of the focal curve, and a, &, of 
the trace of the surface. 

(12) The locus of a point where a tangent plane to a conicoid is inter- 
sected by a bifocal line, to which it is perpendicular, is a sphere, unless 
the conicoid be a paraboloid, in which case it is a plane touching the 
paraboloid at the vertex. 

(13) If a series of confocal paraboloids be touched by parallel planes, 
the points of contact will all lie in a bifocal line. 

(14) If e, e' be the eccentricities of the principal sections (a, 6) and 

(a, e) of an ellipsoid, shew that the distance of two points S, S' on the 

focal conies in these planes, whose distances from the section {b, c) are 

e' e 

±'f stf", will be - jt'' ^ ^, z', and that the shortest distance of the correspond* 
e & 

ing directrices will vary as SS\ 

(15) If two conicoids have a common focus 8, and a common directrix^ 
and if a tangent to one of the surfaces at P meet the other surface in 
Q, Qf and the directrix in J2, SP will bisect the angle QSQ, 

1fl6) If from a point upon a focal line of a cone, perpendiculars be let 
fall upon the tangent planes to this cone, their feet will be upon a circle, 
the plane of which will be perpendicular to the other focal line. 

(17) In every h}'perboIoid of one sheet two circular cylinders can be 
inscribed. 

(18) In any hyperboloid there are two diameters, such that any two 
conjugate planes passing through either of them are at right angles, and 
these diameters are the focal lin«8 of the asymptotic cone of the hyperboloid* 

(19) Two tangent pknes to a cone intersect the two cyclic planes in 
four straight lines which are sides of the same cone of revolution, whose 
axis is perpendicular to the plane of the two sides -of contact. 

(20) A spherical triangle has a given area and two sides on two fixed 
circles, prove that lis base touches a sphero-conic, and is bisected by the 
point of contact. 

(21) Shew that the equation of the cone containing the locus of the 
foot of the perpendicular from a focus of a sphero-conic upon a tangent is 
(a* + c*) «• + (6* f c*) y* = a* (x* f y* + «*); and that its cyclic sections are 
the same as those of the conjs containing th£ locus of the interaection of 
perpendicular tangenta. 
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(22) Two fixed tangents to a sphero-conip are intersected by any third 
tangent; shew that the arcs joining the focus and the two points of intersect 
tion. include a constant angle. Shew also that this angle will be a right 
angle if the fixed tangents intersect on the directrix arc of the sphero-conic. 

State the reciprocal Iheorem. 

(23) If the arc joining two points of a sphero-conic pass through a focus, 
the sum of the cotangents of the arcs between the focus and the two points 
will be constant. 

State the reciprocal theorem. 
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CHAPTER XVI. 



DISCUSSION OF THE GENERAL EQUATION OF THE 

SECOND DEGREK 

361. Our object in tbis cbapter is to investigate tbe position 
of tbe origin, and tbe directions of tbe axes (wbicb we sball 
suppose to be a rectangular system) by transformation to wbicb 
any proposed equation of tbe second degree will assume its 
simplest form ; and also to find tbe relations among tbe coeffi- 
cients of tbe general equation wbicb discriminate tbe various 
kinds of surfaces capable of being represented by tbe equation. 

362. Tbe general equation of tbe second degree will be 
written 

/(aj, y, e) = ax^ + Jy* + c«" -H2a'y« + ib'zx + 2c' xy 

+ 2a'' X + 2h"y + 2c' z^ J = 0, 

or ttsu, + ti, + rf=0; ^ 

tbis equation will sometimes be made bomogeneous by tbe 
introduction of w for tbe unit-lengtb, wbicb will enable us to 
4 employ tbe known properties of bomogeneous functions ; in tbis 
case we sball bave 

t* -s aa^ + iy* + c«" + dv? + 2a'yz + ib'zx + 2c' xy + 2d'xio 

+ 2l"yw + 2c" zw. 

363. It will be convenient to denote tbe discriminant of u^ 
by H[u^ or A, and tbat of u in tbe bomogeneous form by 

I a, c\ V 

i7(u); also tbe minors of A = c', J, a! 

byGj C 

by A, a; b, b; c, c. 



, TJz. he— a*, b'c'—aa'..., 
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It is easily shewn that B'C'-AA'=^a^y and JB(7--4"=aA ; 
It follows therefore that when A = 0, the minors are connected 
bj the equations 

B' C* = AA', CA = BB\ A'B' = CC\ 
and BC^ ^'*, CA == B'% AB= C*, 
so that Aj Bj C are all of the same sign. 

364. The diacriminant of u can be expressed in the form of 
a square^ when that of u^ vanishes, 

a, c ^ ^ a 



H{u) = 



c\ 


h 


a, 


b" 


h\ 


a', 


c> 


c" 


a", 


v\ 


0", 


d 



-a" {a' A +b"C'i-c'B'y 
= -b"{a"C' + b"B +c"A') 
-o" ia"JB' + b"A' + e"C), 

C n A' . B' A' G 
^^t -J ^ ^. = -j^ nail 3-=t?, = 5>, 

a" A + b" C + c"B' a" 0'+ b"B + a" A' a"B + b"A' + c" G 



A 



G' 
-H{u) 



B' 



a"A + b"G'-^o"B'* 

.: H[u) = -2 {a" A + b" C' 4 e"B')' 

= - {a" V{-4) 4 b" V(^) + c" V{ (?)}', 

where the signs of V(-^)> V(^)> &°d V(0 Q>UBt be all the same 
as, or all different from, those of A, C", and B'. 

365. To find the centre or the locus of centres of a surface 
oftite second degree. 

Let ({, 17, 2f) be a centre of the locus of u = 0, and let the 
origin be transformed to this point; the transformed equation is 
/(a; 4 fj y + 'j) 24 f) ~0> ^^^■) since the new origin is the point 
of bisection of all diords drawn through it, each of the coefficients 
of X, y, z must vanish ; 

/. af 4c'i;4 J'f4«" = 0, 

c'f4 ii»4a'?4i" = 0, (I) 

J'f 4 a'v 4 c? 4 c" = 0, 
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Considering f , 17, ^ as current coordinates, these three equa- 
tions represent three planes in each of which the centre lies. 

The three planes generally intersect in one point (I), but they 
may have one line common to them all (II), or they may all 
three coincide (III). 

I. In the first case, there will be one centre which may be 
at a finite (i) or an infinite distance (ii). 

i. If the centre be at a finite distance, its coordinates will 
be given by 



Gj Cj b 

c'j i, a' 



xf + 



a\ c 



, ^, b' 
b"j i, a 
c 



c , a. 



= 0, 



, i', a, c 

and twa similar equations. 

ii. The centre will be at an infinite distance if any of its 
coordinates be infinite ) thus if ^ be infinite, 

A = ato - aa** -r bb"" - cc'" -f 2a'i V = 0, 

and a"A + b"G' + c''B' must be finite; and we may notice that 
Tj cannot at the same time be finite, unless C" : -4 = 0, (Art. 364). 

II. In the second case there will be a line of centres, which 
may be at a finite (i), or an infinite distance (ii). 

i. The coordinates of the centre must be indeterminate, 
for which, we have the conditions that A = and that the 
three expressions a"A + V'C' -^c'B', a"C' -\-b"B+c"A\ and 
a"5' + &"^'-|-c"(7 vanish, or 

^ a ^ Qj c^ 
J", c, J, a = 0. 
e ^ ^ a, c 



^" ij* J' 
a c 



If A\ B\ C be finite, — + _ + _=» 0. 

ii. The line of centres will be at an infinite dista^ice, 

(1) If the three planes be parallel, and not more than two 
of them coincident ; the conditions for tiiis are 

a c* V -, c' b a 
— =-- = — and 7# = ""7 ~ ~ J 
c a o a c ^ 



i 



GENERAL EQUATION OP THE SECOND DEGREE. 245 

and that dd\ h'b'\ c'd' shall not be all equal, hence, in thi» case 
A\ B and C all vanish. 

(i^) If one plane be at an infinite distance, and the other 
two be parallel or coincident ; in this case, if the first plane be 
that at an infinite distance, a, c', V must all vanish and a!' be 

T f 111 

finite, also -, = — and these must not be equal to — , if the two 
' a c c 

■Ltl 

planes be parallel, but will be equal to —, if they be eoincident. 

(3) If one be indeterminate and the others parallel but not 
coincident ; suppose the first to be that which is indeterminate, 
a, c , h\ and a' must all vanish, and aV, cb" must be unequal. 

(4) If two be at an infinite distance, or if one be at an 
infinite distance and a second be indeterminate; in this case 
all the quantities a, h^ c, a , &', c vanish except one of the first 
three ; if c be finite, a" and h" will be either one or both finite. 

Hence, for every case of (ii), A\ B\ and C all vanish. 

III. In the third case there will be a plane of centres, which 
may be at an infinite distance. 

In order that the three planes may coincide, we must have 

c " 6 " a' " 6" ^y a' " c "" c" ' 

therefore all the minors vanish, and da" =^b'b" =^cc'\ 

If the plane be at an infinite distance, all the coefficients of 
w, must vanish, while one at least of a", 6", c" is finite. 

366. We have shewn that when A or H{u^ is finite, the 
terras included in u^ may be removed by transformation, without 
altering the directions of the axes, but that for every departure 
from the general case, in which there is a single centre at a 
finite distance, one of the i^onditions is that A shall vanish, and 
this condition is independent of all coefficients of u except those 
of terms of the second degree ; it is also the condition that the 
part u, containing the terms of the second degree shall be the 
product of two factors, real or imaginary, see Art. 88. So that, 
in every case except where there is a single centre at a finite 
distance, by choosing coordinate planes, two of which bisect the 
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angles between the planes u^ = 0, the general equation can be 
reduced to the form /Sy" + 7^' + 2a"a; + 2fi"y + 2y"z + S = 0. 

This is further reducible to )8y"+7«'+2a"a;+S=0, by moving 
the origin in the plane of yz ; and if a" be not zero, this finally 
reduces to /8y* + yz^ +2a"a; = 0, or to ^8/ +72* + 5 = if a" = 0. 
If the two factors of u^ be equal, the equation is reducible to 
7«* + 2a"iB = or 7«* + 8 = 0. 

367. The loci of equations of the second degree may there- 
fore be classified according to the nature of their centres. 

I. Single Centre. 

i. At a finite distance. 

Ellipsoid. 

Hyperboloids of one and two sheets. 

Cone, real. 

Cone, imaginary (or point-ellipsoid), 
ii. At an infinite distance. 

Paraboloids, elliptic and hyperbolic. 

II. Line of Centres. 

i. At a finite distance. 

Cylinders, elliptic and hyperbolic. 

Line cylinder (limit of ellip. cylinder). 

Two planes, intersecting (limit of hyperb. cylinder), 
ii. At an infinite distance. 

Cylinder, parabolic. 

III. Plane of Centres, 
i. At a finite distance. 

Two planes, parallel (limit of parab. cylinder), 
ii. At an infinite distance. 

Two planes, one at an infinite distance. 
Two planes, both at an infinite distance. 

368. We have now to shew that it is always possible to 
choose such directions of the axes, that the transformed equa- 
tion shall contain no terms involving yzy zxy and xy^ the axes 
being in both cases supposed to be rectangular. 
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369. Since our objects in this chapter are, either to deter- 
mine what kinds of surfaces can be the loci of the general 
equation; or, given a particular equation, to identify the sur- 
face which is its locus, we may avoid complications by con- 
sidering that if only one of the rectangles, say ay, appear 
in the equation, we can by rotation of the axes of x and y 
make this term disappear, so that the equation will be reduced 
to the form 

aa;' + fff + yz* + 2a"a; + 2)8"y + 27"^? + S = 0, 

and the nature and position of the locus will be at once de- 
termined. 

In dealing with the general case we shall not therefore 
always examine the particular modification of the formulas which 
would be required if two of the three quantities a', b' and c 
were to vanish. 

370. To shew that u^ can always be reduced to the form 
Ota;* + /Sy'' + 7«* by transformation of coordinates^ a, /8 and y 
being real quantities* 

The quadric A(a?* + y* + j2?') — m, will become the product of 
two linear factors, real or imaginary, if h satisfy the equation 

(A-.a)(A-6)(A-c) 

-a'*(A-a)-J"(A-i)-c''(A-c)-2a'JV = 0(Art. 88). 

Since the equation is a cubic, one of the values of h must be 
real, and for this value A(a:*+y* + «*) — 1*^ = is the equation 
of two planes which, whether real or imaginary, have a real 
line of intersection. 

Let this line be the axis of 2; in a new system of coordi- 
nates, so that h[x^-\-y*-\-z^)—u^ becomes -4aj* + 2JRry + Cy* on 
transformation, and the term xy may be made to disappear 
by simple rotation of the axes of x and y.* 

Hence, referred to these new axes, m, would be reduced to 
ax^ -f ^y* 4 7«*, in which a, ffj 7 are real, although any one or 
two may vanish, the corresponding cubic being 

(A-a)(A-)9)(A-7) = 0. 

* This method was adopted by Archibald Smith in his Noten on the " Undnlatorj 
Theory of Light." — Cnmb. yfnth. Jour., toI. t., p. 5. 



I 



248 GENERAL EQUATION OP THE SECOND DEGREE. 

371. The cubic given in the last article is called the rfw- 
criminating cubic^ the coefficients of which, as we have seen in 
Art. 152, are invariants. 

Since the last term is ~ A, it follows that whenever all the 
roots of the discriminating cubic are different from zero, the 

locus of the general equation is a central surface. 

f 

372. To separate the roots of the discriminating cubic. 
The discriminating cubic is 

^ (A) = (A - a) {A - b) (A- c) - a« (A -a) -...= 0, 

and — <f> (A) is the value of A when a-h^b—hy c — h are written 
for a, i,c respectively; hence, since «' A = 5' C — -4-4', we obtain 
by this substitution 

a'4> (A) = (a'A + A') {(A - J) (A - r) - a'*) - (i'A + R) {c'h + C) ; 

and, if we write X, a, i' for r % — 77 i r 1 

' ' ' a ^ ^ c ^ 

<t>.{k) = {h-\){[h-b)[h-c)-a'*}-^^' {h-,.)ih-y); (1) 

Cv 

therefore ^ (X) has the same sign as - a'b'c' (X - /x) (X - i') ; hence 
if X, /A, V be in order of magnitude <f> (X), ^ (/a), <f> (v) are H — +, 
•or — I — ; therefore X, /*, v, or 

be J ca J ab 

a r 'I b- -jr^ and c - ,- , 

separate the roots. 

If one of the quantities, as a , vanish, 

^(A) = (A-a)(A-&)(A-c)-J"(A-J)-c'*{A-c); 

therefore ^ (qo ), ^ (6), ^ (c), <^ (— (» ) are H 1 — supposing 

i > c, and the roots will be separated by b and c. 

Cauchy's method of separating the roots is given in 
Todhunter's Theory of Equations^ in the chapter on Cubics. 

373. To find the conditions that the discriminating cubic may 
have equal roots. 

In the case of two equal roots, suppose )8 = 7, then u^ can be 
derived by transformation from 
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c = (a- )8) n" +/3, c = (a- /3] //«, 



^ oc J ca ah 

These aue obviously -the coaditioos that the conicoid may be 
one of .revolution. 

If all three roQ^s be ecpal, u^ must have been a(x*+^* + ^*) 
before transti^r^atlctfi.; thereibj;e a=^b = c an4 a = b' = c «= 0. 

374. Apothorform of the conditions for two equal roots may 
be obtained ; for {13 - a) (/3 -«.c) =i'* and (^3 - a) (^ - 6) =^'"4 

/. (/8-a)(J^^)-i'*-c'»; 

/. p = a-\' ' i ■ - =6h ==€+ i-i 

o—c c — a a— 6 ^ 

* 

and we may obseiwe that, if a = Q, 6' or c = 0, aud if a'., ^* be 
the two which vanish, = 4- 

375. To find the e^ua/tians jof the coordinate uxes whiok make 
the terms in u^ involving yz^ aar, xy disappear. 

When w^ has been reduced by transformation to cul'+0y*'\-yz\ 
one of the new axes is the intersection of tbo two planes whose 
equation id, referred to the onginsd axes, 

M, - A (a:* + y + ;?') = 0, where h^d, /9 or 7^ 

therefore, by Art. 89, the equations .of the a^ccs are found by 
writing a, ^8, 7 successively for h in 

a- ^ J V - (a - A) a'} = 3^ [c'a' - (i - A) b'} = z {a'b' - (c - A) c] . 

These equations do not give the position of the axes directly 
if two of the three quantities a,*', o' vanish, but, if a\ V be the 
two which vanish, it is obvious, from the original equation, thirt 
the axis of z will be in the direction of one of the axes. ^ . 

K 1^ 
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376. The direction-coBines of the axes can be symmetrically 
expressed in terms of the roots of the cubic <f) [h) = 0. 

For (a'a + A') {{a - 1) (a - c)-a'*j = {b'a-\-B) (c'o+ C) (Art. 372) ; 

therefore (a a + Af {(a - i) (a — c) — a"} is a symmetrical function 
of the coefficients, hence, if l^ m^ n be the direction-cosines of 
the new axis of x^ 

f| m^ r^ • 

(a-6}(a-/;)-a'"~ (a- c)(a-a)- 6*^ ^ (a-a) (a-6) -c*" 

1 1 

We give also below the method of determining the directions of 
the axes by means of the definition of a principal plane. 

377. To find the equation of tJie Jocus of middle points of a 
system of parallel chords of a conicoid determined by the general 
equation. 

Let the equation of the conicoid be /(ar, y, z) = 0, and let 
(X, /A, v) be the direction of the chords to be bisected, (f , 17, f) 
the middle point of any chord. 

Then the equation /(f + Xr, 17 + ftr, 5'+vr) = must have 
its roots equal and of opposite signs. 

This gives the condition 

d^^^dv^d^ ' 
or (af + ci7 + i'?)X + (cf + ti7 + a'f)/A-f (6'f + a'17 + cf) v = 0, 
which is the equation of the diametral plane. 

378. To determine the principal planes of any conicoid. 

A principal plane being perpendicular to the chords which 

it bisects, we shall have the direction-cosines given by the three 

equations 

a\ + cfi + h'y = s\j 

c'X+ lti-\-av-sn^ (1) 

h'\ + a'u + CI' = sv^ 
where « is a constant given by the cubic 
[s - a) (« - I) {s - c)'-a"' [s - a) - //' (*-*)- c *(* - c) - 2a JV = 0, 
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the discriminating cubic which has been ah*eady discussed. 
Since to each of the three vahies of a there corresponds one 
system of values of X : /i : v, there are, In general, three and 
only three principal planes. 

If, as in the case 'of a surface of revolution, there are an 
infinite number.of values of X : /^ : v, we obtain from equations (1) 

a - « __ c ^V ^ c' ^h--8 a' ^ 
c — 8 a ' a c — a^ 

itt t t fit 

be J ca ab . * ^ «-,« 

/, 8 = a J :=b-T-jr = c ,- , as m Art. 373. 

a b c ' 

379. To ahew that the three principal planea of any conicoid 
are mutually at right anglea. 

Let «,, /?g, «, be the three roots of the discriminating cubic, 
and let the corresponding values of X, /a, v be denoted by the 
same suffixes ; we shall then have 

a\ + cV, 4 iV, = *,X„ 

c\+ A^, + a\ = 5,/A„ (1) 

l\ 4 a'fi^ 4 cVj = «,Vj. 
Multiplying by X,, /a^, v^ and adding, we obtain 
[a\ 4 c>, 4 J'O X, 4 {e\ 4 hfi^ 4 aVJ /i, 4 [V\ 4 «>, + <^^^ ^ 

.-. 5,X, . X, 4 aji^ . fi^ 4 *,v, . V, = *, (X,X, 4 fi.fi^ 4 v, vj, 
whence (5, - «,) (X^X, 4 /*,/*, 4 VjV,) = 0, 

Hence, If two roots of the cubic be unequal the con:espondihg 
principal planes will be at right angles. 

We may make use of equations (1) to shew that the equation 
of the surface referred to the principal planes as coordinate planes 
will be of the form ax*+ 0y* 4 7«' 4 8 = 0*, in which a, )8, 7 are 
the roots of the discriminating cubic, for,, oa transformation, 
the coefficient of x* will be 

a\* 4 J/i/ 4 cv/ 4 2a>, v^ 4 2tV,X, 4 2c'X>, 
and siliiiferly,. /S<« a^ 7 *= V 
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380. To distinguish the turfaces represented hy an equation 
for which the roots of the disci-iminating cubic are finite. 

la this case there is a centre at a finite distance, to which 
if the origin be transferred, the direction of a new system of 
axes can be chosen (Art. 370), such that 

u^ax^-\- hy* -f cz^ + dw* 

+ 2a yz + 2Vzx + 2c xy -f 2a"xtc + 2h"yic + 2c"zw = 0, 

will become by transformation cue* 4 /8^'+ 7«*+ Sm?* = 0, w being 
written for the unit. 

The transformation will be effected by substituting 
Jx + my -^-nz-^^w for jr, and sirailap expressions for y and «, 
to being unchanged} the discritninants, being invariants, arc 
therefore equal,* since the modulus of tiransformat>ioii' 

7, w, w, 
Z', 7w', ?/, 

■"■ Vt tt ft g\ 

: e , m , w , 

0, 0, 0,. 1 

if* ft 
, a 



-M 



/. iEr{w) = 



a* c 



c, J, a', i" 
J', <l'y c, c" 
a , &' , ^ , d 



a, 0, 0, 
0, /S, 0, 
0, 0, 7, 
0, 0, 0, S 



= 0^78;^ 



Hence, we hare the following table for the case in which 
a/87 or A is finite, and a > )9 > 7, by which it raay be seen? how 
the loci ave distinguished : 



1 

• 


^ 


7 


H{u) 


-f 


1 

+ 


+ 


— 


-f 


+ 




+ 










+ 


— 


- 


— 


+ 


+ 


^^ 





+ 


+ 


+ 





+ 


+ 


+ 


+ 



— Ellipfioid 



Hyperboloid, one sheet 



— — — Hjperfeoloid, two sheets 



Con«^ Ttai 



Cone, iroaginaiy, or point 



Imaginary locus 



* Salmon*^ Higher Algebra, Arti. 1 18 and 28. 



GENERAL EQUATION OF THE SECOND DEGREE. 253 

In order that a, /9, and 7 may be all positive, a + b-^c and 
A must be positive. If the locus be a point, or rather an in- 
definitely small ellipsoid, the section of ^^ = by each coordinate 
plane must be a point-ellipse ; therefore each of the quantities 
be — a'*, ca — J'', and ab — e* must be positive. 

The conditions for surfaces of revolution are obtained in 
Art. 373. 

381. To distinguish the surfaces represented by an equation^ 
for which one of the roots of Hie cubic vanishes^ and the centre is 
single and at an infinite distance. 

The conditions that the centre may be at an infinite distance 
are that A = 0, and that one or more of the tliree quantities 
below shall be fimte, 

ef'B'i-b"A'-hc"C. 

Tfie surfaces will be the elliptic o* hyperbolfc paraboloid, 
according as the roots of V - (a + 6 + c) A + -4 4- -B-f- (7= 0, have 
the same or opposite signs, i.e. as -4 + jB-f C i» + or - j but, by 
Art. 363y -4, 5, C have the sanve sigo, hence 

A^ B^ and (7+ gives an elliptic paraboloid, 
A^ By and G^ „ byperbelic paraboloid. 

382. To distinffvish ike smfaces represented by the general 
equation when there is a line of centres at a finite distance. 

The eondifions that there may be a line of centres are A = 
and H[u)^^ KV(^) + b" s/[B) 4 c" ,J[C)Y = 0; or, if A\ B\ C 

be finite -j; 4 Tp + Tt^ = ^- ^^^^ equations of the line of centres 

are -4'f — aV = jB'i7 — y6"=(7'5'—cV' = /3 suppose; therefore, if 
ive transfer the origin to any point in the line of centres de- 
fined by some value of p, the equation of the surtace will becoma 

M,4a"f + 6"i;4c"?4c?=0, 
or M,4 -^4 ~^r 4 -^r 4 d=Oy, 
since the eoefficient of p vanishes. 
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If a\ b'j c be all finite, A\ B\ G* will be so also, but if a\ 
for instance, vanish, the other two being finite, A' will be finite, 
and, by Art. 363, if 5' = 0, then -4=0, and C" = 0, and h and c 
vanish ; hence, recurring to the original equations for determining 

the centre, we easily obtain the equation u^ ,- — | — j^ +c?= 0, 

c c 

and the condition b'b" = cc". 

If two roots of the discriminating cubic be finite, since u^ is 
reducible to the form ffy* + 7^*, the imrfaces represented by the 
equation wHl be in the general case in which 

aa 00 cc ,. ^ . 

—j^r -f -^7 + Qf +rf 18 finite, 

A^ Bj and (74, an elliptic cylinder, 
A^ Z?, and (7-, a hyperbolic cylinder ; 

when J,- +...=3 0^ 

A J w9, and 04, a line cylinder,. 

-4, 5, and (7—, two intersecting planes; 

If only one root be finite, z/, is reducible to yz*y but in this 
case, since -4 4^ + 0'= 0, -4, -6, C, bemg alF of the same sign, 
must vanish separately, from which it follows that -4', 5', C 
also vanish, and there cannot be a line of ceBtres" at a finite 
distance. 

383. To dutingxnsh die surfaces wHen there « a line of 
centres at an infinite distance. 

In this case A' = 5''= C = ; therefore -4 = 5=0=0; two 
of the roots of the discriminating cubic must therefore vanish ; 
also aa\ h'b'\ cc' must not be all equal. 

Since aa' = b'c^ &c., ti, can be pat into the form 

^*na*^ + f + ?j' 
and the only surface represented fs a parabolic cylinder. 

384. To distinguish the surfaces for which there is a plane 
of centres. 
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In this case, as In the last, the minors all vanish, and we 
have In addition aV = i'6" = cV'j tlie equation may therefore 
be written 

The surface represented consists of two parallel planes unless 



ab'cd^a^a'*. or rf= — = -- = — in which case they are 

coincident. 

One of the planes will be at an infinite distance if a, &, c, 
a', h\ c all vanish while one at least of the other quantities 
remains finite. 



385. The results in the general case may be tabulated as 



I /ft 
a a 



cV" 



fcUows, if <; be written for —jr + —ht + -pr + d^ and v for 

(aV'-i'i7 + (i'J''«c'c7, where /denotes* finite' and a, /S, 7 
are the roots of the discriminatiog cubic, a>/3>y» 



A 

+ 

+ 

+ 
+ 


















a 1 /3 


y 


//(«) 


C 


V 


v' 




+ 1 + 1 + 
+ • + 1 - 

-\- - 

4. + + 


+ 




EUipaoid 




• 


Ujperboloid, one ^heet 






Hyperboloid, two sheets 









Cone, reaf 




/ 


+ 


Gone, imaginaiy, or point-ellipsoid ' 


* + 

• 

+ 
+ 


+ 


+ 


Paraboloid, elliptic 


— 


/ 


— 


Paraboloid, hyperbolic 


+ 





+ / 


Cylinder, elliptic 


I + 
+ 

« 1 + 



i 

1 


+ + ; * 


Cylinder, line 


- 

- 
+ 






/ 




Cylinder, hyperbolic 




Planes, intersecting 


Cylinder, parabolic 


+ ! 









1 


Planes, parallel 



a 



b"* d"* 
For coincident planes </= = = 

. a o c 
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For two planes, one at an infinite distance, a, J, c, a\ b\ c'=0, 
one at least of a", J", c" finite. 

For two planes at an infinite distance, d alone finite. 

386. Processes for finding the locus of any gicen efuai£an. 

When a particular equation of the second degree is presented 
to us, in order to discover what species of surface it represents, 
we would recommend the student first to forna the discriminating 
cubic, and it will then be seen whether ihe last (term\A vanishes 
or not. 

I. If A be different from zerct, we must find ,the centre, 
transfer the origin to it, and by chan^ijog the directions of the 
axes reduce the equation to tlie form a^c* -f )Sy* + 7;^* + 3 = 0, 
where a, /8, 7 are the roots of the discriminating cubic, which can 
always be found approximately^ at all events their signs can 
be determined by Des Cartes^ xule^ and S has beeai shewn to he 

— ^- , or in particular cases may be found mare easily without 

the use of the determinants. 

II. If A =^0, and A-i- B-\- G he jnot *erct, in which case the 

two roots /3y 7 will be finite, it cwill be best to determine the 

directions of the axes which correspond to <tlie thi;ee roots 0, /S, 7, 

and to suppose the origin so chosen that the equation becomes 

either 

/Sy" + 7«* + 2a"x = 0, (1) 

or ;3/ + 7«'' + S = 0. (2) 

If we do not require the position of the vertex, the value of 
a" in (1) can be found by equating the discriminants, by which 

we obtain fiya"' =-^{a" A -^b"C' + c"By, and if we find 

that a" vanishes, we take case (2). 

But if in case (1) the coordinates f , 17, ? of the vertex be ' 
required, we think that the best method is to transfer to this 
point, and observe that the result must be 

u^ + 2a" \lx + mt/ + nz) = 0, 
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if {Ij fUy n) be the direction of the new axis of x] bo that 
we obtaio ihe equations for determining ^, 17, ^ and a\ 

.Off + e'v + J'r + a" = Za", 
^'f -tbtf +af + i"=wa", 

a"f + i"i; + c"r+ d +{l^ + mri + wf ) a" =^. 

'From the first three equations 

a" A + b" C + c"S' ^{lA-{-mC'-\-nB') a", 

which gives a" without ambiguity, and the fourth equation with 
two of the former determines f , 17, and f. 

Tf a" = 0, we shall have in case (2) three equations, equivalent 
to two independent equations, which will determine the axis of 
the surface, and we can obtain B from a fourth equation com* 
bined with two of the focmer; thus eliminating { and 17 from 
ithe last three, 

S [ale - bb') = b" {bT - a'a") + c" {ba" - cT) + d (aV - iJ% 

since the coefficient of ?= a" A + b"C' 4 c"B' = 0, when a" = 0. 

Thus the position of the locus is determined completely in 
iboth cases. 

III. If A'=0 and ^ + -8+ C=0, the equation is reducible 

to one of the forms yz' + 2a"x = (1), 72j"4 5 = (2). 

b'c 
In this case, since a = — ,- &c., tke .o/iginiU equation is easily 

put into the form 

a'fiV g 4 I 4 IjV 2 {(t"x 4 b"if 4 c"z) 4^=0; 

if (Z, m, w), (f , w', n') be the directions of the .pew,i^zes of a?, «, 
and ({, 17, ^ be any point on the line of vertices in (1), the 
equation referred to that point as origin and to axes parallel 
, to the original axes will be 

7 [I'x 4 my 4 nzY 4 2a" (ic 4 wty 4 m) = 0, 

whence Ta = m'b' = wV = , / = . /( 7 ) . 

V y y Ka + b-^cJ 

LL 
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We obtain also the equations 

7? (ff + wi'ij + n'f ) + a" = la"f 

ym' (ff + m'v + n'C) + &" = »»«", 
yn' (f f + m'fi + n'f ) + c" = na", 

.". 7 (ff + wi'i7 + n'O 4 a"r + h"m' + c"n' = 0, (3) 

and o"* - a"* + i"» + c"» - (a'7' + h"m' + c' V)* 

= (5V - c'm'Y + (c'7' - a'V)» + (o"ni' - JT)", (4) 

(4) gives the latus rectum of the principat parabolic section, 
(3) and (5) are the equations of the line of vertices. 

The value of a" shews the necessity of the condition that 
aV, b'b'\ cc" must .not be all equal. 

If a'a" = b'b" = cc", see Art. 384. 

387. We shall conclude this chapter by applying some of 
its processes to two numerical examples, and we shall also shew 
how the discriminating cubic may be sometimes employed with 
advantage when we cannot find the roots, by investigating 
directly the construction for the axes of a cone enveloping a 
conicoid, and the locus of its vertex when it is a right cone- 

388. Tojind the surface whose equation is 

32aj* 4 y* + «' -f 6y«-16«a?-16a;y-6j;-12y- 12«+18 = 0. 

The discriminating cubic is 

(A-32)(A- l)»-9 (A-32)- 128 (A -1) -6.64 = 0, 

the last term of which is and the roots 0, 36, — 2. 
The equations of the axes are known from 

{64 + 3(A-32)ja;={-24-8(A-l)}y=[-24-8(A-l)}«, 

which give 2a? = y = «; a: = — 4y = — 4z; a? = 0, y = «; 

and the direction-cosines are 

a, h !), (!A -iV2, -W2), and ^0, JV2,-iv/2). 
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The equation being reduced to 36y' - 2«* + 2a"x = 0, by the 
equation of invariants 

-J (3. 8 + 6. 16 + 6. 16)* = -36. 2a"*; .'. a" = ±9. 

If (f , ffj f ) be the vertex referred to the original axes, when 
we transfer to this point the equation must reduce to 

u^ + 2a"(ia? + §y+|«)=0; 
.-. 32f-8i;-8t-3 = ia" 

- 8f+ i7 + 3f-6 = K 

- 8f + 3i7+ ?-6 = fa"; 

.-. -3 -2.6 -2.6 = 3a"; /. a" = -9, 
and since the constant term vanishes 

Ja"(? + 2i7 + 2?)-3f- 612-6^+18 = 0, 

or f + 2i7 + 2f=3; 

... ^ = f=2f=§. 

389. To find the surface whose equation is 

a?*-2y* + 2«' + 3«a;-ajy-2aj + 7y-5;2?-3 = 0. 
The discriminating cubic is 

(A-l)(A*-4)-|(A + 2)-i(A-2) = 0, roots 0, ^-^-^S 
-&(«) = - 3 (-4o" + C'6"'+ 5V7= 0, 
and the equation is reducible to 

The eqaations determining any point (^, 17, ^) of the axis of the 
surface are 

2f- ij + 3C-2 = 0, 

- f-4i, +7 = 0, (1) 

3f +4^-5 = 0, 

w&ieh gSre-the straight line 

^=-4, + 7=i(-4{:+5)j ' (2) 
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therefore multiplying fbe equations' (1) by f, 17, ^j and adding 
2S=2/(f,i;,?)=-2|+7i,-5?-6 = 0; 

The equation therefore represent)} two- inteFSecting planes whose 
line of intersection is given by (2). 

390. To find the axes of the conical envelope of a central 
conicoid. 

The equation of the cone referred to its vertex as origin vs 

a [ax* + by* + cz^ = {afx + hgy + chzf^ 

<r being written- fw? af* + J^ + cA* — 1, the discriminating cubic 
in this case ir 

[s - era + a*/*) (« - o-J + jy) [s - crc + c'A') 

--Vcyh'{8''aa-\-a*f)-<fa*hy^{8'-ab-\-b^g^ 

- a*by*g* (« - <rc + c*A") + 2a^V<?fg'V = 0,. 

or writing «,, *^, 8^ for « — <ra, « — aJ, 5 — o-c 

«•/• iV* c'** , n 

« — aa s—ao s^ac ' 

and «/*+ J/+cA"- 1=0-; 

therefore multiplying the first ecpation by o*, and adding: 

8af* 8bgf 8ch* _ 

8—aa 8— CO 8 -ac ' 

^ y.* k* 

J g n 

1 a I a 1 a 

a 8 b 8 c s 

Now by Art. 375 the direction*K^sines of the axis correspond-*^ 

ing to 8 are inversely proportional to a' f^ — a+—r], &c;, and 

b'c' 

in this case a r . and a' are replaced by <ra and — bcgh^ hence 

a 

the direction-cosines of this axis of the cone are in the ratia 

1 _ o;' 1 <r' 1 _<r' 
a « ft 5 c « 
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thus we have proved, hy the method of this chapter, that the 

axes of the cone are the normab to the confocals through the 

vertex. 

The cooditions of Art. 873, that the conical envelope shall be 

I'c 
a surface of revolution, are, since the expression a r becomes 

<ra, either that a==b=^Cj in which case the enveloped conicoid 
is a sphere, or that fjffyOt A = ; suppose A = 0, then one of 
the three corresponding values of s will be ac ; 

■ 

^ a c b c 

lence the vertex meat lie on a focal conic. 



XVI. 

(1) Find the nature of the surfaces represented hj the following 
equations : 

.2. yz -^ zx + ssy ^ a\ 

3. «• + y* + «• + 2xy f 2yz + 4«r = 1. 

4. «■ 4- y* 4 2 (ay + y« + tt^) = aF. 

6. 2«» - 6x* - 2y« + lOary + 4ya + 4y + Iftt + 16 = 0. 

6. j^ + 2 (ys + UP + xy) + 2 (s - y - 1) s 0. 

7. a* + y* + Sx* + 3yaJ + zx + «y - 7« - 14y - 25s + cf » 0. 

8. 6y* - 2*" - «P - 4xy - 6yil + Stx = 1. 

ProTe the following results s 

1. Hyperboloid of one sheet 2. Hyperboloid of revolution, eccentri- 
city of generating hyperbola b V(f )• 3. Hyperboloid of one sheet, axes 
VW ~ V(^)> V(^) + V(2)» 1 1 direction-cosines of axes in the ratios 
{1» ± V(3) - 1» lj» (1» 0; - 1). 4. Hyperbolic cylinder. 5. Hjrperboloid 
of one sheet, centre (fi ^% - V)* ^- Cone, direction-cosines of axes 
{0, \ V(2), - \ V(2>j, {± \ V(2)» i> i). 7. Ellipsoid, point or impossible 
according as <f < » > 55* 8. Hyperbolic cylinder. 

(2) The equation 7x' + 8y* -f 4<^ - 7y8 - 1 l&v - 7d:y » a' represents an 
hyperboloid of one sheet whose greater real axis makes with the axis of z 
an angle tan'' V(2)« 

(3) The equation 

a«» 4 4y* + 9«« + 12y« + 6« + 4«y + 2a''* + 26^^ 4 2e''s 4 i = 
will in general represent an ellip' ic paraboloid, a parabolic cylinder, or a 

/ 
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hyperbolic paraboloid, according as a > = < 1. What surfaces will it re- 
present in the following cases : 

i. 3r = 2c^, a>«<l. ii. Ca" = Si" = 2c", a = 1. 

(4) The equation (cy - bz)* + (oa - ex)* + {bx - ay)* = 1 represents a 
right circular cylinder, the equations of whose axis are - = ^ = — . 

(5) The equation a (y - «)* + & (a -«)• + c (* - yV = cf" represents a 
cylinder, which is hyperbolic when he -v ea ^ ab is negative ; and which, 
when &e -I- oa -I- ah is positive, is elliptic or impossible according as a + & 4 e 
is positive or negative ; if a t 6 -i- c = 0, the principal section will be a rect- 
angular hyperbola. 

(6) The surface represented by the equation 

a V + l^y* + c*2* - Iheyz - 2eazx - 2ahxy = I 

is an hyperboloid of one sheet, and the sum of the squares on its real axes 
is equal to the square on its conjugate axis. 

(7) The equation a*' + by* + c«" + 2a*yz + 2b'zx + 2ifxy = will represent 
a right cone, whose vertical angle is 0, if 

flfl' - JV W - oV ee' -a'V , ^ , 1 + cos^ 

-' — = — i;^ — = — ; — = (a + J + c) - — 5 _ . 

a h* c ^ '1 + 3 co8^ 

(8) If a cone whose vertex is the origin and base a plane «ection of the 
surface ax* + by* -i- cz* => 1 be a cone of revolution, the plane must touch 
one of the cylinders (6 - a) y* + (c - a) «' =1, (c - h) «• + («- 6) V «s 1, 

(9) Discuss the diflbrent surfaces represented by the equation 

«■ + (2m' + 1) (y» + 2») - 2 (ye \zz\ xy) = 2m* - 3m + 1, 

as m varies from - oo to 4 oo; considering particularly the critical values 
- 1, i, and 1. 

(10) Prove that, when W = tfa*, and ed = a'6', the equation 

ax* +...+ 2a'y2 +...+ 2a"x +...+/= 0, 

represents in general a |>araboloid whose axis is parallel to the straight 
line a? = 0, c'y + h'z « 0, 

(11) The section of the surface yz\zx\xy-a*hy the plane Ix^my^nz-p 
will be a parabola if A 4 m^4 n^ » ; and that of the surface 

«• 4 y* 4 «• - 2yz - 2xy = a* 
will be a parabola if mn 4 n/ 4 /m = 0. 

(12) The radius r of the central circular sections of the surface 
ayz 4 hsx 4 exy = 1 is given by the equation ahcr* 4 (a* 4 6" 4 c') r* = 4; 
and the direction-cosines of the sections by the equations 

i (m* 4 n*) ^ m^-i^^ ^ n (/» 4 m*) ^ ^^^^, 
a ~ b " e 
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(13) The semi-axes of a central section of the surface ayz f bzx + cry -f abe ■ 
made by a plane whose direction-cosines are /, m, n, are giyen by the 
equation r* {2bcfnn +...- a*t* -...) - iabcr^ (amn f ...) + 4aVc' = 0. 

(14) Prove that the section of the surface 

ax* +...t 2a'yz +...+ 2a'x +...+ c? = 0, 

by the plane Ix + my ^ nz^O will be a rectangular hyperbola, if 

r (6 + c) + m« (c + «) 4 n* (a + 6) = 2a'm« + 26W + 2c'lm j 

and a parabola if ? (6c - «'«) +...4...+ *lmn (h'd - aa') +...+... = 0. Explain 
why this last equation becomes identical if lf<f » cui, tfa = bb\ and <i'6' - cc\ 

(15) The area of the section of the conicoid 

flx* + 6y* + cz* + 2/y« f 2^«x + 2hxy = 1 

through the extremities of its principal axes is 

2?r // a ^h * \ 

3 V(3) V Wc + 2/^;* - «/• - bf-chV ' 

(16) A cone is described whose l>ase is a given conic, and one of whose 
axes passes through a fixed point in the plane of the conic, prove that the 
locus of the vertex is a circle. 

(17) Find the equations of the hyperboloid, three of whose generating 
lines are x = 0, y « o ; y = 0, z - o; and s » 0, x = a; shew that it is a 
surface of revolution, and find the eccentricity of a meridian section. 

(IS) If r be any semi-axis of the quadrio 
ax* + hi/* + C2« + 2/y« + 2ffzx + 2hxy = (a, b, c,/, g, h) (jr, y, zf = 1, 
prove that the values of r will be given by the equation 

9h , hf ^ fg ^ 



(19) Find the locus of the centres of the surfaces represented by the 
equation «* + y* - «" f 2pjrz + 2qyz - *lax - 2hy + 2cz ts 0, a, 6, c being given 
positive numbers, and p and q variable ]>arameters. 

i. When p and q vary in every possible manner. 

ii. When they vary in such a manner that the equation may always re- 
present a cone. 

Distinguish the respective parts of the locus which correspond to 
hyperboloids of one and two sheets. 

(20) The surface whose equation, referred to axes inclined at angles 
«♦ Pt 7, is ooj* + Jy* + «■ = 1, will be one of revolution if 

a cosa h cos/9 c cos 7 

COSa - COS^ COS7 COifi - COS7 C09« COS7 - cosa cos/^ ' 



m 
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(21) The surface whose equation, referred to axes inolined at angles 
«» /9, 7, is ay» > ft&r -f cxp » i, will be one of reTolution if 

a b e 

sr ■ S3 • 

I ± COS a 1 ± C0S)8 1 ± COS 7 

one or three of the ambiguities being taken negatiTe. 

(22) The equation 4U^ + by* -{- ez* « 1 may, when referred to oblique 
axes, be transformed into the equation 2m (ys •)-«« + jry) *» 1 in an infinite 
number of ways. If a\ b\ d be the cosines of the angles between the 
axes, shew that 

a 

• (* + 1 + J^\ = 6V + cV + a'i' -a' - 6' - c', 
\6c ca ahj 

and ^= 1 - •^ - ^ - c^+ 2a:Vif. 
abc 

If the oblique axes be mutually inclined at angles of 6QP, shew that either 
- 2a = 6 = c, a = - 26 as c, or a = & = - 2c. 

(23) Shew that the hyperboloid, whose equation, referred to oblique 
axes inclined at angles cos'^a', co8~'6', cos~'c', is 

(1 - a') ya + (1 - b) «ar + (1 -cO «y = ^> 

is an hyperboloid of revolution, whose equation, referred to its principcd 
axes, is 

^ ^ ^ 1 - a'* - 6 « - c'* t 2a'b'& ^ 

(24) If the equation of an hyperboloid, referred to oblique axes inclined 
at angles a, /9, 7, such that a -f /3 + 7 = ar, be 

yz cos a + «r cos /3 + a:y cos 7 = d*, 

shew that the length. of one of its axes will be 4d: and that the eccentc^ 
city (0) of its principal elliptie sections will be given by the equation 

4^* 1-8 cos a cos /3 cos 7 

1 - «• cos* a COS* /3 cos* 7 

(25) Three fixed rectangular axes are taken, and a fixed line through 
the origin whose direction-cosines are X, /i, .». If any rigid surface be 
turned about this line through an angle 6, the equation of such a surface 
in its new position may be derived from its equation in the old one by 
changing x into x cosd -f X (\x + /uy -i- >«) (1 - cos^) + (/a - vy) sin 0, with 
similar changes for y and z. 

Hence, defining an axis of a oonlcoid as a ' diameter, such that by revo- 
lution about it through two right angles every point of the surface returns 
to the surface again, deduce the ordinary cubic equation for the determina- 
tion of the axes. 
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CHAPTER XVIL 



1>EGBEES AND CLASSES OF SUH FACES. DEGREES OF CURVES 
AND TORSES. COMPLETE AND PARTLiL 
mTERSECTIONS OF SURFACES. 

391. Having already fully investigated the nature of the 
surfaces represented by the general equation of the second degree, 
we will proceed to the loci of equations of higher degrees, which 
we may consider as equations either in three-plane or four-plane 
coordinates: in the latter case we may uippose the equations 
homogeneous, without loss of generality. * 

392. Surfaces which are represented by rational and integral 
algebraical equations are arranged according to the degrees of 
these equations when plane coordinates are used, and according 
to classes when tangential or point coordinates are used. 

A surface is of the t}^ degree when the equation of which 
it is the locus is of the ri:^ degree in the coordinates of any 
point of the locus; the geometrical equivalent being that a 
surface is of the n"* degree when an arbitrary straight line 
intersects it in n points, real or imaginaiy. 

A surface is of the vfi^ class when n tangent planes, real or 
imaginary, can be drawn to it through an arbitrary straight 
line. 

If p\ j', r', s and p\ j", r", s" be the point coordinates 
of two planes, the coordinates of any plane passing through 
their line of intersection will be I]/ + 772p", l^ + ^^"...(Art. 128), 
I : m being an arbitrary ratio, and the particular planes which 
touch a surface whose tangential equation is F[p^ y, r, «) = 0, 
supposed a homogeneous algebraical equation of the rfi^ degree, 
will be determined by the values oi I : m which satisfy the 
equation -F(^'+^", -..) = 0; the number of values of the 
ratio will be n, and this will therefore be the class of the 
surface. 

MM 
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393. Curves and Torses are arranged according to their 
degrees. 

A curve of the rfi^ degree is one which intersects an 
arbitrary plane in n points, real or imaginary. 

A torse of the nf-^ degree is one to which n tangent planes, 
real or imaginaiy, can be drawn through an arbitrary point. 

Other classifications of curves and torses will be explained 
hereafter. 

394. Among the various methods of treating of curves 
which have been proposed, one is to consider them as the inter- 
section of surfaces whose equations are given. In this method 
the difficulty arises, to which allusion has been made (Art. 13), 
viz. that extraneous curves may be introduced which are not 
the subjects of investigation. 

If any curve be supposed to be given in space, it is impossi- 
ble generally to determine two surfaces which shall contain no 
other points but points which lie on the proposed curve ; but 
among all the surfaces which may be drawn through a curve, it 
is desirable to obtain the simplest forms of surfaces of which the 
curve shall be the partial intersection. 

395. The numl}er of points in which three surfaces inter- 
sect, which are of the m^\ n}\ and j>^^ degrees respectively, is 
mnpj unless they intersect in a common curve, in which case 
it is infinite. 

For the proof of this proposition, the student is referred 
to Salmon's Treatise on Higher Algebra^ Lesson Viir., on the 
number of solutions of three equations in three unknown 
quantities. 

The student may be able to satisfy himself of the truth of the 
proposition, by considering that the number of points in which 
the surfaces intersect will, by the law of continuity, be unaltered, 
if we substitute particular instead of the general forms of the 
surfaces. If the surfaces respectively consist of m, n, p arbi- 
trary planes, it is obvious that the number of their common 
points of intersection will be mnp^ each point being the inter- 
section of three planes, taken one from each system. 
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396. The complete intersection of two surfaces of the Trfi^ and 
n^ degrees respectively^ is a curve of the mn^^ degree. 

Let a plane intersect the surfaces, the number of points of 
intersection of the plane with the surfaces is mw, this is there- 
fore the number of points in which the plane cuts the curve, 
and the curve is of the mn^^ degree. 

397. To find the number of conditions which a surface of 
the n^^ degree may be made to satisfy. 

The number of constants in the general equation of the n^^ 
degree is evidently the number of homogeneous products of four 
things of n dimensions, and is therefore 

_ 4.5...(4 + n-l) ^ (/i+l)(n4 2)(n + 3) ^ 
" 1.2...W "" 1.2.3 * 

but in estimating the number of constants with reference to the 
number of conditions which the locus can be made to satisfy, we 
must diminish this number by one, since the generality of the . 
equation is unaltered if we divide by any one of the constants. 
The number of disposable constants, so obtained, is 

(n + l)(n+2)(n+3) ^ (n" + 6n+ll) .. . 

Thus 0(2)= 9, 0(3) = 19, 0(4) = 34, 
(5) = 55, (6) = 83, and so on. 

Since, when a point is given, we may substitute its coordi- 
nates in the general equation of a given degree, and thus obtain 
a linear equation of condition between the constants, a surface 
of the third degree may be made to pass through 19 arbitrarily 
chosen points, and one of the fourth through 34, &c., and (n) 
arbitrarily chosen points will completely determine the position 
and dimensions of a surface of the n^ degree. 

A surface of the n*^ degree is also determined by {n) inde- 
pendent linear equations of any kind between its coefficients. 

398. All surfaces of the n^^ degree which pass through 
(w) — 1 given points have a common curve of intersection. 

If u = 0, V = be the equation of two surfaces passing through 
the given points, Xw + /At? = will be the equation of another 
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surface of the rfi^ degree which passes through the ^(w) — 1 given 
points ; and since, by giving proper values to the ratio X : /i| 
this surface may be made to pass through any additional point 
which is not common to the two surfaces w = 0, v = 0, this equa- 
tion will be the general equation of all surfaces which contain 
the (n) — 1 given points. But this equation is also satisfied 
by the coordinates of all points which lie on the curve of in- 
tersection of n = and v » 0; this curve, which is of the degree 
n*y is therefore the common curve of intersection of>.all sur- 
faces containing the ^ (ft) — 1 points. 

399. By reasoning similar to the above^ it can be seen that, 
if a surface be of such a nature that m points or m linear equa- 
tions of condition completely determine it, we may assert, that if 
971-1 such conditions be given, all surfaces of this kind which 
satisfy these conditions will have a common curve of intersection. 

400. We shall give the name of cluster to the series of sur- 
faces of the rfi^ degree determined by the equation Xw + yxi? = 0, 
and call the curve of the degree n*, which is the common 
intersection of the surfaces, the base of the cluster. 

We have adopted cluster as the equivalent of the term 
faisceau used by French writers. 

401. We jnay remark that, if («) •* 1 points be given, it 
will be possible to eliminate from the general equation of the 
surface of the n^ degree all the constants but one, which will 
enter into the resulting equation in the first power only. This 
equation wiU then be of the form m + \i; = 0, where w, v are of 
the fi^ degree, and X an undetermined constant. All surfaces 
represented by this equation will pass through the curve given 
by the equations 

which curve is therefore completely determined. For example, 
eight points determine a curve which is the complete intersection 
of two conicoids. 

In the case of complete intersections of surfaces the nature of 
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the curve is not given when the degree is given, except in the 
case of prime numbers, when it must be a plane curve. 

For example, a curve of the twelfth degree might be the com- 
plete intersection of pairs of surfaces of the degrees (1, 12), (2, 6), 
(3, 4), and these different species, belonging to the same degree, 
would require a different number of given points to determine 
completely the surfaces. # 

The following proposition serves to obtain the number of 
given points sufficient ta determine a surface of the n^ degree 
which, by its complete intersection with a surface of a lower 
degree, gives a curve of the nq^ degree: this is given by 
PltLcker, but may also be proved directly by a theorem given 
by Cayley.* 



402. All surfaces of the n degree which pcLSS through 

^(n)-0(w-j)-l 

given points of a surface of the (f^ degree cat this last surface in 
one and the same curve. 

Of ^ (n) - 1 given points, <f> (p) He on a surface of the p^^ 
degree, whose equation is u, = 0, and if the rest, viz. 

Ke on a surface of the q^^ degree, where n =p + j, whose equation 
is », = 0, then UpU^ = will be one of the surfaces which contain 
the ^ (n) — 1 points, and may be obtained by giving a certain 
value to the ratio \: fi'm the equation \u + fiv = 0, so that 

The curve of intersection of all the surfaces of the n^ degree 
containing these points lies on the surfaces Up = and u^ = 0. 

Hence if ^ (n) -^ ^ (ft — ;] — 1 points be taken on any fixed 
surface u^ = 0, all surfaces of the n^^ degree, which pass through 
these points, will intersect the surface of the q^ degree in the 
same cui've. 

Thus, if j»], the proposition is reduced to the following:; 

All surfaces of the n^^ degre3 which pass through ^n (n + ^]> 

* KouveUu AnnaieSf xii., p. 896. 
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given points in a plane determine a curve of the n**^ degree 
in that plane. 

If 2 = 2, the proposition becomes : 

All surfaces of the n^ degree which pass through w (n 4 2) 
points on a conicoid intersect the conicoid in the same curve. 

403. When it is said that a curve or surface is determined by 
a certain number of points, these points must be supposed 
arbitrarily taken, for it is possible so to select the points that this 
number would not be sufficient. Thus, a plane cubic is generally 
determined by ^ points, but, if those be the nine points of 
intersection of two of such curves, an infinite number may be 
drawn through them. A curve of the fourth degree of one 
species can be determined completely by 8 arbitrary points, 
but if these given points be the intersections of three conicoids 
which have not a conunou curve of intersection, taking these 
surfaces two and two, we may obtain three curves of that 
species passing through the same eight points. 

404. If two surfaces of the rfi^ degree pass through a curve 
of the nr^^ degree situated on a surface <tf the r^ degree, they 
will also intersect in a curve of the n{n — r)^ degree, situated 
on a surface of the (n — r)^ degree, because one of the surfaces 
which passes through the intersection of the two n^^ surfaces 
will be the copiplex surface formed of two of the degrees r 
and n — r respectively. 

Thus, if a conicoid intersect a cubic surface in three conies, 
the planes of each of the^e will intersect the cubic in a straight 
line, making the complete intersection ; and since the three planes 
form a cubic surface, part of whose curve of intersection with 
the original cubic surface lies on a conicoid, the three straight 
Unes will lie in one plane. 

405. The theory of partial intersections of surfaces was 
first discussed by Salmon.* Without an examination of such 
partial intersections it is not possible to analyze difi^erent species 
of curves of the same degree. If we considered only complete 

• Quarterly Journafj vol. v. 
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intersections of surfaces, curves of the third degree could only 
be considered as plane curves, whereas it will be seen that 
they may also be partial intersections of conicoids. • 

406. To find the surfaces of which a ffiven curve la the partial 
intersection. 

In order to find the surfaces which may contain a curve of 
the m^ degree, it is observed that through (k) points a surface 
of the k^^ degree can be made to pass. Now, the total number 
of points which are common to a proper curve of the nfi^ degree 
and such a surface, supposing the curve not to lie entirely 
on the surface, is mk^ since this' is the number of points in 
which k planes intersect the curve.; and the law of continuity 
makes the statement general. 

1{ if){k)=:mk + lj one such surface can be drawn containing 
the curve ; if ^ {k) > mk + 1, two surfaces of the k^ degree can 
be drawn, and therefore an infinite number. Thus, for a curve 
of the third degree, if i = 2, ^ (i) = 9 > 3.2 4 1, hence an infinite 
number of conicoids may be drawn containing any curve of the 
third degree. 

When (f){k) =jn4 + l!, one surface of the i**^ degree contains 

the curve, and another of the i4 ll*^ must also contain it, for 
^ (4 + 1) - {k)j = i (A 4 2) (A: + 3), therefore 

^(i4l)-{w(44l)4l}=i(i42)(i43)-wi, 

which is always positive. 

Modifications are required when the surfaces are not proper 
surfaces. Salmon gives as examples of this modification a plane 
curve of the third degree through which it is possible to de- 
scribe an infinite number of conicoids, but since each conicoid 
must necessarily consist of the plane of the curve and an arbitrary 
plane, the intersection of the plane and conicoid will not deter- 
mine the curve. Again, if a curve of the fifth degree, which, 
according to the above laws, ought necessarily to be determined 
by surfaces of the third degree, lie entirely on a conicoid, every 
surface of the third degree which contains the curve may be a 
compound of the conicoid and a plane, and we must advance to 
surfaces of the fourth degree to determine the curve. 
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If a cnrve be given of the m^ degree, and i, I be the lowest 
degrees of surfaces upon which it can lie, any surface of the &* 
degree constructed to pass through mh + 1 points will contain 
the curve, and similarly for the other surface. 

If mZ+1 points known to lie on the curve be given, and 
Z> A;, all the rest can be found. 

407. The number of arbitrary points through which a cunre 
of the rnP^ degree can be drawn cannot exceed a certain superior 
limit which is easily determined, for suppose h arbitrary points to 
be given, and a cone to be constructed containing 'the curve, and 
having its vertex in one of the assumed points, the degree of this 
cone will be wi— 1, since any plane through the vertex must 
contain m— 1 points of the curve besides the vertex, and therefore 
m — 1 generating lines of the cone, and the number of its gene- 
rating lines sufficient for its complete determination is the same 
as that of the number of points necessary to determine a plane 

e ix. nth J . 7n (m + 1 ) - 

curve of the m — 1 J degree, viz. — —- '- — 1. 

The greatest value of k for which such a cone can be con- 

tM I AVI _!. 1 1 

structed is — — ; this is therefore a superior limit, although 

lower limits -to ihe number k m^Lj be obtained in general from 
other considerations. 

Thus, a curve of the third degree cannot be made to pass 
through more than six arbitrarily chosen points. 

408. If4>{n)'-2 points be given^ all surfaces of the w*^ efe- 
gree^ which can be drawn through these points^ will pass through 
«' — ^ (n) + 2 additional Jtxed points. 

Let w = 0, t? = 0, w = be the equations of three surfaces of 
the n^ degree which pass through ^ (w) — 2 points, and which 
have not a common curve of intersection, they will pass through 
n' common points, and \u-\-fjbv-\' vw=0 is the equation of another 
surface of the n^ degree, which passes through the same points, 
and by giving different values to \ : ^t* : f we can obtain all sur- 
faces which pass through these points. Any surface will be 
particularized when two points are given which do not lie on all 
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three of the surfaces, or both on the same two; and all such 
surfaces will contain n' — ^ (w) 4 2 common points besides the 
given points. 

Thus, all conicoids which pass through seven points will pass 
through a fixed eighth, as is easily seen when each conicoid 
consists of two parallel planes, the seven points being angular 
points of a parallelepiped. 

A surface of the third degree, drawn through 17 points, 
passes through 10 others. 

409. The following propositions, connected with this part 
•of the subject, are of importance in some investigations in which 
it is required to determine the number of points of intersection 
of three surfaces : the surfaces under consideration in particular 
cases may have common lines in any degree of multiplicity, and 
it becomes necessary to determine to how many points of inter- 
section these lines are equivalent. 

410. Three surfaces of the w**, w***, and p^ degrees^ contain a 
multiple straight line in the degrees of multiplicity /i, v, and vr 
respectively ; to find the number of points of intersection to which 
this multiple line corresponds* 

The number of points of intersection of three surfaces will be 
unaltered, if we suppose each surface to degenerate into a set 
of proper surtaces of inferior degrees, so long as the sum of the 
degrees of the set is the degree of the surface so broken up. 

We will, therefore, suppose the surface of the m** degree 
to consist of /i planes, and of a proper surface of the {m — fiY^ 
degree ; and similarly for the others. 

The whole number mnp of points of intersection will then 
be made up of intersections (1) of the three proper surfaces, 
(2) of proper surfaces from two systems with planes from the 
remaining system, (3) of a proper surface of one system with 
planes from the two remaining systems, and (4) of planes from 
the three systems : the numbers of these intersections are 

(1) (m-/A)(n-v)(p-«r), (2) (n- v) (p -isr) /*+..., 

(3) (m — /a) F«r 4 . . ., (4) fiver. 

NN 
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If now we suppose all the planes to pass through the same 
straight line, we shall have the case of surfaces with multiple 
lines ; and those of the mnp points, which will lie on the mul- 
tiple line, will be clearlj taken from the groups (3) and (4). 

The multiple line therefore corresponds to the number of 

points 

[m - /Lt) vtj + (n — v) «r/A + (/> - «r) /av + jAim 

= mver + w«r/i +pfiy — 2/iVcr, 

which coincides with the particular case given by Salmon.* 

411. Three surfaces of ths «i*^, rfi^^ and p^ degrees have a 
common curve line of the fi^\ v*^, cr*** degrees of multiplicity 
respectively^ the curve being the intersection of two surfaces of 
the degrees k and I; to find the number of points to which 
this multiple line corresponds. 

Let the surfaces be broken up Into proper surfacesj and the 
multiple lines be thrown out of gear. 

The first shall be composed of /i surfaces of the degree h and 
one of the degree m — fik^ the second of v surfaces of the degree 
i, y of degree I and one of the degree n — ^k — vl^ the third of 
cr of the degree Z, and one of the degree^ — tsd. 

The number of points which lie on the intersection of surface 
of the degrees h and I will be 

{in — fik) vk . -cZ + (n — vZ — vie) ijJc.ml-\-[p^ fsfl) fjJc.vl 

4 fffl.iik.{yk-{' vl) =lk {mwr + nwfi +pfiy ^ fivzT (Z + fc)}, 

which is the number of points required, coinciding with the 
result of the preceding proposition when {=&=!. 

Application to the Four-point System. 

412. It is easy to express in the language of four-point 
coordinates the results of this chapter. 

Thus, a surface of the n^ class Is determined if ^ (n] tangent 
planes be given. 

if surfaces of the n^^ class be drawn touching ^ (n) — 1 tan- 



* Cami. nnd Duh, Math, Jour., ir., p. 71, 
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gent planes, they will be touched bj one common developable 
surface. 

If three surfaces of the n^ class touch ^ (n) — 2 given planes, 
they will touch n' — ^ (n) + 2 additional fixed planes. 

Similarly for other theorems. 

In illustration of the points which have been considered in 
this chapter, relating to the intersection of surfaces, we give 
here some elementary properties of cubic and quartic curves. 



Cubic Curves. 

413. If two conicoids have a common generating line, any 
plane which does not contain this generiEiting line will intersect 
the two conicoids in two conies which have four points in 
common, one of which will be in the generating line ; hence the 
curve which with the generating line forms the complete inter- 
section of the conicoids, being met by an arbitrary plane in 
three points, is a curve of the third degree; such a curve is 
called a ctibic curve. 

Conversely, if we take any seven points upon a given cubic 
curve and an eighth on any chord of the curve, we can make 
an infinite number of conicoids pass through these eight points, 
which will have for their common curve of interaection the 
cubic curve and the chord, for each conicoid meets the curve 
in seven points and the chord in three, and therefore contains 
both entirely. 

414. A cubic curvej which is the intersection of two conicoids 
having a common generating line^ intersects all the generating 
lines of the same system as the common line in two points^ and 
those of the opposite system in one point only. 

Call the two conicoids A and jS, and the common line L. 
Any generating line of A intersects B in two points, neither 
of which will lie on Z, if it be of the same system as Z, but 
one will lie on £, if it be of the system opposite to that of 
Z; but the points which do not lie on L must He on the 
cubic curve, which proves the proposition^ 
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415. The common generating line of two conicoids which 
determine a cubic curve is twice crossed by the curve, 

A plane whicli contains the common generating line intersects 
each of the conicoids in a generating line of the opposite system, 
and these two lines intersect in one point only ; but the plane 
contains three points of the curve; hence two of the three 
points must lie on the common generating line. 

416. When two cubic curves lie on a given conicoidj to find 
the number of points in which they intersect. 

Each of the cubic curves is the partial intersection of the 
given conicoid with another which has a common generating 
line with it. 

Call the three conicoids -4, jB, and S^ and the curves O, C\, 
and let the complete intersection of A and B be the curve G 
and the line Z, and let that of A and B' be the curve C and 
the line L\ 

The eight points which are common to A^ Bj and B' must 
be the intersections of the complex curves CL and C'L'] and 
two distinct cases arise according as X, L' are of the same or 
of opposite systems. 

If they be of the same system, L will meet B' in two 
points both of which will be on C ; L' and C will intersect in* 
two points, therefore C and C will intersect In four points. 

K they be of opposite systems the two points in whicb 
L iuterseets £' will lie one on L* and th^ other on C ; hence* 
Lj L''y i, C'} and L\ G will intersect in three points, and 
therefore G and C' In the five remaining points. 

Quartic Gurves, 

417. The intersection of two conicoids Is a quartic curve, 
since a plane must meet the two conicoids in two conies which 
intersect In four points ; but this is a particular kind of quartic 
curve. An arbitrary quartic curve will Intersect an arbitrary 
conicoid in eight points, and only one conicoid can be con- 
structed which will contain nine points of the curve, and 
therefore the entire curve. 
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The general quartic curve roaj therefore be considered as 
the partial intersection of a conicoid and a cubic surface drawn 
through thirteen points of the curve, and the remaining portion 
of the complete intersection must be either (i) two straight lines 
which do not intersect, or (ii) a conic which may be two inter- 
secting straight lines. 

i. In the first case a generating line of the conicoid which 
is^of the same system as the two straight lines common to the 
two surfaces, meets the cubic surface in three points which 
must be on the quartic curve, while one of the opposite system 
meets the cubic surface in one point only, besides the points 
in which it cuts the two common lines, and therefore intersects 
the quartic curve once. 

ii. In the second case every generator of the conicoid meets 
the common conic in one point, therefore two of the three 
points in which it intersects the cubic surface lie on the quartic 
curve. 

IS u^^Ohe the equation of a conicoid containing the quartic 
curve, t«, = that of the plane of the common conic, the equation 
of the cubic surface must be of the form v,m, + w^v, = 0, and the 
quartic curve, in this case, must be of the particular kind which 
is the base of a cluster of conicoids, viz. that determined by 
the equation Xu, + /^v, = for all arbitrary values of X and /i. 

418. To find the number of points of intersection of two 
quartic curves which both lie on the same cubic surface. 

Let the surface be denoted by 8^ and the conicoids which 
contain the two curves by S^ and 8^y and suppose the remain- 
ing parts of the complete intersections to be two non-inter- 
secting lines, so that the complete intersection of 8^ and 8^ is 
(7„ L, Jf, and that of 8^ and 5, is (7/, L\ M'. 

The three surfaces 8^^ 8^'j and 8^ intersect in 12 points, 
and since L intersects 8^ in 2 points, and similarly for the 
other lines, 8 of the 12 points lie on the extraneous lines, and 
the two curves (7^, 0/ intersect in four points. 

This supposes that the lines £, L' do not intersect, but if 
they intersect, the modification is easily made ; for example, if 
the four lines form a skew quadrilateral, the number of points 
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belonging to these lines will be reduced to four, and (7^, C^ 
will intersect in eight points. 

Bj similar reasoning, if the remainder of the intersection of 
8^ and 8^^ or of 8^ and 8^ be a conic, it can be shewn that 
C^ and C^ will generally intersect in four points; and if the 
three surfaces all contain the same conic, by Art. 411 this will 
count as eight points of intersection, and therefore (7^, C7/ will 
intersect in the four remaining points. 



XVII. 

(1) Every cone containing a cunre of the third degree, in which the 
vertex lies, is of the second degree. 

(2) Prove that an infinite number of curves of the third degree can be 
drawn through five points arbitrarily chosen, in space, but that six deter- 
mine the curve: what limitations are necessary that such- a curve shall 
pass through the points P 

(3) Through a curve of the third degree, and a straight line meeting 
the curve in one point only, a conicoid can be drawn, of which the 
generating lines, which do not intersect the given line, meet the curve 
each in two points. 

(4) Through any point in space a straight line can be drawn which 
meets a curve of the third degree, not a piane curve, in two points. 

(5) If P, Q be two points on a cubic curve, all the conicoids which 
contain the curve and the chord PQ have common tangent planes at 
P and Q. 

(6) A conicoid can be drawn through a given chord of a cubic curve 
containing the curve and touching a given plane through the chord at a 
given point of the chord. 

(7) The projection upon any plane of a curve of the third degree, not 
plane, by straight lines drawn from a given point, is a curve of the third 
degree having a double point. 

(8) No straight line can cut a curve of the n^ degree, not plane, in 
more than it - 1 points. 

(9) The locus of the centres of a cluster of conicoids is a cubic curve. 

(10) Three conicoids which have a common generating line meet only 
in four points besides the generating line. 

(U) Through five points of a conicoid, we can draw two curves of the 
third degree lying entirely in the conicoid. 
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(12) A quartic curve Is the intersection of two coniooids, prove that 
a cubic surface can be constructed which contains the curve and two given 
conies, one on each conicoid, if these ^conies do not lie in the same plane. 

(13) Shew that, if normals be drawn to a conicoid from every point of 
•a straight line, their feet will lie on a quartic curve. 

(14) Among the conicoids forming a ^cluster thare are four cones, real 
^r imaginary; each of these cones has four of its sides tangents to the 
curve which is the base of the cluster, and the four points of contact are in 
one plane. 

(16) Through a chord AB of a quartic <curve, whieh is the base of a 
cluster of conicoids, a plane is drawn determining a second chord ah ; shew 
that, as the plane turns round AB, the chord ah generates a conicoid; 
*shew also that a plane which passes through ab and a fixed point £ of the 
curve also passes through a fixed chord EF, 

(16) The projection of the base of a cluster of conicoids on a plane is a 
curve of the fourth degree having two double points, real or imaginary. 

(17) Two quartic curves which lie on the same hyperboloid, each in- 
tersect one system of generating lines in three points, prove that the 
curves intersect in six points if the generating lines be of the same system . 
for both curves, and in ten points if the systems be opposite. 

(18) Through a given straight line t>lanes are drawn .touching the 

sections of a conicoid made by a plane passing through a second straight 

line ; shew that the locus of the points of contact is a quartic curve passing 

through the four points in which the two straight lines intersect the 

xonicoid, and four of whose tangents intersect both of these straight lines. 

(19) If three straight lines be the complete intersection of a cubic 
-surface with a plane, three planes through these lines will intersect the 
surface in three conies ; prove that one conicoid can be drawn containing 
the three conies. 

(20) Find the number of points in which two curves of the fifth degree 
•on the -same surface of the third degree, and on two conicoids, intersect. 

(21) The eight points given by the equations Ix^^ my* s ns* s n^, are so 
related that any conicoid passing through seven of them will pass through 
the eighth. 

(22) Three cones of the same degree have their vertices on a straight 
■line, and two of their three curves of intersection are plane curves; shew 
that the third curve is also plane, and that the planes of the three curves 
intersect in a straight line. 



CHAPTER XVIIL 



TANGENT LINES AND PLANES. NORMALS. SINGULAR POINTS. 

SINGULAR TANGENT PLANES. POLAR EQUATION OF 

TANGENT PLANE. ASYMPTOTES. 

419. In this chapter we shall, for reasons given in the 
preface, confine ourselves to the consideration of surfaces whose 
equations are given in Cartesian coordinates, and in discussing 
singularities of contact we shall only consider those of a simpler 
kind, reserving for a later portion of the work those which 
are interesting merely as subjects of pure geometry. 

420. It will be convenient to state here, that we shall often 
employ the following notation : when the function F{x^ y, «), 
for which we shall write F^ is used, Z7, F, W will be written for 
dF dF dF . , , ,r d'F d'F d'F d'F 

d^dx' d^dy' *°^ ^^^^ «=/(«'> y),i>, 2, ^j «, < ^^^1 ^e written 
« dz dz d*z d^z d^z 
dx^ dy^ dx^ ' dxdy ' dy* * 

421. To find the relation between the direction-cosines of a 
tangent to a surface at a given ordinary point of a surface. 

Let the equation of the surface be F=F[^^ 17, (T) =0, f, 17, if 
being the current coordinates of a point, and let [xy y, z) be the 
point P at which the line is a tangent. 

The equations of a line through P, whose direction-cosines 
are \, /i, v, are 

At the points where this line meets the surface, the values of r 
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are given by the equation F{x + \r^ y-^f^^*} « + vr) = 0, and, 
since F{xj y, z) « 0, this equation may be written 

f^ d d , d\„ r* f^ d d d\* „ 

1^ (^ d d d\' ^ ,^. 

One value of r is zero, whatever be the direction of the 
line (I), flioee P is on the surface, but if we so choose the 
direction of the line that 

^ dF dF dF _ . ,^. 

a seeoBd value of r will- vanish; therefore for this direction 
another point Q will become coincident with P, and the line 
will be a tangent line. 

At an ordinary point T~ » ;7~ » ;/" ^^ ^^ *U vanish, but 

there may exist points on a surface for which this does happen ; 
such points are called singular points: we shall presently consider 
this peculiarity. 

422. To find the equations of the tangent plane and the 
normal to a surface at an ordinary point 

The equation of the locus of all the tangent lines wliich 
can be drawn through an ordinary point is found by elimmating 
X, /i, y between the equations (1) and (3), which gives 

,-, » dF , . dF . ,,. . dF - 

shewing that the tangent lines all lie in a plane, which is 
called the tangent plane. 

The normal is perpeadicoiar to this plane, and its equations 
are 

f-a? i;-y K"^ r 

Ib^ dy dz ^J)\dx)'^\dy)^\dz)] 

the equation (3) represents that the normal Is perpendicular 
to every tangent line. 

00 
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423. To find the number of normals which can be drawn 
from a given point to a surface of the n** degree. 

Let F{Sy V} ^) — ^ be the surface. The number of normals 
will be the same from whatever point they be drawn, the 
number may therefore be found bj investigating the number of 
normals which can be drawn from a point at an infinite distance, 
which we may assume in Ox produced. 

The number will therefore be equal to the number of nor- 
mals parallel to Ox^ together with the number of normals to 
the section by a plane at an infinite distance. 

If {xj y, z) be the foot of a normal parallel to Oxj JF* (y) = 0, 
JF"(;5)=0, which combined with the equation F{Xj y, z) = 
give n (n - 1 )* solutions. 

Ag^in, any plane section of the surface will be of the n^ 
degree, and the number of normals drawn to any curve/ (a?, y) = 
of the n^ degree is, in like manner, the number of normals 
parallel to Ox^ together with the normals which can be drawn 
to points at an infinite distance, the number of the latter is n, 
and the number of normals parallel to Ox is given by the num- 
ber of solutions of f (y) = 0, and /(a;, y) = 0, which is n{n — 1) i 
hence, the number of normals to the plane section at an infinite 
distance is n*. 

Therefore, the number of normals which can be drawn to the 
surface from any point 

424. To obtain the form of the equation of the tangent plane 
when F{^j tf^ (^ is represented as the sum of a series of homo^ 
geneous functions. 

Let F{x, y, z)^F^ + i^.., +...+ F, + c 

where F, denotes a homogeneous function of the s^ degree 
in x^y^z] then, by a known property of homogeneous functions, 

d d^ d 
dy 

therefore the equation of the tangent plane may be written 

-. dF dF ^dF* n . f ^\ Tf -n 



(*i+y|+*l)^'='^- 
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or, fiince F^ 4 F^^ +. . .+ c = 0, 
-, dF . dF ^dF _ ^--, , -vxt' 

f ^ +' ^ + f^ "^ •^-' + ^^-« +•••+(" ~ ^' ''^ + "^ '^ ^' 

425. To find the equation of a tangent plane to a surface^ 
when the direction of the plane is given. 

Let {Ij my n) be the given direction, and l^ + mrf + n^ssp the 
equation of a tangent plane to the surface F{^^ i;, ^) = ; then 
If (ar, y, z) be the point of contact, since this equation must 
be identical with 

^dF dF ^dF dF dF dF 

we have 

l^^±dF^l dF^l / dF dF ' dF\ 
I dx m dy n dz p\dx dy dz ) ^ 

and these equations, with that of the surface, give the coordi* 
Bates of the points of contact of any tangent plane in the given 
direction, and also determine a relation between Z, m, n and py 
such as was found in Art. 253 in the case of a conicoid ; this 
relation is the tangential equation with the Boothian coordinatesi 
I m n 

P P P 

426. To find the locus of the points of contact of tangent planes 
dravm to a given surface from a given point. 

Let F=F[^y i;, 5') = be the equation of the given surface 
of the n^ degree, and let {f g^ h) be the given point. If 
[xy y, z) be one of the points of contact, the tangent plane 
to the surface at (a?, y, z) must pass through (/, ^, h). 

This gives the condition 

/ /. \ dF f . dF fj . dF ^ , . 

(/-«)^ 4 07-y)^ + (*-*) ^=0, (4) 

which, combined with the equation of the surface, determines 
the required locus, or the curve cf contact. 

It has been shewn, (Art. 424), that x -j +y -j- •\- z , may 

by means of the equation of the surface be reduced to an ex« 
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pression of the {n - 1)^ degree in a:, y, « ; the equation (4) so 
reduced gives a surface of the (n— 1)**^ degree, called the ^rat 
polar J whose intersection with the given surface is the curve of 
contact. 

The curve of contact for any conicmd is therefore a conic^ 
the first polar being in this case a plane. 

The general theory of polars will be eomiderecl hereafter. 



Singular Paints. 

427. To find the relation lettoeen the direction^c^sines of a 
tangent line at a singular point. 

Since at a singular point P, -7-, -7— and -j- separately 

vanish, the coefficient of r in equation (2) vanishes for all 
values of X, /ti, v, which shews that the line (1) meets the 
surface in two coincident points, in whatever direction it bo 
drawn through P; in this case we find the direction of any 
tangent line by taking a point Q near the double point P, and 
moving it up to P until a third value of r vanishes, the direction 
of FQ will then be that of a tangent line, and the relation 
between its directiou'-cosines will be 

d d rf^* 






dy 

or, written in fnU, 

i/X* + v/tt*+wv"+2a'/Ai' + 2t?VX + 2M?'X/ti = 0. (5) • 

If all the partial differential coefficients as far as those of 
the [s — 1)"* order vanish, the equation (3) will have s roots equal 
to zero, and the point will be a multiple point of the s^ degree ; 
it is easily seen that the direction-cosines of any tangent line 
will satisfy the equation 



( 



^ d d dy\^ ^ 



which shews that the tangent lines all lie in a cone whose 
vertex is the point P. This cone is called a tangent cone. 
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428. To find the egtuUton of the tangent cone at a multiple 
point. 

If the multiple point be of the d^ degree, the direction- 
cosines will satisfy the equation 



A rf . d d\' ^ 



and the equation of the tangent cone is found by elimmating 
X, /ci, V between this equation and the equations (l), we thus 
obtain 

where it must be remembered that in the performance of the 
operation indicated f-a?, ^ — y and (^—2 must be treated as 
constant, in other words, the symbol of operation must be ex- 
panded before the differentiations are performed. 

429. To find the equation oftJie normal cone at a double point. 
The equation of the tangent cone at a double point is, by (5), 

and that of the tangent plane at any point of a generating line 
of this cone whose coordinates are x + Xr, y + /ttr, « + vr is 

(ttX + tr> + v'y) (f - a) + (to'X + v/A + ttV) (17 - y) 

hence, if ^, = ?L_? — — ' be the equation of the normal 
X /t* V 

to this plane at [x^ y, is), 

ttX + t(?'/A + v'y ^ w\ 4- v/* + u'v ^ v'X + wV + wv __ 

/. mX + tr'f* + v'y — X'/} SB 0, 
v)\ + v/t* + uy — fip =s 0, 
v\ + u'fi •{■wy-^ v*p = 0, 
X'X + /tA> -K vV = ; 
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ti) W ^ V f \ 



W, V, 



u 



Vj Uj W^ V 



= 0, 



(5) 



V, fi\ v\ 

and the equation of the locus of the normals to all the tangent 
planes to the tangent cone is 

i'(f-«)''+?{';-y)' +»•(«:-«)• 

+ ¥('7-y)(?-«) + 22'(C-«)(f-«) + 2/(f-«)(»;-y) = 0, 

where p = t?ir — u'*, p' = vw - itit', &c. 

430. The condition that the tangent cone shall degenerate 
Into two tangent planes is 



T^ 



Uy Wy V 






u 
w 



= 0, Art. 88, 



and in this case, the equation (5) becomes 

- (pV + ry + jV)*^ 0, Art. 364 

so that the normal cone degenerates into two coincident ptetnes ; 
thifl may be accounted for geometrically in the following 
manner: the generating lines of the normal cone are each 
perpendicular to the plane containing two of the generating 
lines of the tangent cone taken indefinitely near to one another ; 
if then the tangent cone become two planes, we can take the 
two generating lines on one plane, which gives a normal to 
that plane ;^ or we may take one on each close to the line of 
intersection of the planes, which will give a normal in any 
direction we please in the plane perpendicular to the line of 
intersection, and a double plane will be formed, because these 
two generators may be on either side of the double point. 

The equations of the line of intersection of the two tangent 
planes will, by Art. 89, be 

(t? V- uu) (f - a?) = (loV- vv') {v-y) = (wV- tow') (f - z), 
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and that of one of the coincident planes in which the normals lie 

i>(f-a:)+r'(i7-y)+j'(f-«) = 0, 

.and this plane is perpendicular to the line of intersection, since 
T^* = jV (Art. 363), 

If r=0, -A^=0 be the respective conditions that the tangent 
and normal cones may become two planes, and P, (?, jR, 
P\ Q, R be the minors of N.N^FpJt BY + ^g', but 

P= jr -p'* = ur, Art. 363, 

/. JV^=: T{up + trV + vV) =: T\ 

431. To find the equation of the tangent plane and normal at 
any point of the surface given hy the equation ^=y(f, tj). 

Let a line be drawn through a?, y, z^ whose equations are 

the points in which this line meets the surface are those for 
which (f is given by the equation 

?- « =/{» + m (C- «), y + n (f- z]] -/(a;, y) 

= [mp + nq) (f- «) + J (rwi* + 25m7i + tn^ (f- «)*+.,., 

and if the line be a tangent line two values of ^- is are zero ; 
therefore 1 « mp -f n;, and eliminating m and n by means of the 
equations of the line, we obtain the locus of the tangent lines 
f— z =sp ({ ^ a;) + ; (17 — y), which is the equation of the tangent 

plane, unless p and q assume the indeterminate form - • The 

equation is dedncible immediately from that of Art. 422 by 
means of the equations 

dF , dF ^ , dF dF ^ 
€ue az ay az 

The equations of the normal are 

f- a;+^(f— «)=0 and 17 — y + 2((f— «) = 0. 

432. Before we consider the properties of the curve of in- 
tersection of a surface with its tangent plane, we should notice 
that among all the tangent lines drawn at an ordinary point, 
whose locus is the tangent plane, there are two whose direction- 
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X.-7- +A^;7- +^3") ^=0 as well 

^ dF ilF dF ^ . . i- , ,. , 
as\^ '\-fi-r--\-v ;t- = 0, and that for these lineB three points 

become coincident, so that they have a closer contact with the 
surface than any of the other tangent lines ; these tangent lines 
are called inflectional tangents. In the case of a conicoid 
three points on one line cannot coincide, unless the line lie 
entirely in the surface, and the two particular tangent lines 
are the two generating lines which pass through the point 
of contact. 

Among the tangent lines at a double point it will be seen 
similarly that there are generally six which have a closer contact 
than the rest. 



433. Geomefncdl explanation of the nature of the intersection 
of a surface with its tangent plane at any point. 

Every plane intersects a surface of the n^ degree in a curve 
which is of the same degree ; hence a tangent plane at any 
point intersects the surface in a curve of the n^ degree, passing 
through the point of contact. 

Now when a tangent plane exists, since it is the locus of 
the tangent lines at the point of contact, and each of these tan- 
gent lines contains two points which coincide in the point of 
contact, it follows that any line, drawn in the tangent plane 
through the point of contact, meets the curve of intersection in 
two points at the point of contact. 

The point of contact is, therefore, « singular point in the 
curve of intersection. 

The singular point may be either a conjugate point, as in 
the case of contact with an ellipsoid; or a multiple point, as 
in the case of an hyperboloid of one sheet ; or a point through 
which two coincident lines pass, as in the case of a cylinder. 

If the surface be of the second degree the curve of inter- 
section will be of th€ second degree, and, since it must contain 
a singular point, the only admissible lines of intersection will 
be either an Indefinitely small circle or ellipse, er else two 
straight lines which cross one another, or are coincident. 
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434. If a plane intersect a surface in a ctirve which contains 
a singular pointy the plane vnll generally he a tangent plane to the 
surface at that singular point. 

For a straight line drawn in any direction in the plane 
through a singular point, meets the surface in two coincident 
points, and therefore generally satisfies the condition of being a 
tangent line to the surface. 

If the point which is a singular point in the curve of inter- 
section be also a singular point in the surface, the condition of 
passing through two coincident points will not be sufficient to 
define a tangent line. 

Thus, if at any point of a surface there be a conical 
tangent, there may be a singular point in the curve of inter- 
section of a plane through the vertex of the conical tangent, 
which will not make the cutting plane a tangent plane at 
the multiple point 

435. The form of the curve of intersection of a surface with 
the tangent plane at any point may be illustrated by taking the 
case of an anchor ring, supposed to be generated by the revo- 
lution of a circle about an axis in its plane not intersecting the 
circle. 

The figure represents the ring, with the generating circle in 
different positions as it revolves about the atis Oz. 

The plane U is drawn through the axis Ozj intersecting the 
surface in the circles GHc^ DLd. ' 

Suppose this plane to move, parallel to itself, towards the 
position F, the closed curves in which it intersects the surface 
become elongated antil they meet one another in the point A^ 
forming for the position V of the plane a figure of eight, viz. 
EPAqFQAp which has a double point at A, Here we observe 
that the concavities of the circles AKa and A CBDj which are 
sections by planes perpendicular to V and to each other, lie in 
opposite directions with regard to the plane F*, and that the 
tangent lines at A lie in that plane^ which is therefore the 
tangent plane at A ; and it is a tangent plane at no other point 
of the curve of intersection. . 

The sections by planes through A perpendicular to V change 

PP 
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the directions of their concavities as they pass from the position 
AKa to ACBDj when they pass through the tangents to the 
branches ^^Q, PAq at the multiple point. 

If the plane move past V to the position W^ the curve of 
intersection will gradually assume an oval form^ which will 
degenerate into a conjugate point at a. 

It is clear also that a plane may meet the ring in the circle 
GHKL, in which case it is a tangent plane at every point of 
the curve in which it meets the surface ; this curve is composed 
of two coincident circles, as may be seen by moving the plane 
inwards parallel to itself. 

It will be shewn also, that a tangent plane, drawn through 
a line COD perpendicular to Oz^ intersects the ring in two 
circles. 
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486. To find the equatiqna of ike tangent line at any point of 
ike curve of intersection of a surface with its tangent plane. 

Let the equation of the surface be jP(f, 17, t)=sO; that of 
the tangent plane at (x, y, z) will be 

or ({-«)^'(«) + (,-y)f"(y) + (f-.)Ji"M-0. (1) 

Let the equation, of the tangent line at any point {x\ y\ z') of 
the curve of intersection be 

\ fJL y ^ 

since this line lies in {l)y 

\r {x) + fiF' it,) + vF [z) = 0, (2) 

and since it meets the • surface in two coincident points at 

\r (a:') + fj^F' (y') + vF* («') = ; (3) 

these two equations determine \x fix v when [x\ y\ 2;') is an 
ordinary point on the curve and the surface* 

437. To find the singular points of the curve of intersection 
with the tangent plane at any point 

If the point be a singular point on the curve of intersection, 
any line drawn through this point will have two points coin- 
cident at the point considered; hence, the two equations 
obtained in the preceding article will be satisfied by an infinite 
number of values of X : /i : v ; this will happen in any of the 
following three cases : 

(i) When F' («), F' (y) and F' {z) vanish simultaneously, 
which occurs when there is a singular point at (a?, y, z)^ in 
which case there are an infinite number of tangent planes. 

(li) When F' (a'), F' (y') and F' {z') vanish simultaneously, 
in which case [x^ y\ z') is a singular point on the surface. 

("0 When -p^ = -p^^ « -^ , m which case the 
tangent plane at (2;, y, z) is a tangent plane at (x', y', z*) also. 
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In case (i) one of the tangent planes to the tangent cone 
touching it abng a generating line (V, ^'^ /) must be the 
plane considered, and the equation (2) must be replaced by 

(mV + voy! -f vV) \ + {wX + Vfi! + uV) /i* 

+ {vX + ttV -f trvO V = 0, (Art. 429), 

thus the ratio \: fjLi v will be determined, except in cases where 
{x\ y\ z) is a singular point on the surface, or where the 
tangent plane considered is also a tangent plane to the surface 
at(rr',y>'). 

In case (ii) a third point at least must be coincident with 
(a?', y\ 0'), and the equation (3) must be replaced by 

where b is 2, 3, ... according to the degree of multiplicity of 
the singular point (o;^, y\ e'). 

In case (iii), if neither (a?, y, z\ nor (ar', y\ z') be singular 
points of the surface, the equations which determine X : /i : v 
will be XF' («) + /*1?'' (y) + vjF" («) = 0, 

whether («', y', z') be coincident with (a?, y, z) or not. 

This case includes the singular tangent plane, a portion of 
whose curve of intersection consists of two coincident curre 
lines, which will be conudered immediately. 

Ruled Bufface: 

438. The student is already familiar with certain surfaces 
which are capable of being generated by straight lines, or 
through every point of which some straight line may be drawn 
which will coincide, throughout its length, with the surface. 

For example, — a plane, a cone, a cylinder, an hyperboloid 
of one sheet, an hyperbolic paraboloid. 

He is aware that any portion of two of these, the cone and 
the cylinder, may, if supposed perfectly flexible, be developed 
into a plane without tearing or rumpling. 
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We shall now gire some account of the general character 
of surfaces which have this property, distinguishing them 
from those which, although capable of being generated by 
the motion of a straight line, are incapable of development 
into a plane, 

439. Dep. a Buled Surface is a surface which can *be 
generated by the motion of a straight line; or a surface 
through every point of which a straight line can be drawn, 
which will lie entirely in the surface. 

A ruled surface, on which each generating line intersects 
that which is next consecutive, is called a Developable Surface^ 
or Torse. 

A ruled surface, on which consecutive generating lines do 
not intersect, is called a Skew Surface^ or Scroll. 

Developable Surfaces, 

440. Eosplanatton of the development of developable surfaces 
into a plane. 

Let Aay Bby C7o, ••• be a series of straight lines taken In 
order, according to any proposed law, so as to satisfy the 
condition that each intersects the preceding, viz. in the points 

0, u, C, • • • • 

Since Aa^ Bb intersect in a, they lie in the same plane, 
similarly the successive pairs of lines Bb and Co, Cc and Dd^ &c. 
lie in one plane; thus, a polygonal surface is formed by the 
successive plane elements AaB^ BbC^ &c. 

This surface may be developed into one plane by turning 
the face AaB about Bb^ until it forms a continuation of the 
plane BbC^ and again turning the two, now forming one face, 
about Cc until the three AaB^ BbG^ CcD are in one plane, 
and so on ; the whole surface may, therefore, be developed into 
one plane without tearing or rumpling; the same being true, 
however near the lines Aa^ Bbj ... are taken, will be true in 
the limit, when the surface will become what we have defined 
as a developable surface, this name being derived from the 
property just proved. 
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441, The polygon abed, ... whose sides are in the directloa 
of the lines Bh, Cc, ... becomes in the limit a curve, generally 
of double curvature, -which is called the Edge of Regression, 
from the fact that the surface bends back at this curve so as to 
be of a cuspidal fonn. Every generating line of the system 
is a tangent to the edge of regression, which is therefore the 
envelope of all the geocrating lines. 



DEVELOPABLE SURFACES, 295 

Tn the case of a cjlinder, the edge of regression is at an 
Infinite distance. 

For a practical construction of a developable surface having 
a given edge of regression, see Thompson and Tait, Nat PkiL^ 
Art. 149. 

442. To find the general nature of the intersection of a tati" 
gent plane to a developable surface with the surface. 

The plane containing the element DdE of the surface repre- 
sented by the figure evidently becomes in the limit a tangent 
plane to the developable surface at any point D in the genera- 
ting line Ddj since it contains two tangent lines, viz. Dd and the 
limiting position of a line joining such points as 2> and U^ which 
ultimately coincide ; and again, supposing DdE In the plane of 
the paper, Ff meets this plane In 6, Ogf meets It In some 
point/', Hhg in g\ &c., and similarly for Cc, Bbj ... on the 
other side. 

The complete Intersection of the surface and tangent plane 
Is therefore the double line formed by the coincidence of Dd^ Ee^ 
and the limit of the polygon a'l/cdef*g' ... which is a curve 
touching the double line Dd at the edge of regression. 

Cor. To find the nature of the contact of the edge of re* 
gression and the tangent plane. 

The plane containing the generating lines Dd^ Ee contains 
the three angular points c, d^ e of the polygon in the limit, 
therefore the tangent plane contains two consecutive elements 
of the edge of regression, and is, as will be seen later on, what 
is called the osculating plane at that point. 

443, The shortest line which joins two points on a develop- 
able surface is the curve^ the osculating plane at every point of 
which contains the normal to the surface at that point. 

If the surface be developed into a plane, the shortest line 
must be developed Into the straight line joining the two points. 
If on the polygonal surface In the figure on page 294, ABCD.,.K 
be the polygon which in the limit becomes the shortest line 
joining A and K^ since on development this becomes a straight 
line, two consecutive sides EF^ FO must be Inclined at equal 
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angles to line Ff. Hence a straight line, drawn through F 
perpendicular to the line Ffm the plane bisecting the angle 
between the planes EFf^ ^^A ^'^^ evidently lie in the plane 
EFG^ and bisect the angle EFG. This line will be in the 
limit the normal to the surface, and the plane EFG will be 
the osculating plane of the curve ABCD ... at the point F. 

Therefore the shortest line is the curve, the osculating plane 
at every point of which contains the normal to the surface at 
that point. 

Such a line is called a geodesic line of the surface, and it 
will be hereafter shewn, that the property enunciated for de- 
velopable surfaces is true for geodesic lines on all surfaces. 

If the geodesic line, joining two given points, be drawn on 
a right circular cone, the equation of the projection upon the 
base can be shewn to be 

- sin (7 sina) = r sin (5 sin a) + - sin {(7 — ^) sin a}, 

a, h being the distances of the given points from the axis, 
7 the angle between these distances, and a the semi-vertical 
angle of the cone. 

Skew Surfaces and Curves of greatest density . 

444. Let AA\ BB\ CC\ DD\ &c. be straight lines drawn 
according to some fixed law, such that none intersects the next 
consecutive; let aa\ bb\ cc\ dd'j ... be the shortest distances. 
Suppose now that we take two of the generating lines as CC\ 
Dlf^ and imagine DU twisted about c' so as to be parallel 
to CG\ and united with it by means of an uniform elastic 
membrane: if now DU be returned to its original position, 
the portion of the membrane near cd being unstretched, 
will be denser than any other portion. If the same process 
be adopted for every line, the series of membranes will gene- 
rate a surface which will ultimately, as the lines approach 
nearer to one another, become a skew or twisted surface. 

The curve which is the limit of the polygon formed by 
joining a, 6, c, (/, ... at which the imagined membranes would 
have the greatest density, is called (he curve of greatest density ^ 
it is also called the line ofstriction^ 



BKfiW SURFACES. 



297 




It may be observed, that the shortest distances between the 
consecutive generating lines of a scroll are not generally 
elements of the line of strictiozi. 



445. To ea^lain ike nature of the contact of a tangent plane 
to a skew surface at any point. 

Let P be any point of a skew surface, AA* the generating 
line passing through P, suppose a plane to be drawn through P 
containing BB' the next consecutive position of the generating 
line, this plane will intersect the third line OC in some point B^ 
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and, If PR be joined, it will meet BB' in Q\ PR will therefore 
be a tangent line at P having a contaot of the second order at 
least, so that, if the surface wereof the fiecond order, k wonld lie 
entirely in the surface. The tangent plane at i^ is the plaae 
containing A A and PiZ; R will change its position fur any 
change of position of P, thus the tangent plane at any point 
in AA will always contain AA\ but it will move about AA' 
through all positions, as the point of contact moves along AA'. 

The tangent plane, therefore, at any point of a skew surface 
contains the generating line and some other curve which must 
be a straight line in the case of a surface «f the second degree. 

446. To skew that ike equation of (he tangent flame i» a 
developable surface contains only one parameter. 

Since the general equations of a straight line involve four 
arbitrary constants, we must, in order to generate any ruled 
surface, have three relations connecting the constants, so that 
it may be possible, between these equations and the two equa- 
tions of the generating line, to eliminate the four constants, and 
thus obtain the equation of the surface which is the locus of all 
the straight lines. In developable surfaces the generating 
straight lines are such that any two consecutive ones inter- 
sect, and the plane containing them is ultimately a tangent 
plane to the surface. The equation of this plane will then 
involve the four parameter, and by means of the three relations 
we may eliminate three, so that the general equation of the 
tangent plane to a developable surface wiU involve only one 
parameter, and we may write it in the form 

« 

a being the parameter, and ^(a), '^(a) functions of that para- 
meter, given in any particular case. 

Singular Tangent Plane. 

447. Def. a singular tangent plane is a plane which, instead 
of touching a surface in any finite number of points, touches 
along the whole of a curve line. 



SINGULAR TANGENT PLANE. 299 

If the curve of intersection of any plane with the surface bo 
composed, in part at least, of two or more coincident lines, the 
other part being made up of simple curves, either the plane will 
be a tangent plane to the surface at every point of such a mul- 
tiple curve, or it will contain a multiple line of the surface, such 
as would be generated by the rotation of a cross round any 
fixed line not passing through the angle of the cross. 

Conversely, if a tangent plane touch along a curve line on 
the surface, this curve line will be a multiple line on the tangent 
plane. 

Thus, in the case of the anchor ring (Art. 435), the plane 
which touches the ring along a curve has for its curve of inter- 
section the two circles coincident in fjKH] also the tangent 
plane to a cone contains two generating lines which ultimately 
coincide, and is therefore a tangent plane at every point of the 
generating line which it contains; any more general develop- 
able surface is an example of the case of a tangent plane which 
contains a double line, at every point of which it is a tangent, 
combined, as shewn in Art. 442, with another simple curve. 

A surface of the fourth degree admits of the case of a double 
conic, as in the example of the anchor ring, or of a quadruple 
straight line, as when it is made up of two cones touching 
along a generating line. 

A surface of the fifth degree might be composed of one of 
the third degree and one of the second, in which case a tangent 
plane might meet the former in a triple and the latter in a 
double straight line. 

448. To find the condition that a tangent plane inay be sin* 
guLar. 

Since a line, drawn in any direction in the taugent plane 
through any point of the double curve in which the tangent 
plane touches the surface,.will contain two coincident points, but 
if it be drawn in the direction of the two coincident tangents to 
the curve of contact It will contain four coincident points, we 
have to express that at every point of the double curve there 
are two coincident tangents, and that a line in their direction 
contains four coincident points; and we may observe that 



300 



aiKQULiVB TANaENT PLANE, 



these tangents are what hayo been called mflexlonal tangent? 
(Art. 432). 

Since the twa inflexional tasgents ooincidey tiieir directioiv 
is given hj the equations 

U "" F " W ^ 

and \f7+/^F+vTr=a. 

TIic condition that these equations shall hold is 

w, w\ Vj U 
u)\ Vj u'j V 
v\ u', w, W 
Z7, F, W, 

and the condition that a fourth point may become coincident 19 
that for the values of \ : /a : v given by the above equations 



= 0, 



,^d, d d\'„ ^ 



( 



the further condition9 when the curve has a higher degree of 
of multiplicity may be easify obtained. 

449. The conditions of the existence of a singular tangent 
plane may also be found, by considering that the point of con- 
tact, determined by the equations of Art. 425, may be any point 
of a curve line, and its coordinates are therefore indeterminate. 

450, For a surface given by the unsymmetrical equation 
f =/(^, ti)j the equatioiy of a tangent plane at any point [xj y, z) 
is 

a tangent line whose equations are 

meets the surface in points for which p is given by 



\ (IX (ffJ ' 



0) 
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If the tangent plane be singular, for all the points in which 
it meets the surface, v=sj9\ + jm, and for all the poinfs of the 
double curve four values of p are zero, and the two infiexional 
tangents coincide ; 

.•• rX" + 2«X/A + f/i" =• and (^^ + /* J-)« = ^7 

and the former has equal roots, therefore r<as/, and either 
r\ + «/ir=0 or «X+/;a = 0. 

451. Every tangent plane to a developable surface is a sin- 
gular tangent plane, since it contains two consecutive generating 
lines, hence its curve of intersection with the surface consists of 
two coincident straight lines, and, as shewn in Art. 442, a single 
curve line. The analytical conditions of singularity are satisfied, 
aince, if X, /a, v be the direction-cosines of the double line, which 
lies entirely in the surface, the coefficients of all the powers of 
p will vanish, and rt = ^ in consequence of the coincidence of 
the two lines. 

At any point of the single curve, the values of p^ q being 
p\ ^', the direction cosines X, /i, v of the tangent are given by 
v=^Xp-\' fjtq and v = Xp' + tti^^', which are independent equations, 
since p'j p and j', q are generally unequal. 

• 

452. We have selected the following illustrations of the 
points which have been considered in this chapter, and we 
call attention especially to those relating to cubic surfaces and 
the wave surface as of intrinsic importance. 

453. Tangent plane to an anchor ring. 

Let the plane containing the centres of the generating circles 
be taken for the plane of xy^ and the axis of rotation for the 
axis of z ; and let r be the distance of any point (a;, y, z) from 
the axis, c that of the centre of the generating circle, a it» 
radius ; then r* = x" + y* and «' -f (r - c)* = a' ; the equation of 
the anchor ring is 
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that of the tangent plane at a point {x, y^ e) is 

a; (r- c) (f- a;) +y (r-c) (17-y) + «r(f- «•) rsrO, 

or {r—c) (a?f + ytj) '\-rz^^i^[r — c)'\-rsf^r[€f-^c (r - c) f . 

To find the curve of intereection of the mirface wiA a tamgent 
plane which passes through the centre* 

Suppose that It passes through axis of y, and is inclijied at 
angk a to that of a;, so that a = c sina ^ and at any point of the 
curve of intersection r = c-a cosd, ^^sasin^, x^^^zwAa*^ 

.-. y*=:r* — x" = c"-2ac cosfl + a* cos*^ — a' cot'a sin'fl 

« (5» - 2a<? cos (? + <*■ cos^i? - (e* - o') sin* ^ 

■=(c cos5-a)'; 

.'. (y±a)' = c*co8"^, 

and aj' + ^'ssc* sin"^; 

••• aj* + (y±a)» + «* = c'; 

hence the cwnre is two circles which intersect in* the points of 

contact, forming two double points. 

To find the form of the curve EAFin the figure of the ring. 
The equation of the tangent plane is {s=(^— a^ and the form 

of the curve of intersection is given by the equation 

{i7» + r + 2(r(c- a)Y = 4c- {ly- + (c - a)"}, 
or (V+r)'--4aci>» + 4c(c-a)f'=0. 
When c B 2a, the curve is the lemniscate of Bernoulli. 

454. Tangent plane and normal to a Helicoid. 

Def. The Helicoid is a scroll generated hj the motion of 
a straight line which intersects at right angles a fixed axis, 
about which it twists with an angular velocity which varies 
as the velocity of the point of intersection with the axis. 

If the axis be taken for the axis of Zy and that of a; be one 
position of the generating line, the equation of the surface 
generated will be 

{:=ctan-^|, 
and the tangent plane at a point (x, y, z) will be 
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•or (ic" +/) (f - «) =o (ariy -yf ) ^ 

at ihe point (a;, 0, 0], the equation becomes x^'^ ctj^ hence the 
tangent of the angle whicli the tangent plane at any point 
makes with the axis varies as the distance of the point from 
the axis. 

The equations of the normal at [x^ y, z) are 

f-a? ^ i7~y ^ c (g- z) ^ 
y —X x^-^y* '^ 

and for the nermal at [x^ 0, 0), ^ = a;, ^ + c^= 0, hence the 
locus of the normals at points taken along a generating line Ib 
an bjpei^bolic paraboloid ; which is true for any scroll. 

m 

'455. To find the stngulartttes of the surface whose equation is 

We consider this surface as represented by the given equation, 
in order to illustrate the genend methods given in Arts. 427 
and 448, for discussing singular points and planes; but the 
student will see clearly the results to which we shall be led, 
if he first trace the plane curve whose equation is y"= a? (1 — oj)*,* 
and then imagine the form of the surface which would be 
generated by its revolution round the axis of y, which it is 
easily seen is the surface proposed. 

To find a singular point we have, writing r* for ic^ + y', 

Z7=2a;(4«*-l + 4r'-3r*) = 0, 
V =-2y (4«' - 1 + 4r" - 3/) = 0, 

TF= 4« («* + 2r') = 0. 

The systems of values of a?, y, z which simultaneously satisfy 
these equations, and that of the surface are is = 0, and either 
(i) a; = 0, y = 0, or (iij y = l; (i) shews that the origin is a 
singular point — it will be found that the tangent code of 
Art. 428 becomes an infinitely slender cylinder or cone, 
given by V + /a' = 0; (ii) gives a circle of singular points — the 
conical tangent at any point (a?, y, 0) of this circle becomes the 
two tangent planes [x^ + y^7 — 1 )* = ?*• 
— i 

* Frost's Curve Tracing^ Plate li., Fig. 8. 
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To find a singular tangent plane we have, by Art. 448, the 
equations 

2 (\a? + /Ay) (4«"- 1 +41^- 3r*) +4.z («■ + 2r») i^ = 0, 
and 2 (\« + /i**) (4«" - 1 + 4r" - 8r*) + 4i/^ (3«* + 2r') 

+ S2z {\x + /iy) V + 8 (Xa? + /Ay)" (2 - 3r^) = ; 
there will be two coincident tangents if 

F = and 4«*-l+4r"-3r* = 0, 

also by the equation of the surface («* + 21^}" — t^ (1 + r*)* = 0^ 
the only solutions of these equations are «;" = 0, r^ = l, and 
0* = ^^, ''' = 1) ^he first solution gives no tangent plane, but 
two cones intersecting in a circle, any generating line of either 
of which is a tangent line; the second solution gives two 
tangent planes z=^±^ V3, each of whidx is a singular tangent 
plane touching along a circle a:^ + y' = i, the direction of the 
tangent to which is given by Xaj + /Ay = and ^ = 0, the re- 
maining part of the curve of intersection is a single circle of 
radius ^. 

In this case the condition of four points being coincident is 

[1 (''i+'*|) ^=0.*Wch becomes 

V (Xa; + M^) (X* +/*»)- 8 pU! + /«,y)« = 0, 
it is therefore satisfied hj Xx + fiysQ. 

Wave Surface. 

456. Tlie equation of tbe Ware Surface may be written in 
either of the forms 

a? y* g' _, 

oV by c*^ ^ 
IT" a r —b r ^c ' 

where r* = a;" +y* + «' ; and we shall suppose a>h>c. 

The existence of singular tangent planes to this surface is of 
great importance in explaining a peculiarity in the transmission 
of light through a biaxial crystal. 

In order to shew that such planes exist, we shall employ the 
method of Art. 449. 
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467. To find the point of contact of a tangent plane wtiose 
equation is Ix + my-i nz =:pj and the relation between Z, m^ n 
and p. 

The equations for determining the point of contact are 

V V W xU-^yV-{^zW 

-y = — SB — s ^ = -• 2^ sappose, 

I m n p rr 1 

where V =-;j j — 2xP. 

r — a ^ 

P_ «* , y' , ^' - 

and Z7'+P4TP-4(P-2P+r»P'') = 4(r»; 
.-. Pap = «7*, (r* -/) P= 1, and (r* -f) a =p, 

• ^ a ^^ Ac . (i\ 

hence, « = ?p (^^3^ + A » **'» 
and multiplying by 7, m, n, and adding, we obtain 

:. + rs-T:. + zi—^ = 0. (2) 



J? —a p —0 ^ — c 
Also by squaring and adding, and observing (2), 

•'• ^« .y -i' |(p. . a«). + (p« « J'')' + (/ « ^y] • ^^J 

The equations (1) and (3) give the values of x^ y^ z at the 
point of contact, and (2) is the required relation between the 
constants. 

RB 
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If o, ^, 7 be the Boothian coordinateB of the tangent pkne^ 

viz. —,—,—, and a', b\ c' be written for - , 7- , - , the tan- 
p p p a^ ^ c^ 

gential equation of the surface will be 



p —a p —o p —c 

where p' = a' + )8* + 7", an equation of the same form as the 
Cartesian. 

458. To find a singular tangent plane of the wave surface. 
The point of contact in this case being any point in a 
curve, the coordinates must be indeterminate ; now y will be of 

the form - if ^ = 5 and m = 0, and these values also make r* 

indeterminate, and therefore x and z. 
And since, bj (2) and (3), 

r*^p^^^ \{p^-^ay (/-c'rp 



we hate 



r n* 



a*-b* b*-<^ <^-<^' 

The curve of intersection ia a circle given by the plane 
lx + m=p, and either of the spheres 

lb 



r'+ —jj--x^a\ 



9 J — c „ 

or r' - — V- « = c 1 
w6 ' 



y = a, Z = 0. and ^ = c, n = give imaginary planes, hence there 
are four real singular tangent planes. 

459. To find the singular points and the corresponding normal 
cones* 

The singular points may be found by investigating for what 
definite points of contact Z, m, n can be Indeterminate, we 
shall thtls obtain 

y=0, r = J, and ^.-^ = ^,_ = —^ , (4) 
which determine four singular points. 
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Bj equations (1) of Art 457, 

c«o — r and n = » : 

X *^ p z P 

a^^b* 6»-c* a^-c* 
/. 6+ n = ; 

X z P 

.'. [c?xl + c'^n) (& + n«) = aV, by (4), 
or a VZ" + (?zW + (a" + c') xzln = aV, 

etc 

-(a'-c^jCP+m' + n"), 

or (6»-c»)r'+(o»-c»)m*+(a»-6')n»-— V(o-J*) V(iVc*)&i=0; 

which gives the equation Of the normal cone at the singular 
point. 

Cubic Surfaces, 

460. On every surface of the third degree there are 27 straight 
lines and 45 triple tangent planes^ real or imaginary. 
This theorem was first discovered by Cayley.* 
An arbitrary straight line intersects a cubic surface in thrcet 
points, given by an equation of the form 

Now the four constants in the equations of a line may be 
chosen so as to satisfy the equations u = 0, Z>ti = 0, I>^{«x=o, 
I/u ~ 0, and, since the ^bove equation will then be satisfied 
by all values of r, all straight lines having such constants will 
lie entirely in the surface; and the number of such straight 
lines will clearly be limited, speaking generally, although in 
particular cases, as in that of a cylindrical surface, it may be 
infinite. 

If a plane be drawn in any direction through such a straight 
line, its line of intersection with the suiface will be composed 
of that straight line and a conic forming a group of the third 
degree; and the two double points in which the straight line 

* Cambridge and Dublin Mathematical Journal, ▼ol. iv. 
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t 

intersects the conic are two points of the sarface at which the 
plane is a tangent plane to the cubic (Art. 434). 

Now, there will be five positions of the plane for which the. 
conic will become two straight lines. 

For, if the axis of (v be a line which lies entirely in the 
surface^ the equation of the surface will be of the form 

yw, + «t>, = 0, 

where m„ v, are quadric functions ; and if the surface be cut by 

a plane whose equation is - « -* = r, the conic, which is part of 

the line of intersection, will hare for its equation /au', + Ft;', = 0, 
where u\j v\ have each the form 

in which a,, e„ /^ are homogeneous functions of fi and v of 
the degrees denoted bj the suffixes. 

Hence the equation of the conic will be 

a^r* + iSy + 7^ + 28^35 + 2^r + 2 j;raj « ; 

it will therefore become two straight lines if 

«^.7. + 28a5; - «.«/ - fi.< - 7»C = 0, 
which gives five values of the ratio X : /a. 

In each of the five particular positions of the plane the com- 
plete intersection is three straight lines, which g^ve three double 
points, and the plane is a triple tangent plane touching the 
surface at each of these double points. 

Through each of the three straight lines in a triple tangent 
plane four other triple tangent planes besides the one considered 
can be drawn, giving rise to 12 new triple tangent planes and 
24 new straight lines, making in all 27 ; and the surface cannot 
contain any but these 27 lines, for the point in which any line 
on the surface meets a triple tangent plane ABC must lie on 
one of the three lines AB^ BG^ CA, which form the complete 
intersection of ABC with the sur&ce, and the plane which 
passes through the new line and AB^ supposing this to be the 
line which it cuts, must contain a third line, and, therefore, must 
be one of the five triple tangent planes drawn through AB'y 
the line considered must therefore be one of the 27 lines. 
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Five triple tangent planes can be drawn thrbngh each of the 
27 lines, which would make 5 x 27 planes in all ; but since each 
plane contains three of the lines, we have in obtaining this 
number reckoned each three times, hence the number of triple 
tangent planes is 45. 

Line <yf Btn^hn. 

461. To find the line of etriction of a scrolL 
' Let the equation of a generating line be 

where the constants are functions of one parameter 0; the 
equations of a consecutive generator corresponding to a value 
O'\-d0 o( the parameter are 

*y=:(w + rfm)f+a + e?a, f=(« + rfw) f + i9 + rfi9. (2)' 

Let P be a point in the line of strlctlon ; PQ the shortest 
distance between (1) and (2) ; a, y, « and x + Sx^ y + ^y? ^ + ^^ 
the coordinates of P and Q. 

Since PQ is perpendiculdr to both generators, 

Bx 4 wiSy + nSz = 0, 

and &» + (w + dm) Sy + (n + dn) S« = ; 

.'. rfwSy + rfnS« = 0. 

Also, by the equations (1) and (2), 

8y — «i 8a: = ocdm + eSx, 

Sz — nSx ss xdn -i-dfij 

Sy Sz Sx 

dn'^ —dm ndm — mdn 

Sy — mSx Sz — nSx 

(1 + w") dn — mndm — (1 + w") dm + mndn ^ 

.\ {xdm 4 da) {(1 + n*) dm — mndn} 

+ {xdn + d/S) {(1 + 7W*) rf« - mndm] = 0. 

If the parameter be eliminated between this equation and the 

equations 

y = mx 4 a, z^nx-V Pj 
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we shall obtaia two equations wbidi will be those of tbo line 
of striction. 

462. Line ofatnction of an hyperhohid of one sheet. 

tf" 2* !»■ 
For the hjperboloid j, + -, ■= -« + 1, the equations of a 

generator being 

? = - coad4 8in^, -= -HU^-cos^, 
a c a 

xdm + d<i=h{--ame-\-fxse\de=~- dS, 
xdm + d^ = c( - cos(9 + slniS^ dG= ^ dB^ 

(l+n")rfm-mWn = -— fi 4 nYsin^rf^, 

' ' a \c ay- ' 

{l-tm*)dn-mndm= — ( j-. + -i) coaO d0 1 
a \b a J 

\c aV c \b' a'/ b ' 

\o acj \c aoj 

I \\VB !F /z" «* a;' I\ 

1 of tbia surface with the hypcrboloid gives the 
for one set of generators. 

Polar Equation. 

id ike polar equation of the tangent plane to a 
iven point. 

oation of the surface be -; =m'=/(^, <f>'), and 

the coordinates of the point of contact of the 
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The equation of the tangent plane is of the form 

^w' = cosa cos5'-f sina Bin^' co8(^' — )8), (Art. 76), 

and the constants j9, a, and 15 are to be determined fi'om the con- 
sideration that the tangent plane contains not only the point 
of contact but adjacent points which have moved up to and 
ultimatelj coincided with that point. 

Hence the values of -^ and --r-r at the point of contact are 

the same for both tangent plane and surface, let t;, to be those 
values ; 

.'. pu = cosa cos^ -f sina sin^ cos(0 - )8), 

pv = — cosa sin^ + sinacos5 cos(^ — )8), 

pw = — sina sin 6 sin(^ — ;9) ; 

.*• p{u Bvad + v cos^) = sina cos (^ — )8), 

p [u cos^ - V sin 5) = cosa ; 

the last three equations give readily the values of the constants ; 
and the equation of the tangent plane becomes 

u'=:(m cos^ — t; sin^) cos^ 

+ (i* sin^ + V cos5) cos(<^' — ^) Bind' 

+ V) cosec sin {<f}' — ^) sin 0'. 

This equation can also be written in the form 

-7 = -33 [r fsin^ cos^ - cos^ sins' cos(^' — <f>)}] 

T uv 

— -j-T cosec sin ff sin {if/ — ^). 

464. To find the perpendicular distance from the pole upon 
the tangent plane. 

This may be obtained from the first three equations of the 
last article by squaring and adding, whence 

p" (tt* + v* + w* cosec* S) = 1, 

1 , fdu\^ fdu\* ,^ 
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465. We may arrive at the above result hy the following 
procesS| which serves to shew the geometrical signification of 
the partial differential coefficients, and will be useful as an 



exercise. 



Let P be the point of contact, PB a tangent line passing 
through 0^1 and PQ a tangent line in the plane through OP 
perpendicular to the plane POZ] take JB and Q points very 




near to P, and in OQ^ OB take Op, Op each equal to OP] 
then I^=sr Bin 0d<f> and Pp^rdd ultimately, and Qp^^Bp' 
are respectively the values of dr due to changes of and ^, 
considering the other constant, 

dr Bp' 

Pp^ 



and 



rdd 
dr 



-cotOPB, 



= ^=- 



coi OPQ. 



r sin 0d^ Pp 

Draw OF perpendicular to the tangent plane QPJS, and on a 
sphere, whose centre is P, let aS^S be a spherical triangle with its 
angular points in PQ^ PO^ PB^ join 87, 7 being the intersection 
of PY and a)8, then S7 is perpendicular to afi^ and aifi is a 
right angle. Hence 

cotaS^cotSycosaSY, and cot)8S=scotS7 sina^Y; 
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/. cot'aS + cot"i88 = cot" 87 = — ^ ; 

P 

111 (dr\^ 1 (dr\* ,^ 



466. Def. An asymptote to a surface is a straight line 
which meets the surface in two points, at least, at an infinite 
distance, while the line itself remains at a finite distance. 

An asymptotic plane is a tangent plane whose point of con- 
tact is at an infinite distiCnce, the plane itself being at a finite 
distance. 

An asymptotic surface is a surface which is enveloped by all 
the as^ptotic planes to the surface. 

467. General considerations on asymptotes. 

If we imagine any tangent plane to a surface, and consider 
the result of supposing its point of contact to be at an infinite 
distance, we shall be led to the following conclusions : 

Since the plane at infinity intersects the surface in a curve, 
real or imaginary, there are generally an infinite number of 
directions in which a point of contact may be supposed to move 
off to infinity ; to each of these directions will correspond an 
asymptotic plane. 

£ach asymptotic plane is the locus of all the corresponding 
asymptotes, and these asymptotes will all be parallel, since they 
pass through the same point at infinity at which they are 
tangents. 

Since there are two tangents in every tangent plane at an 
ordinary point which pass through three consecutive points, vie. 
the tangents to the curve of intersection at the point of contact, 
there are in each asymptotic plane two corresponding in- 
flexional asymptotes which pass through three points at an 
infinite distance. 

Since any plane which passes through an inflexional tangent 
intersects the surface in a curve which has a point of inflexion 
at the point of contact of such a tangent, the curve of inters 

sa 
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section of the surface and any plane drawn through an in- 
flexional asymptote has a point of inflexion at an infinite 
distance. 

468. The peculiarities which arise in the case of singular 
points at an infinite distance can be examined without much 
difficulty, by a comparison with what takes place at a finite 
distance. 

If, for example, there be a double point at infinity, in the 
place of the conical tangent at a finite distance, there will be 
a cylinder of the second degree formed by the asymptotes 
which correspond to the direction in which the double point 
lies. 

Of the generating lines of this asymptotic cylinder there 
are six which meet the surface in four points at infinity. 

The curve of intersection with any plane parallel to these 
generating lines has a double pomt at infinity. 

The curve of intersection with any tangent plane to the 
cylindrical asymptote has a cusp at infinity. 

469. To find the asymptoUB to a given surface. 

Let F=F{^^ i;j f) =0 be the equation of the given surface, 

(a?, y, z) any pomt m an asymptote, -^-^r— = - — - = - — = r 

A, fA y 

its equations; and let jP(\, /a, v) be arranged in a series of 

homogeneous functions of the degrees tz, n -],..., so that 

The points in which the asymptote meets the surface are 
given by the equation 

F{x + \rj y + fir^ » + yr) = 0, 
or, if D denote the operation x-^ '^V'T' ^^T i 

Now for a simple asymptote two roots are infinite] 

••• ^«=o (J) 

and i>^,+ ^.., = 0. (2) 
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The first equation shews that all asymptotes are parallel to 
generating lines of the cone 

^, (f , V, C) = 0, (3) 

where F^ consists of the terms of the n*** degree in F. 
The second equation 

shews that all the asymptotes parallel to any generating line 
of the cone (3) lie in one plane, which is the asymptotic plane 
parallel to the tangent plane touching the cone along the 
generating line. 

Again, corresponding to inflexional tangents in tangent 
planes at points at a finite dititance, there are generally two 
asymptotes in each asymptotic plane which meet the surface 
in three points at an infinite distance, the condition of this is 

ii?*^. + i>*.., + 0... = 0, (4) 

and the two inflexional asymptotes are the lines of intersection 
of the conicoid (4) with the plane (2). 

It can be shewn that the conicoid and plane intersect in two 
parallel or coincident lines by proving that, if (a?, y, z) be any 
point in which they intersect, a line drawn through this point 
in the direction (X, /a, v) lies entirely in both surfaces. 

Write x-\'\r for a, &c., and A for the operation 

. rf d d 

fix dfi dv^ 

\ fA V being considered constant in the differentiations. 

(2) becomes {D + rA) ^„ + ^^^^ = r A<fr„ = ^^4>ni 

(4) becomes i (^ + ^^Y ^n + (-^ + ^^) ^«-i + ^i.-t 

therefore, since ^^ = 0,(2) and (4) are satisfied for all values 
of r. 

470. Should the student be interested in the discrimination of 
the various singularities which may occur, he will find a guide 
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in two articles by Painvin,* who has nearly adopted our method 
of treatment, and has carefully followed out the consequences 
of supposing the conicoid (4) to have the various forms of which 
it is capable. 

471. A singular asymptotic plane is one which touches 
the surface along a line at infinity, if considered as the limit 
of a tangent plane ; and if considered as the locus of asymp- 
totic lines, it is a plane such that lines drawn in any direction 
in it meet the surface in two points at an infinite distance. 

The analytical conditions are obtained by considering that 
the equation D^^ + <f>^_^ = must be independent of- the values 

of X, /A, V. 

Asymptotic Surfaces. 

472. To find the izsymptotic surface of a given surface. 

The asymptotic surface being the surface enveloped by the 
asymptotic planes, which are tangent planes whose points of 
contact are at an infinite distance, is a developable surface cir- 
cumscribing the' surface along the curve of intersection with the 
plane at infinity. 

The equation of an asymptotic plane is 

X, /A, V being connected by the equations 

<^^ = and X" + /**+f"=:1. 

We shall write w, w'... for -^, j-^*-, ..., and CT, t^j... for 

d\' d\ »•••• 

Considering a consecutive position of the asymptotic plane, 
we have the equations 

dP^ . dPj dP, ^ 
U^ d\+ V^ dfi+ WJy^Oj 



* Crelle'a Journal j vol. 65. 
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therefore, by arbitrary multipliers, 

and, multiplying'bj \, /«, v, 

(n-l)P+^w0, + B=O, .-. 5=0, 

. rfP dP dP ,^, 

These equations and (2) are equivalent to two distinct equations 
which are those of a generating line of the asymptotic surface ; 
that of the surface itself is foun^ by eliminating X, /a, v from 
^.=0 and these two equations, all being homogeneous in \, /a, v. 
If ^^, =■ 0, since (w - 1) CT = \m + /iw' + ki?', and 

^ = aw + yw;' + «t;', the equations (5) are reduced to 

OS ti ss 

-. = i =s - J and the asymptotic surface becomes the cone 

^^ = 0, as in the case of oa:^ + jy* + ca*=l. 

In the general case it is easily seen that the generating 
line passes through the centre of the conicoid which determines 
the position of the inflexional asymptotes, for which 

d\ dfi dv ' 

473. To find the degree cf the asymptotic surface. 

We shall find how many generating lines intersect an. 

arbitrary straight line — ^n- =» , = r = »•• If we equate* 

to (ti — 1) p each member of equations (5) of a generating line, 
the equations may be written 

(oj-Xp) u +-(y- /*p) w* + [z-yp) v* + C,., = 0, 
(aj-Xp)w'+(y-/:*p)v + («-^p) w' + r,_, = 0, 
{x - Xp) t?' + (y - fip) tt + {« - vp) w + iFr^_j= 0, 
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or, if 5= 






therefore at the point of intersection 

(«+rr)2r-x/,£-+ [v^, ^ + ...)2r=o, 

and similar equations ; or, eliminating r and p, 

d 



7i2'+(o:-,|7+...)-e;K,«' 



= 0, 



now the degrees of -j— = vw- u"* and CT.^ are 2 (n — 2) and 

n — 2; the degree of the equation is therefore 3n — 5, and 
the number of values of X, /a, v which satisfy this equation, 
and ^„ = is n (3w - 5), which is the degree of the asymp- 
totic surface. 

474. Or we may proceed thus : 

The asymptotic surface contains Zn (n - 2) lines in the plane 
at infinity which are the intersections of the planes of inflexion 
of the cone ^^ = 0, and contains, moreover, the curve of the 
n^ degree, in which the plane at infinity intersects the cone; 
hence, the number of points in which the asymptotic surface 
is met by an arbitrary line in the plane at infinity 

= 3n (n - 2) + n = n (3n - 5). 

For limitations of the number arising from the existence of 
singular points, see Painvin's second article.* 



♦ Crelle*8 Journal, vol. 65. 
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Method of Approximation. 

475. Although it is necessary to know general methods of 
handling the equations of surfaces, yet in order to find the shape 
at particular points or at an infinite distance, it is most in- 
structive for the student to employ peculiar methods to suit 
peculiar cases. 

The method of approximation by transferring the origin 
to the particular point in question, and rejecting all terms 
which can be shewn to be small compared with those retained, 
gives immediately conical tangents or any other form which 
nearly coincides with a surface in the neighbourhood of a 
singular point. 

The form of a surface at an infinite distance may be found 
by a careful consideration of the relative magnitude of the 
coordinates in the same manner as the author has treated the 
subject in his Treatise on Curve Tracing. The kind of con- 
sideration required may be seen by the following example. 

476. To find the plane and parabolic asymptotes of the surface 
whose equation is 

^ •\- y^ •\- s^ " ^xyz — 3a (yz + zx-\- xy) = 0. 

The equation may be written 

uv — a (u* — t?) = 0, 

where « = a? + y + 2?, r = a;*-f y* + «*— y«-2.» — ay. 

If u* and V be of the same order of magnitude when a?, y, z 
are very great, we have for a first approximation u = 0, and 
for a second tiasQ, the plane asymptote touching along a 
circle at infinity. 

If u* be large compared with v, the first approximation 
gives V = auj and the next gives v = a (u — a)^ which is a para- 
boloid of revolution. 

The same resuks may be obtained by making the line 
x=^y = z one of the axes of coordinates, so that the equation 
becomes 

V(3) aj (y« + «•) - a (2ic* -y -^') = 0, 
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in which, if x^ y, z be of the same order of magDitade, 
\/(3) a; + a = ; and if x be large compared with y and «, 

The conical tangent at the origin is y'-i-z*^ 2x*. 



XVIII. 

(1) ProTe that the tangent plane to the surface xyz » a* forms with the 
coordinate planes a tetrahedron of constant volume. 

(2) Find the equation of the tangent plane at any point of the surface 
xyz + 2abc = hex -f cay + abz, and find the conical tangent at (a, b, c), 

(3) If tangent planes he drawn at erery point of the curve of inter- 
section of the surface a {y% + zx ■{■ xy) - xyz, with a sphere whose centre is 
at the origin, shew that the sum of the three intercepts on the axes will he 
the same for all. 

(4) A surface is given hy the elimination of a hetween the equations 
^(*» y» «, a) = and /(a:, y, 2, ff) = Q; shew that the durection-cosines of 
the normal at a point {x, y, z) are in the ratio 

F'{x)na) -f(z) F(a) : F'(y)/(«) -f{y) F'(a) : F(z)J' («) -f{z) F'(«). 

(5) The points on a conicoid, the normals at which intersect the normal 
at a fixed point, lie on a cone of the second degree, having its vertex at 
the fixed point 

(6) Prove that the projections on the plane of xy of the normals to the 
ellipsoid ;^'''u'*''«"^* ^^ points whose distance from that plane is e cos a, 

touch the curve (a*)' + (6y)' = (a* - 6'}^ sin^a. 

(7) Given («■ + y" + «■ + c* - a")" = 4c* {a^ + y% find the points the normals 
at which make angles a, ^, 7 with the axes, and the loci of points for whieh 
(i) 7 is constant, (ii) a is equal to /3. 

(8) A chord of a conicoid is intersected hy the normal at a given point 
of the surface, the product of the tangents of the angles suhtended at the 
point hy the two segments .of the chords heing invariable. 

Prove that, being the given point, and P, P' the intersections of the 
normal with two such chords in perpendicular planes containing the normal, 
the sum of the reciprocals of OP^ OP* is invariable. 

(9) Find the tangent cone at the origin to the surface 

(ar« + y« + ax^ - (c' - fl«) («• + «") = 0; 
and shew that as a diminishes and ultimately vanishes, the tangent cone 
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contracts, and ultimately becomes a straight liaei and as a inereiftses up to e, 
it expands, and finally becomes a plane. 

(10) Shew that the 27 lines in a general cubic surface intersect in 135 
points. 

(11) Apply the method of Art. 448 to find the singular tangent planes 
of the wave surface. 

(12) Shew that the normals to any scroll along a generating line lie 
on an hyperbolic paraboloid. 

(13) If tangent planes at two points on a generating line of a scroll be 
at right angles, prove that the rectangle under the distances of the points 
of contact from the line of striction measured along that generating line 
will be constant. 

(14) If a series of straight lines, generating a surface, be described 
according to a law sueh that the shortest distance between two consecutive 
lines is of a degree superior to the first, it will be at least of the third. 

(15) Shew that the lines of striction of an hyperbolic paraboloid 

iL — s :i* are its intersections with the planes nr — « « 0. 
be '^ Ir tr 

(16) A straight line intersects at right angles the arc of a fixed circle, 
and turns about the tangent with half the angular velocity of the point of 
contact round the circle. 

Prove that the surface so generated intersects itself on a straight line, 
and find the tangent planes at any point of this line. 

Shew that the line of striction is a plane curve, whose plane is inclined 
to the plane of the circle at an angle tan'* 2. 

(17) Find the asymptotic planes and the asymptotic surface of the 
conicoid ox* + &y* 4 cs' s 2jr. 

(18) Shew that the coordinate planes are the three singular asymptotic 
planes of the sur&ce zyz a a*. 

(19) From different points of the straight line - s | , s s 0, asymptotic 
straight lines are drawn to the hyperboloid -, + n - 3 >" 1 ; shew that they 
will all lie in the planes - - ^ s f _ J2, 

(20) Shew that the asymptotic planes to the surface 

« («* + y") - <«* - V = ^» 
are parallel to the plane xy, and that the locus of straight lines in these 
planes having contact of the second order at infinity is t- a, or s s 6 ; 
and that the axis of s is an evanescent asymptotic cylinder. 

TT 
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(21) If the cone of asymptotic directionB haTe a double sidei shew that the 
surface will generally touch the plane at infinity, and that the section by 
this plane will have its inflexional tangents in the intersection with thd 
tangent planes at the double side of the cone. 

(22) Shew that the conicoid which determines the inflexional asymptotes 
of the surface, whose equation is x* - ^z* > 2a*y2 » 0, is an hyperbolold 
of one or two sheets, the latter giving imaginary asymptotes. 

(23) Discuss the form of the surface « (« + y)* - « («• - y*) + 6^ = at 
an infinite distance. 

(24) Shew that the asymptotic surface of s (x + y)* - as' + &£* « is a 
parabolic cylinder. 

(25) Shew that there is a conjugate line in the surface 

a« {2 (y« + s*) - a*f « (y« + f») (y* 4 f» - a^)\ 

(25) Shew that the surface 

(«• - «•) (a:* + V - «• + ^«T « {6a («» + y« - ««j + 4aV 
has a conjugate hyperbolic line in the plane of tx. 



I 
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CHAPTER XIX. 



YOLUHES, AREAS OF SURFACES, &C. 

477* To find the differential coefficients of the solid contained 
between a surface^ given in rectangular coordinates^ the coordinate 
planes^ and planes parallel to them drawn through any point of 
the surface. 

Let Xj y^ z and a;+ Ao;, y-\- ^yj z + ^s he the coordinates 
of two points P and Q upon the surface. 




Draw planes through P and Q parallel to the planes of 
yzy zxj and let V be the volume CBPSOM cut off by these 
planes from the given solid. If A^F be the increment of F, 



324 YOLUMES, AREAS OF SURFACES, &C. 

when X is changed to re + Ax, while y remains constant, and a 
similar interpretation be given to the operation ^^y the volume 
PrM=^^^V'j also the volume PQNM^ which is the increment 
of A^F when y changes to y + Ay, = A^ (A.F), which is easily 
seen to be the same as A^(AyF). 

Let £;„£;, be the least and greatest values of z within the 
portion of the surface PQ^ therefore PQNM lies between z^^Ay 
and «,Aa;Ay; 

/. \ or I , V lies between z. and z^ 

Ay Ax 

Proceeding to the limit, in which z^ = z^sa Zj we obtain 

d'V d*V ^ 
dydx dxdjf 

We may observe that, since the volume PrM is ultimately 

equal to the area RM x Ax^ the partial differential coefficient 

dV dV 

-p represents the area JBJf, and similarly -j- the area 8M. 

478. The differential coefficient of the volume of a wedge 
of the solid contained between the planes of zxj xy^ a plane 
through the axis of 0, and a plane parallel to yOz may be 
obtained as follows. 

Let Fbe the volume included between the planes zOx^ xOy^ 
the surface, the plane whose equation is y^tx^ and a plane 
parallel to yOz through any point (a;, y, z)^ then A^Fis the in- 
crement of F when t changes to ^ + A<, x remaining constant, 
and is the volume which stands on a base whose area is \xAt,x\ 
A^(AfF] is the increment of A«Fwhen x changes to x-{-Ax^ 
and is the volume which stands on a base whose area is 

J (a5 + Ax)' A^ - ia?" A< = (a? + J Aaj) Aaj A^ ; 

hence, as before, *^ ' ' is between z^ {x-\-\Ax) and z^[x-\-\Ax)^ 

d^V 
and, proceeding to the limit, ^--^ = zx. 
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479. To find the differential coefficient of the portion of a 
surface given in rectangular coordinates^ cut off by the coordinate 
planesj and planes parallel to them drawn through any point of 
the surface. 

Let P, Q be the points (a?, y, z) and {x + Aar, y + Ay, z + A«), 
8 the surface PBCSj cnt off by the planes throngh P. A^8 is 
the surface iV, which is the increment of 8 when x is changed 
to a: + Ao?. 

Ay (A^iS) is the surface PQj which is the increment of A^8 
when y is changed to y + Ay, and is evidently the same 
as A. (A,8). 

Let 7j, 7, be the greatest and least inclinations of the tangent 
plane to the plane of xy for any point within the surface PQ. 

Therefore PQ is intermediate between Aa;Aysec7, and 
Ax Ay see 7,. 

<^) ^w 

Hence , or , y is intermediate between sec7. 

Ay Aaj * 

and sec7,, which are, in the limit, each equal to sec7. 

'^^*'*^""'|^«' ^='^'y=\/{^+(l)'+(|)l- 

480. If 8 be the surface contained between the plane zOx, 
and a plane whose equation is y = fa;; we can shew, by proceed- 
ing as in Art 478, that 

481. To find the differential coefficients of the volmne of a 
surface referred to polar co(yrdinates. 

Let r, d, ^ be the polar coordinates of a point P in the sur- 
fitce, being measured from Oz^ and ^ from the plane zOx^ and 
let Fbe the volume of the wedge of a cone contained between 
the planes zOx and zOP^ and the given surface, the axis of the 
cone being Oz^ and the semi-vertical angle. 

0PRr8 is the increase of the volume when & increases by 
A0, ^ remaining constant, therefore OPBrS^ A^V. 
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OPSQTiB the increase of A, V when ^ becomes <f> -i- A^, and 
therefore = A^ (A.F), and similarly = A, (A^F). 




If OP, 05, OQj OT intersect a sphere, whose centre is 
and radius OP^ in P, «, j, « the volumes of 0P8QT and O-ftg* 
will be ultimately equal, and Pa = r^d^Pt^ r sin d. A^, therefore 
A^ (A9F) is ultimately equal to }/ sind A^Ad; 

482, jTo ^nrf <^ differential coefficient of a surface referred 
to polar coordinates. 

Let r, 0, ^ be the polar coordinates of P, and let 8 be the 
surface OPfi, 

A|/S is the increment iV when d changes to + Ad, 

A^ (Ae^S) is the increment PQ when ^ changes to ^ + A^. 
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Let '^^y '^g be the least and greatest inclinations of tangent 
planes at points taken on the surface PSQTy to tangent planes 
at the corresponding points of the surface Psqt in the construction 
of the last article, then the ratio of the surfaces PSQTsni Psqt 
lies between 1 : cos'^j, and 1 : cos*^,, each of which becomes 
ultimately r : ^, where p is the perpendicular from on the 
tangent at P; 

r* 
.'. A^ (AftiS) = — sin^A^A^ ultimately; 

= — sm^, 



d<f>d0 p 

483. To find the volume of a closed surface^ the boundaries of 
which are portions of known surfaces^ given hy equations in 
Cartesian coordinates^ 

Let {Xj y, z) be a point P within the closed surface, and let 
AXj Ay, Az be the lengths of the edges of a small parallele- 
piped, whose faces are parallel to the coordinate planes, the 
volume of this elementary parallelepiped will be AxAyAz^ if 
the axes be rectangular. 

We imagine the volume to be made up of an infinite 
number of such elements, each of which is supposed indefinitely 
small, and in order to obtain the volume we have to sum these 
elements, and we must be guided by the form of the surfaces 
in our choice of the order in which we propose to efiect 
the summation. We can give general directions only, leaving 
to the student's ingenuity the task of adapting them to 
particular cases. 

If we commence by summing the elements, for which 
Xy y have constant values, we shall obtain the parellelepiped 
[z^- z^ Aa;Ay, since the incomplete elements near the boundaries 
of the surface vanish, compared with the parallelepiped upon 
AxAy, when Ax and Ay are indefinitely diminished ; z^-z^ can 
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be expressed in terms of x and y by means of the eqoations 
of the bounding surfaces. This supposes the closed surface 
to be pierced by the ordinate through {x^ y, 0) in only two 
points; if it were pierced 2n times, the first summation would 
give 2j"(«,^ — «^_,)(£w?y; we shall not further consider such 
cases. 

If we next sum the parallelepipeds for all values of y, 
keeping x constant, we shall obtain the sum of all the elements 
which lie between two planes at distances x and x + ^x from 
the plane of yz. The first and last of the parallelepipeds must 
vanish; therefore the summation must generally be made be- 
tween values of y obtained from the equation «, — ^^ = 0, x 
being constant ; let y^, y^ be those values of y, supposing only 
two to exist; the whole sum will then be obtained by 
summing these sheets of elements between values of x obtained 
from the equation y^-y^ = 0. 

In the case of a closed surface, which is pierced by no 
straight line in more than two points, the process is expressed 
thus: 

volume =/ dx\\^dy{\ dz\\ 

^ r^r ^f* (^' y) "-^^ (^' y^j ^^ 

= rdx{<f> (x, y.) - (f> {x, y,)] 

J Xi 

484. The student will have to determine in every particular 
case the best order in which to make the summation of the 
elements ; in some cases it will be advisable to take elementary 
slices of the surface, instead of the elementary parallelepipeds, 
as when the area of a plane section is known. 

Thus, in the case of an ellipsoid, the area of a section BPQ 

is ttQN^ BNj and a slice of the thickness & = — 5- (c" — «*) c&, 

c 

whence the volume is — r I (c* - «*) dz = ^trabc. 
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485. lie must also judge whether it is advisable to use 
other coordinates than those in which the equation of the 
suHKee is given. 

Thus, the equation of an anchor-ring being 

if we make »• + y* = r', s* = a" — (r — c)*, we can sum the 
elements which have their projections on the circular ring 
2irrdr^ and the volume is 

I 4t'irrdr \/(<»'-(^-c)*} = 1 4Tr (r'+c) dr' v/(a* - O = 2wc.7ra*. 

J e-^ J -o 

486, To find the volume contained between the sm-face whose 
equation is [x + yY == 4ar, the tangent plane at a givefi pointy and 
the planes of zx and yz. 

Let the given point be [f^ g^ h\ the equation of the tan- 
gent plane is 3c-{ y^ ./{^[z^-h)] the volume required is 

fjjdxdydz^ the limits being from z = /( - j {x-\-y) - A to ^ ^^ , 

then from y = to y = 2 y/{ah) — a?, since the tangent plane 
meets the surface where (a? + y)* — 4 ^/{ah) (x + y) + 4a A = 0, 
lastly, from a; = to a? = 2 »J{aJi), The volume is 



//; 



— {a? + y - 2 »J{flh)Y dydx 



12a 



U U 
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This result may be verified thus. Let A OB be the surface, 
ACB the tangent plane along the line AB^ ABB a plane 
parallel to xOy^ adb any section of the siurface parallel to xOy. 




Then area adb : area ABB : : ad^ : AB* : : Od: OB ; 
therefore volume A OBB = | 2ah .jdz=^ah*] 
also volume A CBB = ^2aA . 2h = f oA* ; 
hence the volume required is -^ * 



,. -« 

b c 



487, To find the volume of the elliptic par abohid ^ -f 7 = 2ar, 

cut off by the plane Ix + my + nz^p. 

Perform the integration in the order Xj y, z^ 



^ y z _^p 



— my — nz 



2b 2c' "'^ I 

For a given value of a, the values of y at the curve of intersec- 
tion are given by the equation x^ = a?^, 



or 



- 2Jw J „ 2A , , ^ 



(0 
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of which ^„ y^ are the roots, and z must be taken between the 
limits which correspond to y^^y^'^ that is «,,, z^ are the roots of 
the equation 

^^z--^{p^nz)^-^ . (2) 

= 26 /r /r ^^ ~ ^'^ ^^« - y.) - (y - y.)*l '^^'^^ 

bit (y. - y,y = (y, + y,)» - 4^^, = * (a - «.) K - 2) by (2), 
therefore the volume 

= t^ j (7* - 1**)^ ^«*j where 27 = 2, - i5„ tt = «-i(^, + «J 
= ^ — 7 / coBk*0d0j putting M = 7 sin 5, 

and .i(^t-«,) =-p+ -/- + -1S-5 

1 ^ //I \ (2«Z H- Jm* + en')* 
/• volume = J V (^^) — = • 

The student may verify this result by the summation of 
elementary slices bounded by planes parallel to the given plane. 

488. To find the volume contained between surfaces given hy 
polar coordinates. 

The volume of an elementary parallelepiped is 

r* s\n0drd0d<l}. 
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If we integrate this expression from r==r^ to r^r^, r,, r^ being 
the radii of the bounding surfaces corresponding to 0^ 4>i ^'^ 
obtain a frustum of a pyramid, the angular breadths of whoso 
faces are ddj d<l>^ intercepted between the two surfaces or the two 
sheets of the same surface; its volume is J &in0 d0d<f> (^/ — 0> 
the radii being given in tenns of and ^. 

If now we integrate, considering ^ and <l> + d<l) constant, 
from 0^0^ to = 0^^ ^,, 0^ being given in terms of by the 
boundaries of the volume considered, we obtain the portion 
included between the planes inclined to zOx at angles ^ and 
<f) + d<f>^ 

= rf0pi(r/-r;)sin^rf^. 

The whole volume is found by integrating from <l> = <f>f to 
^ = ^,, the extreme planes between which the volume is in-> 
eluded. 

The volume is therefore I I ^ (r/ - r^') Bin0d0d4>. 

J <t>i J Bf 

489. To find the volume of a sphere cut off by three planes 
through the centre. 

Let the radius of the sphere be a^ its centre, and let ABC 
be the spherical triangle cut oSi Ta&e OG for the axis of z^ 
and a plane perpendicular to A OB for that of zx. 

The equation of the plane A OB will be cos ^ = tan a cot d, 
and the limits of integration will be 

r = to r = a, 

^ =: to ^ = cot"* (cot a cos j>\ 

^ = -/3 to <^=(7-/95 

.*. the voltlme = - \U\n0d0d(f> 

" 3 j-i3 t V(l-cas'asin«^)j'^* 



= 3 [C^- sin"* {cos a sifl(C-)8)) - sin'* (cos a sin^)] 
since cosjB=cosa sin((7-^) and cos^ = cosa sin^S. 
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We have given this as an example of the determination of 
the limits in the case of polar coordinates, but the result is 
obtained immediately from the area of the spherical triangle, 
the volume required being the sum of an infinite number of 
pyramids whose vertices are in the centre, the volume of any 
one of which is ^adS^ and the whole volume =^ax area of the 
spherical triangle. 

490. To find the volume of a weiqe of a sphere cut off by 
a right circular cylinder^ a diameter of whose base is a radius of 
the sphere. 

Let the equation of the sphere be p' + a* = a*, and that of 
the cylinder p^a cos^. 

The volume is j j 2p *^{a* — />*) dpd<f> 

Jo •'0 

= |a' {a- i// (3 sin^- sin3<^) d4>] 

= §a' {« - J (1 - cosa) + ^V (1 - cosSa)}. 

The surface =/y jp' + {f^)\ p' (|)] dpdi>, 

between the same limits, 

-//V('^/^.')'"^*-//7^)''* 

= a*/^,* (1 — sin <j>)d<j> = a*{a'-l + cosa). 

491. The following method of dividing a surface into 
elements was employed by Gauss in treating of the curvature 
of surfaces. 

The coordinates of a point are considered as functions of 
two parameters a, ^3, the elimination of which would lead to 
the equation of the surface. 

If a vary while fi is constant the corresponding points on 
the surface will lie on a curve, and a system of carves will 
will be formed by giving /3 successive constant values^ 
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Another system of curves will be obtained by making fi vary 
while a is constant. 

The element d8 is the quadrilateral figure whose sides are 
portions of the curves which correspond to constant values a, 
a + ^a in one system and fij fi + dfi in the other. 

Let Ij m, n be the direction cosines of the normal to tlie 
surface at a point in the element dS'j Id 8 is the projection of 
the element on the plane oiyz^ let this be FQRSy the coordinates 
of the angular points in order being y, /; 

dy y dsi y 

and y-h-^^d^, z-\-~d^. 

The equation of PQ is i "^ = — t— , and if is easily sccu 

da da 
that PQ and SB are ultimately parallel ; the perpendicular from 

8 on PQ is 

fdy^ds dz dij\ , 

Kd^Ji a dS da) ^ 

Ti)" ^ (ST ' 
•••«*- Oil - II) "^- 

and if we write AdadlSy BdadjS^ Cdadff for the projections on 
the three coordinate planes, 

d8^[A*-\'B'+C')^dadl3. 

The surface-integral JJ{lu + mv-\- nw)d8y where m, v, w are 
given functions of the position of d8 may thus be expressed 
in terms of the parameters a, ^8, viz. 

iJ{Au-\'Bv'\-Cw)doLd^. 
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492. To find the surface of an elKpsoid expressed in eUt'pttc 
coordinates. 

Let the equation of the ellipsoid be 

and let fi, v .be primary semi-axes of the hyperbolotds, which 
arc the elliptic coordinates. 
By Art. 283, 

^_^VV (x''-/S»)(a*«-/S*)(/-;8') . 

••yrf/*- (7''-y3')/8« '*«?.'- (7'-y8»)7« ' 

. „« Mif±.^±\- A*v(>^'-/y)(^''-v) (/*'-»>') 

• * ^'^ \dv d/A, dv d/i^J ~ ff'y* (7» - ^) ' 



''-]&%- tA'^^'^^^ 



_ V Mv(?^''-/S'0(\«-7'0(/*''-v') , , 

X(M'-v«)V((V-ff')(X»-7')} ... 

- ^ V {(/*•- /S") (7" - /*") 0^ - O (7" - "')} "^ 
_ (Ml-v«)v'{(V-Ai')JXW)}_ ,. Art 286 

The area of the surface cut off by four confocal hyperboloids, 
for which fM=^fi^ and fi^j y = y^ and k, is 

Jfii Jvi J fii J»i 

where M^ ^jj^^^^^^, _^y N^^ ——-——. 

493. If the position of a point be given as the intersection 
of three surfaces 

F[x^y^z):=^a^ G[x^y^z)^P^ and S'(a:, y, «) = 7, 

the expression for a volume may be obtained similarly as 
follows ; when 7 is constant, the variation of a and P determines 
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a Buiface of which an elementary portion is (^* + -B*+C*)*f?0K/y8, 
and the equation of the tangent plane at this element is 

the perpendicular on which plane from a point determined by 
a, i8, 7 + dy is 



^y 



(a Tk y r \fj 

\ dy dy dy) 



dy 



dz 
dy, 



hence the volume of the elementary parallelepiped, whose 
opposite faces correspond to y^ y + dy constant, &c., is 

and the voluiQe = / / jJdadfidy ^s lll-p dad^dy^ 



where e7= 



dx 


^y 


dz 




da 


da 


da 


da' 


da' 


da 




dx' 


dy' 


dz 


dx 
dfi' 


dy 


dz 
dfi 


and J' = 


dfi 
dx' 


dP 
dy' 


dff 
dz 


dx 


dy 


dz 




dy 


dy 


dy 


dy' 


dy' 


dy 




dx' 


dy' 


di 



494. To find the volume of a solid whose hounding surfaces 
are given by tetraliedral coordinates. 

Let f , 17, f be coordinates referred to rectangular axes of a 
point whose tetrahedral coordinates are x^ y, z^ w. 

Since a;, y, z are linear functions of {, 17, £*, 

JJfd^dvd^= CJJJdxdydz, 
and if V be the volume of the tetrahedron of reference 

but the limits for the tetrahedron are, since 2;-fy + 2; + u; = l, 

« = to ?-(7 = or « = 1— a;— y, 

y = to y = l-a?, 

a? = to aj=l, 
and with these limits ffjdxdgdz = ^ ; therefore 6 F=C7. 



i 



PROBLEMS. 337 

Hence, if F{x^ y, «, w) = be the equation of any closed 
surface, the volume will be QVJJJdxdydzj the limits of the 
integration being obtained from 

F{XytfyZ^ l-aj-y-2?)=0. 

This method is due to Slesser.* 



XIX. 

(1) Find the volume of the sarface <y f ye i sx - a* = 0, cut off by 
the plane « -i- y + a » c. 

(2) State limits which can be used to find the volume of a closed 
conicoid whose equation is ax* + fty* + cs* + 2a'yz + 2b'tx + 2^xy » 1. 

(3) Find the portion of the cylinder x* -f ^ - 2rx » 0, intercepted be- 
tween the planes ox + 6y -i- es ^ and </x -f ^ -I- <^t! » 0. 

(4) State between what limits the summation of dxdydz must be 
taken in order to obtain the volume of the cone whose equation b 
x" •!■ ^ = (a - z)\ cut off by the planes x^Q and x^t, 

(5) Find the volume contained between the surfaces 

y* + s* e 4<Mr, and x - s « a. 

(6) Frove that the volume included between the surfaces r ^a^ s = 0| 
^ e Oy 8 e mr cos^ is ima^^ r and being polar coordinates in the plane xy, 

(7) Shew that the volume enclosed by the sur&ces «* •{- y' « ax, 

a^ -{-t^^axj and £ s is -j^ » and draw a figure representing the progress 
of summation. 

(8) Prove that the volume included between a cylinder ^ = 2rx - t% 
a paraboloid — + ^ » 2» and the plane of jpy is vr* [— + -^j . 

(9) Prove that the volume cut off from the cone 

ox* + vy« + «»■ + 2/yx + 2gzx + 2kxy = 0, 

^ ti* ^ 
by the ellipsoid 'i'*^n'*^^~^ ^ firabe {l-h)^ the curves of intersection 

of the cone and ellipsoid being ellipses, and k given by the equation 

gh ' hf fg \ 



• Qwiri, Jour, ofMaJth,^ vol, ii. 
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(10) Prove that the volume cut off by the plane y^k from the surface 
a*x^ + iV = 2 {ax + &z) y" is — -g . 

• 

(11) A cavity is just large enough to allow of the complete revolution 
of a circular disk of radius c, whose centre describes a circle of the same 
radius e, while the plane of the disk is constantly parallel to a fixed plane, 
and perpendicular to that of the circle in which the centre moves. Shew 

that the volume of the -cavity is ~ (Sir 4 8). 

o 

(12) Two cones have a common vertex in the centre of an ellipsoid, and 
their bases are curves in which the surface is intersected by planes parallel 
to the same principal plane, prove that the volume of the ellipsoid con- 
tained between the cones varies as the distance between t^e planes. 

(13) Prove that the volume contained between the plane « = (<? - « ) <ot a 
and the surface rf + (« - c) (x* + y*) = is 

% (3 cot o cosec o - 2 cos* a - 3 log cot }a), 

(14) The volume contained between the surface 



? ^?Wb)^?\a b) + ab ^' 



and either of the planes yz or xz is -,t^ . 

(15) Shew that the whole volume of the surface whose equation la 
(x* + y* + «■)■ = cxyz is equal to —■ . 

(16) Investigate the form of the surface whose equation is 

{(«• + «•))» - «)• + »• - 4^ (**""i)'' 

and shew that its volume between values of tan'' - from to 2^ is f T^a'. 

w 

(17) Shew Uiat the volume of the closed portion of the surface whose 
equation is 4a (y" + «" - 4a«) + («» - a«) (Sa + 10a) - is H-l^ (*«)"• 

(18) If ^5 be an element of the surface of an ellipsoid at any point, and 
ji the area of a section by a plane drawn through the centre, parallel to 

AS 

the tangent plane at that point, prove that the limit of 2 -r- = 4, the 

summation being taken over the whole surface. 

Find £iS in terms of a, /9, if x s a cosa, y » & sin a cos)9, and s = c sin a sin/3. 

(19) If iS be a closed surface, dS an element about P, at a distance r 
from a fixed point 0, the angle which the normal drawn inwards nakes 
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vrith OP, shew that the volume contained by the surface = iffr coB(f)dS, 
the summation being extended over the nrhole surface. 

O being the centre of an ellipsoid, apply the formula to find its volume, 
interpreting geometrically the steps of the integration. 

(20) Shew that / 1 extended over the surface of an ellipsoid is 

equal to - ^3 + ^, + -Jx volume of the ellipsoid. 

(21) Prove that the area of a closed surface, no plane section of which 
has singular points, may be expressed by the definite integral 

V r* sin d(f>dO 



/:/; 



P 
where p is the perpendicular from the origin upon the tangent plane. 

(22) If each element of a closed surface be multiplied by ^ cos 0, where 

r is the distance of the element from a point O, and is the angle between 
the direction of r and the normal to the surface measured outwards, shew 
that the sum of all such products is or Avfi, according as O is without 
or within the surface. 

(23) If r be the distance from a point O of any element dS of a spherical 
surface, determine the form of the function /(r) when I I'—dS, the sum- 
mation being efiected over the whole surface of the sphere, is constant for 
all positions of O within the sphere. 

(24) Shew that the shortest distances between generating lines of the 
same system drawn at the extremities of diameters of the principal elliptic 

-t« «• z' 
section of the hyperboloid, whose equation is — + 7; — r = 1, lie on the 

a c 

surfaces whose equations are , • , = ± -^ — rr. Prove also that the volume 

included between these surfaces and the hyperboloid is 

abe /a* - 6* _ , a\ 
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TORTUOUS CUEVES. OUBVATUEE. TORTUOSITY. 

495. We have already shewn that curves may be con- 
sidered as the complete or partial intersection of surfaces, but 
in the investigation of the equations of tangents, osculating 
planes &c. we shall also look upon a curve as the locus of 
points which satisfy more general laws, the algebraical state- 
ment of which assumes the form of equations between the 
coordinates of any point of the curve and variable parameters, 
the number of equations being two more than the number' 
of parameters. 

Instances of the latter mode of representation of a curve 
occur in dynamical problems, in which the curve is defined 
by equations between the coordinates of the position of a 
particle and the time of its arrival at that position. 

If the parameters were eliminated from the equations con- 
necting the coordinates and parameters, the result would be 
two final equations which would be the equations of two 
surfaces whose complete or partial intersections would be the 
curve in question. 

496. If the coordinates of any point on a curve can be 
expressed as functions of a single parameter f, so that for 
each value of t there is a single value of each coordinate, 
the curve is called unicursaL 

497. As an example of an unicursal curve, we may take 
the Helix, which is generated by the uniform motion of a 
point along a generating line of a right cylinder as the gene- 
rating line revolves with uniform angular velocity about the 
axis of the cylinder. 
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If we take the axis for the axis of z^ and the axis of a; through 
the generating point at any initial time, the angle through 
which the generating line has revolved when the point has moved 
through a space z on the generating line, we have, for the co- 
ordinates of the point, a being the radius of the cylinder, 

x = acos0y y^asind, z = na0] 

here is the variable parameter, and the curve is the intersection 

of the surfaces a;' 4 y* = a', and y = x tan — . 

498. In order to explain the terms employed in the ex- 
amination of curves which are not plane, we shall consider such 
curves as the limits of polygons whose sides are indefinitely 
small ; and we observe that the plane which contains any two 
consecutive sides of the polygon of which the curve is the 
limit, does not generally contain the next side. 

The term double curvature, as is remarked by Thomson and 
Tait,* is not a proper expression, since there are not two 
curvatures; and the property, that the plane in which the 
curvature is taking, place at any point changes as the point 
changes, would be better represented by calling the curve 
tortuous and the measure of the corresponding property tar^ 
tuosity. 

499. Osculating plane. The plane containing two sides of 
the polygon of which a tortuous curve is the limit is in its 
ultimate position an osculating plane of the curve. 

500. Normal Plane* Any side of the polygon in its limiting 
position is a tangent to the curve, and a plane drawn per- 
pendicular to the tangent though the point of contact is a 
normal plancj being the locus of all the normals at the point. 

601. Principal Normal. The particular normal which lies 
In the osculating plane is called the principal normal. 
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502. Einormal.* The normal which is perpendicular to 
the osculating plane is called a binormalj being perpendicular 
to two elements of the curve. 

503. Polar Developable.^ Let an equilateral polygon be 
inscribed in a curve, of which consecutive sides are PQ^ QR^ 
BS^ 8T^ and let j7, q^ r, a be the middle points of these sides. 

Let Aap^ Bbq^ Ccr be planes perpendicular to these sides, 
forming the polygon A BCD by their intersections. 

If the sides PQ^ jQR^ ... be diminished indefinitely, their 
directions are ultimately those of tangents to the curve, the 
planes Aap^ Bhq^ ... are ultimately normal planes to the curve, 
the planes PQR^ QR8j ... are osculating planes, and the surface 
generated by the plane elements Aab^ Bbc^ Ccdy ... is ulti- 
mately the developable surface enveloped by the normal planes 
of the curve, of which ABCD ... is ultimately the edge of 
regression. 

The developable enveloped by the normal planes is called 
the Polar Developable, 

504. Circle of Curvature. A circle can be described con- 
taining the points P, Q, i2; when the sides are indefinitely 
diminished, this circle lies in the osculating plane, and its 
curvature may be taken as the measure of curvature of the curve 
in the osculating plane. Let the plane PQR meet Aa in 27, 
and let pU^ jZ/be joined, then since PQ is perpendicular to 
the plane Apa^ it is perpendicular to pU^ similarly QR is per- 
pendicular to J 17, U is therefore the centre of the circle through 
PQR. 

Therefore the centre of the circle of curvature is the point of 
intersection of two consecutive normal planes and the osculating 
plane. 

505. Polar Line. Draw pa^ qa to any point in Aa^ then, 
swnce Pp = Qp^ a is equally distant from P and Q, and similarly 
from Q and jB, and therefore from every point in the circle of 



* St. Venant. f Monge. 
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curvature. The line of Intersection of two consecutive normal 
planes Is called by Monge the polar line. 

506. Angle of Contingency The angle pUq^ which Is equal 
to the angle between the two consecutive sides PQ^ QR of the 
polygon, is ultimately equal to the angle between two consecu- 
tive tangents, and Is called the angle of contingence. 

507. Sphere of Curvature. Any point In Aa Is equally 
distant from P, Q and ii; also any point in Bb is equally 
distant from Qy R^ and S] therefore their point of intersection 
is equally distant from the four points P, Q^ Ry S. 

Hence, it follows that a sphere can be described whose 
centre Is By and which contains the four points P, Qy Ry 8y this 
sphere is ultimately the sphere which has the closest possible 
contact with the curve, since no sphere can be made to pass 
through more than four arbitrary points, it is therefore called 
the sphere of curvature ; the locus of its centre is the edge of 
regression of the polar developable. 

508. Evolutes. It has been shewn, Art. 443, that, if a be any 
point in the intersection of the planes normal to PQy QRy at their 
middle points^/?, ^, ap and aq will be equal and will make 
equal angles with Aa. Produce qa to meet Bb m h\ then a 
string, placed in the position bapy would remain In that position 
if subject to tension, since the tensions of the portions ohy ap 
resolved parallel to Aa would be equal, and, if its extremity 
were then moved from p to j it would occupy the position baq. 
Similarly, if rb be produced to c In C7c, and if ac be produced 
to d in Dd. 

If we proceed to the limit, it follows that a string may be 
stretched upon the polar developable in such a manner that the 
free end, starting from any point in the curve, would describe 
the curve, If the string were unwrapped from the surface so that 
the part in contact with the surface remained stationary. The 
portion in contact lies on a curve called the evolute. 

Also, since the position of the line pa is arbitrary, the curve 
which is the limit of a, by c, dy... will change its position ac- 
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cording to the position of a, hence the number of evolutes is 
infinite. 

All the evolutes of a curve are geodesic lines of the polar 
developable. 

509. Angle of Torsion. The plane pUq perpendicular to 
AUa contains the sides PQ^ QR^ and the plane qVr perpen- 
dicular to BVb contains the sides QR^ R8^ and, since qU^ qV 
are perpendicular to the line of intersection. Q£ of the two 
planes, the angle UqV i& their angle of inclination. 

. This angle, which is ultimately the angle between consecutive 
osculating planes, is called the angle of torsion. 

Also, since a circle goes round BVUq^ the angles UqV and 

UBVeLve equal, and the angle of torsion of the curve PQRy 

is equal to the angle of contlngence of the edge of regression 
of the polar developable. 

610. Locus of Centres of Circular Curvature not an Evolute. 
Since yZ7 will not, if produced, pass through F, because qU and 
2 F include an angle in the same normal plane, the locus of the 
centres of circular curvature Is not one of the evolutes. 

511. Rectifying Developable. If through every point of a 
curve a plane be drawn perpendicular to the corresponding 
principal normal, these planes will envelope a torse on which 
the curve will be a geodesic line, since its osculating plane will 
contain the normal to the surface at every point ; if therefpre 
the torse be developed into a plane, the curve will be developed 
into a straight line. On account of this property the torse is 
called the Rectifying Developable. 

512. Rectifying Line. The line of intersection of two con- 
secutive planes, enveloping the rectifying developable, is called 
the rectifying line for any point of the curve, being the line 
about which the curve must turn at that point in order to 
become straight, when the torse is developed into a plane. 

It may be observed that the rectifying line Is not generally 
coincident with the binormal, which is the normal perpendicular 
to the osculating plane. 
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In the figure at p. 342 the surface whose edge of regression 
is the limit of ABC, is the rcHctifjing surface to the curve 
which is the limit of aic... Aa is the rectifying line at a, 
and the binormal does not coincide with the rectifying line 
unless ^a be perpendicular to Aa^ or a be the centre of curvar 
ture of the involute of abc.,. 

513. If the polygon PQR8.,. were transformed into a 
plane polygon by turning the portion QR8T... through the 
angle of torsion VqU about QR^ and the portion R8T,.. about 
RS through the corresponding angle of torsion, the inclination 
of any side 8T in the new position in the plane of PQB would 
be inclined to PQ at an angle equal to the sum of the inclinar 
tions of the sides taken in order, and estimated in the same 
direction. 

Proceeding to the limit, we see that if, as a point moves 
idong a tortuous curve, at every position which the point 
assumes the csarve be turned about the tangent line through 
the angle of torsion, the curve will be replaced by a plane curve, 
such that the inclination of the tangents at the starting point 
and any other point will be the sum of all the angles of con« 
tingence; if, therefore, e be taken for the angle between the 
ttangents in the plane curve, <h will be the angle of contingence 
corresponding to the extremity of the arc traversed by the 
moving point. 

514. Rate of Torsion. The rate per unit of length of arc 
at which the osculating plane twists about the tangent line at 
any point, called the rate of torsion^ is measured by the limit of 
the ratio of the angle of torsion to the arc at the extremities 
of which the osculating planes are taken. 

If, as we pass from PQ to QR^ see figure^ p. 842, QR be 
turned in the plane PQR so that PQR is a straight line, and 
the plane QR8 be then turned through the angle' VqU^ the 
process being repeated along the whole of a given arc, the 
perimeter will become rectified, and the inclination of the last 
to the first position of the plane containing two elements will 
be the sum of all angles such as FjCT between the extremities 
of the arc so rectified. 

Y Y 
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Froceediog to the limit, it follows that, if osculating planes 
be taken along the curve, and the elements of the arc be rectified 
in each osculating plane in order, the angle between the first 
and final positions of the osculating plane when the curve is so 
Tectified will be the sum of the angles of torsion throughout the arc. 

If, therefore, r be this angle, dr will be the angle of torsion, 
corresponding to the point at which the last osculating plane is 
drawn. 

615. Integral cmd Average Curvature.* The integral curva- 
ture of any portion of a curve is the angle through which the 
tangent will have turned as we pass from one extremity to the 
other, the average curvature is its whole curvature divided by its 
length. 

Let a sphere of unit radius have its centre at a fixed point, 
^nd let radii be drawn parallel to the iangents to the curve at 
successive points, the length of the curve traced on the sphere 
"by the extremities of the radii measures the integral curvature 
of the portion of the curve considered, and the average curvature 
is the integral curve divided by the length of the curve. 

516. Integral and Average Tortuosity. These are respectively 
the angle through which the osculating plane has turned in 
passing from end to end of any portion of a curve, and this angle 
divided by the length of the arc considered. 

On the sphere described in the last article let a curve be 
described by the poles of the tangents to the curve which 
measures the integral curvature, the length of this curve 
measures the integral tortuosity, and this length divided by the 
length of the arc of the tortuous curve the average tortuosity. 

Tangents. 

517. Tangent to a curve at a given point. 

Let 9, 5 + A« be the lengths measured along the arc of a 
curve from a given point to the points P and Q, whose coor- 
dinates are x, y, z and x + Aic, y + Ay, z + A^;, and let c » 
phord PQ. 



• Thomaon and Tait, Nat, Phil, Arts. 10—12. 
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As Q approaches to and ultimately comcides with P, the 
chord PQ and arc As become equal, PQ is the direction 
of the tangent at P, and the direction cosines of PQ, viz. 

Ax Ay Az , ix« X 1 ^^ ^y d^ 

— , — =^ , become ultiraately -5-, -,-, -7-. 

c ^ c c "^ ds^ ds^ as 

The equations of the tangent are therefore 

dx d\f dz ' 

Also since c* = (Ax)' + (Ay)" + ( A«)', 

(£&)"=(di)''+(rfy)- + (&)". 

(1) Let the equations of the curve be given in terms of a 
variable parameter 0^ in the fojm 

a^-^W, y=tW, «=xW. 

then dx : dy:dz = ^' (^) : ^' (^) : x (^)> 
and the equatloBS of the tangent at a point corresponding to 6 are 

(2) Left the equations be those of surfaces containing the 
curve F{(, 17, ?) = 0, and O (f , 17, ?) = 0. 

Then, at any point P of the curve, 

F'{x)dx-\'r{y)dy + F'{z)dz = 0, 

and G'(x)dx-¥ O'{y)dy+G'{z)dz=^0] 

whence the equations of the tangent PQ may be written 

F' {x) (f - ») + F' (y) (, - y) + i?" (z) (f - a) = 0, 

and 0^' {X) (?-»)+ 6=' (y) (ij - y) + G' {z) (f- «) = 0, 

which equations represent analytically the fact that the tangent 
to the curve lies in the tangent plane to each surface at the 
common point P. 

(3) If the surfaces, the intersection of which gives the 
curve, be cylindrical surfaces whose sides are parallel to the two 
axes of z and y, and their equations be ri^f{^)j f=5^(f)j the 
equations of the tangent will be 

^-y=/W(f-a?), 
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These equations are the analytical representation of the fact 
that the projections of the tangent to the curve on the co- 
ordinate planes of xy^ zx are the tangents to the respective 
projections of the curve; which is obviously true, since the 
projections of P and Q have their ultimate coincidence simul- 
taneously with that of P and Q, 

518. To find the directions of ike branches of the curve of 
intersection oftioo surf aces at a multiple point of the curve. 
The equations of the surfaces being 

i^(f , ,, S) = 0, and G'(f,i7,5) = 0, 

and (x, y, z) being a multiple point P on the curve, let 

i^^vz.y=.^_::l^r (1) 

be the equations of a line through P; the points in which this 
line meets the surfaces are given by the equations 

P(a; + Xr, y + fir^ z-^-vr)^Ql\ .^. 

and (?(aj + Xr, y^-fir^ i5-hvr) = 0J * ^ ^ 

there are an infinite number of directions which give two values 
ofr equal to zero, since the curve has a multiple point at P; 
therefore the two equations 

and (x^ + M^ + r|)^(a:,y,.) = 0, (4) 

must be one or both identically satisfied, or else they must not be 
independent equations. 

i. If only one of the equations (3) and (4) be identically 
satisfied, suppose this to be (3] ; then (a;, y, z) will be a multiple 
point on the surface ^(^, i;, (^ = ; and, if this be a double point, 
the line (1) must be one of the tangents whose directions are 
given by 
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dnd, since it lies in the tangent plane to O (^, 17, 2;) = 0^ 

These equations give the directions of the two tangent lines, 
which are the intersections of the conical tangent to the first 
surface with the tangent plane to the second; and, similarly, 
for higher degrees of multiplicitj. 

ii. If (3) and (4) be both identicallj satisfied, the line (1) 
will be in any of the directions of common tangents to ^(f , 17, ^=0 
and G^ (f , 17} 5) =" ^ 5 ^® directions are therefore given by 

where s and t are the degrees of multiplicity of the multiple 
points of the two surfaces at (a?, y, «). 

iii. If neither (3) nor (4) be identically satisfied, but the two 
equations be identical so as to be satisfied by an infinite number 
of values of X : /i : v, there will be a surface AF->t BO ^ 0^ 
which will pass through the intersection of JF's'O and (7 = 0, for 

which (xA^ ^^.^ y^yAF+Ba) = will be identically 
satisfied, if — -? be the value of the equal ratios -yyA-l • -tttt^ 1 

' A O \^) O \y) 

In this case, therefore, \ : /4 : v is determined by one of the 
equations (3), (4), and 

. If in any of these cases two values o( X: fi : v be equal, 
there will be either a point of osculation or cusp on the curve. 

519. As an example of case iii. in the last Article, suppose 
we wish to find the directions of the tangents at the point 
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(a, 0, 0) in tbe curve of intersection of the byperboloid and 
hyperbolic paraboloid, whose equations are 

a" ^ V c' ' 

and J- J =2(ar-a). 

At this point the surfaces have a common tangent plane, 
whose equation is x^a\ the third surface, on which (a, 0, 0) 
Is a multiple point, is in this case the cone 

and the direction cosines of the tangents to the curve are given 

by 

520. Normal plane of a curve at a given point 

The norma] plane being perpendicular to the tangent to the 
curve, its equation is 

(f-a;)&:+(i7-y)d^y + (f-«)& = 0. 

521. To find the edge of regression of the polar developable 
of a curve. 

The edge of regression is the locus of the intersection of 
three consecutive normal planes to the curve. 
The equation of the normal plane at (x, y, z) is 

(f-a)(i» + (i7«y)dry + (?-i5)rf« = 0, (1) 

that of the normal plane at a consecutive point is found by 
writing in this equation x-^-dx for rr, &c., the line of intersection 
of the two normal planes will lie in tbe plane 

(f - a;) rf'«!+(i,-y)(?y +(?-«)«?«- {dx)'-{dy)*- (&)«=0.(2) 

Again, writing a; + eZr for x^ &c., we obtain a plane in which 
the line of intersection of the second and third normal planes 
lies, 

(f -a?) (foj-h (17 -y) cfy +.(?:- z) ^z 

- 3 {dx^x + dyd*y + dz d'z) = 0, (3) 
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and the coordinates of the point of the edge of regression satisfy 
these three equations. If we eliminate Xj y, z from the equations 
(1), (2j, (3) and the equations of the €urve, we shall obtain the 
two equations of the edge of regression. 

The line of which (1) and (2) are the equations Is Monge's 
polar line, which is the axis of the osculating circle. 

The point given by the three equations (1), (2), (3) is the 
centre of spherical curvature corresponding to the point (x^ y^ z) 
of the curve. 

522. To find the differential -coefficient of the arc referred to 
polar caordincCtes. 

Transforming to polar coordinates 

x^r sind cos(^ = /> cos^, 
y = r sind sin^ = /:> sin^, 
«=r cos^, 
p =^ sln^d, 

©^®"=(i)"^'-(S)". 

The equation is easily obtained geometrically by observing 
that ultimately 

(A«)' = (Ar)' + [r£^0f + (r sin^A^)*. 

Also, if ^ be the perpendicular from the pole upon the tan- 
gent, and ^ the angle between r and the tangent, p^r sln^, 

and ^= sect ultimately, .-. (^) ^^Tp- 

Osculating Plane. 

523. EqiLation of the osculating plane. 

The osculating plane may be considered as the plane which 
passes through three consecutive points, whose coordinates are 
x^y^z\ x-vdx^ ... and aj + 2da?4 d*a?... . 
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Let the equation of the osculating plane be 

/. Adx + Bdy-^Cdz^O^ 
and ^ {2c?a; + (fa;) + 5 (2efy + cTy) + C (2c?« + tTa) = 0, 

or ^cfx + -Be?y -h Ca"j5 = 0, 
hence the equation is 

dx^ dy^ dz ■= 0. 
d^x^ d^y^ cPz 

It may be noted that the equations of the tangent and 
osculating plane are of the same form, whether the axes be 
rectangular or oblique. 

524. It should be observed with respect to the notation used 
above that if x^ y^ z be supposed given as functions -of t^ and 
we take points corresponding to values f, *+t, ^ + 2t, which 
is the same as making t the independent variable, the values 
of a; for ^ + T and * + 2t are 

dx d^x T* 
*"*"Tr"^^* 2""^- 

, dx^ d^x (2t)" 

and^+^2T+^-^4...; 

and if the first be written x + Aa?, the second will be 
a? + Aa; + A (a; + Aa;) or a; + 2Aa; + A*aj ; 

hence if d be written for A, where r is indefinitely diminished, 

dtX dfX 

dx— -tt and d'x = -j^ t' ultimately. 

525. As an exercise the student should find the equation 
of the osculating plane, considered as given by any of the 
following definitions: 

i. As a plane containing a tangent and a point indefinitely 
near the point of contact. 

ii. As a plane containing a tangent and parallel to a con- 
secutive tangent. 
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HI. As a plane which has a closer contact with the curve 
than anj other plane. 

In employing the definition ii. he may shew that the shortest 
distance between the tangents at the extremity of any arc ds 
is generally of the order of ds\ 

526. Direction cosines of the hinormaL 

The direction cosines of the binormal, which is perpendicular 
to the osculating plane, are in the ratio 

dycPz — dziPy : dziTx - dxd*z : dxiTy — dyd^x^ 
and the sum of the squares of these expressions 
= [{dx)\ (iy)'+ (&)*} {(£?aj)''4 {dry)\ {d^zY]^[dxd:'x+dyd^y'\-dzd^zy 
= [daf {{d'xY + (d-y)" + {d'zy} - {dsd^8)% 

since [dsY = [dxY + {dyf + {dz)% 
hence the direction cosines of the binormal are 

dyd^z — dzd^y « 

* ds [{cCxf + [d'yY + (d'zY - (cf*)-}* ' *''• 

If the pivot of the hands of a watch; with its face in the 

osculating plane, be supposed placed at the centre of curvature 

of the curve so that the extremities of the hands move in the 

direction in which ds is measured, the + sign must be used, 

when the direction of the pivot is chosen as the positive direction 

of the binormal. In fact, if ihe pivot make an acute angle 

with the axis of x, It is evident that, when s is measured in 

dz . , 
the direction of the motion of the hands, -v- will Increase with «, 

and dydfz-dz JCy will be positive. 

527. To find the condition that an osculating plane may he 
stationary^ and that a curve whose equations are given may he 
plane. 

The condition that an osculating plane may be stationary, 
or that the osculating planes at two consecutive points on the 
curve may coincide, will be satisfied for any point (x,y, is), if the 
osculating plane at that point contain a fourth point, for which 
the value of a? Is a; + ^dx + 3d"aj + d^x. 

If we write this value and the corresponding values of y 

zz 
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and z for f , 17, and ^ in the equation of the osculating plane, 
we shall obtain the equation 

{dycTz - dzcTy) cPx H- {dz^x - dxd^z) cPy+ [dxd^y - dyd^x)dPz = 

as the condition required. 

If this condition hold at every point of the curve, the curve 
will ^e plane, and the equation of its plane will be that of the 
osculating plane. 

528. When the curve is given bj means of the equations 
of two surfaces of which it is the intersection, the calculations 
required for the determination of the osccAating plane may be 
conveniently conducted as follows : 

529. To find the osculating plane of the curve of intersection 
of two surfaces^ whose equations are given. 

Let if> (a:, y, z) = 0, ^' (a?, y, «) = be the given equations, 
then, using the notation of Art. 420, 

Udx +Vdy +Wdz =0, 

U'dx + V'dy-^-W'dz^O. 

U, F, W 



Let D, Ej F denote the determinants 



dx dy dz , 
.-. :d " f " :F " suppose. 



Z7', V\ W 



whence d^x — kdD-^Ddkj 
d'y=^JcdE+Edh^ 
d^z^MF + Fdki 
.-. dyd*Z''dzd'y = k\EdF''FdE)j 
hence the equation of the osculating plane is 

{EdF-'FdF:){^-x)+...^0. 

530. Equation of the osculating plane in terms of the equations 
of the tangent planes to the surfaces. 

Employing the notation of the preceding article, we see that 

DU+EV+FW^Oi 
.-. UdD-\-VdE+WdF-hDdU-^ EdV-\- FdW:=0, 
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and a 6/ = aa;-3-+av-F- + a«-j- 

dx ^ dy dz 

\ dx dy dz} dx 



=*l:rW, 



dx 

If r denote the operation in the bracketa, in the performance of 
which Z>, £, F are considered constant ; 

.-. DdU+ EdV+ FdW= hr (^) , 

hence UdD +VdE + FSJ?' = - Ar" (^), 

simUarly U'dD + V'dE+ W'dF=^ - hi* (f ) ; 

.-. EDF- FdE= k { UV {<!>') - U'V (*)), 

and the equation of the osculating plane becomes 

r'{<l>'){U{S-x)+V{v-y) + W{^-z)]=T*{<f>){U'{i-x)+...}. 

531. To find the osculating plane of the intersection of two 
concentric and coaxial conicoids. 
Let the eqaatlons be 

EdF^ FdE^E^d (J) ^BCz^x^d Q 

= BCa? [zdy - ydz) = kBGa? {Ez - Fy\ 
and by (I) jEs -i^ = 4 (a-a)aj; 
/. EdF- FdE^ AkBG (a - a) a?^ 

and the equation of the osculating plane is 

which may be reduced to 

■BC ,^ CA , . AB ,^ , , A 

0-6) (7r7)^f + (^c)(o^»'' + («-a) 08-5)^^+^ = ^' 
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532. Or, by the method of Art. 530, since 

the equation may be written 

{LCa + -B"^ + ^*7) [axi + by^j + cz^ - 1) 
- [D^a + £*6 + F\) {flx^ + Pyri + 7«?- 1) = 0, 

and the coefficient of 

^BC{a- a)x*j as before. 

533. To find the condition for a stationary ascidating plane 
o/the curve of intersection of two surfaces. 

The equation of an osculating plane is 

{EdF" FdE) (f - x) +...=: 0, 

the line of intersection of this plane with the next consecutlTc 
osculating plane is in the plane 

{Ed^F'-Fd^E)[l^^x)+...^{EdF^FdE)dx^...^O) 

the last three terms are identically zero, since dx = kl>\^ and in 
order that the two osculating planes should coincide, 

Ed^F-Fd^E Fd'D'-Dd^F Di^E^E^D 
EdF'-FdE "*■ FdD-DdF " BdE-^EdD * 

which are clearly equivalent to one distinct equation } and each 

of the fractions u equal to . ^rV/T^ir^ — tttt^t * the nume- 

^ d'B{EdF-FdE)+... * 

rator of which vanishes, 

.-. d'D{EdF''FdE)+...= (k 

Principal NormaL 

534. To find the equations of the principal normal at any 
point of a curve. 

The principal normal is perpendicular to the tangent line 
and also the binormal, the direction cosines of which are pro- 
portional to cir, dy^ (&, .and dyd*z^dzd*y^ dzdPx^-dxd^z^ 
dxd^y-^dy^x respectively. 

Now we have identically 

^x[dyd^Z''dzd^y)-\-d^y[dzd'x-dxd:'z)-\-cPz{dxd:'y~dycPx^O] 
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and If we make s the independent vaiiable, 

cTxdx + d^ydy + cPzdz = d^eds = 0. 
These two equations shew that direction cosines of the principal 

normal are proportional to -^ ? 77 « > ZF* i *^ ^^*^ * general 
independent variable, Its equations are 

g-a? v-y f~^ 

de Kds) dd Kds) dd \da) 

535. If from any point in a curve espial distances he mecisured 
along the curve and its tangent^ the limiting position of the line 
joining the extremities of these distances is the principal normal. 

From the point [x^ y, z) let equal distances <r be measured 
along the curve and the tangent to the points Qj T. The co- 

ordinates of ^ are a? + ^ <r + ( -tt + s ) •5- j &c. and those of T 

dx 
X + --T- a-^ &c., e vanishing in the limit. ^ 

The equations of the line ^Tare 

^ dx dy ^ dz 

i-x-^a W-^^ ^-^'"Ts^ 

ds'^ ds""^ d^^ 

therefore the limiting position of QTv& the principal normal. 

Cauchj proposed, as a definition of the Principal Normal al 
any point, the limiting position of the line joining the points on 
the curve and tangent, whose distances from the point of con-^ 
tact measured along the curve and tangent respectively are 
equal, by which means the definition was made independent 
of the osculating and normal planes. 

Measure of Curvature. 

536. To find the radius of curvature at any point of a 
tortuous curve. 

The reciprocal of the radius of curvature is the measure of 
curvature, or the rate per unit of length at which the tangent 
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to the* curve changes its direction. If p be the radius of 
curvature at a point P^ and da, be the angle of contingence 

corresponding to* the arc cfo, - = -^ . 

Draw Opj Oq of unit length through the origin parallel to 
the tangents at P and Q the extremities of the arc A, join pq ; 
then, since the plane pOq is parallel to the osculating plane, 
pq^ which is ultimately perpendicular to Op^ is parallel to the 
principal normal. 

The cosines of the angle made by Op and Oq with the axis 

of x. are -r and -i- +rf , » and, if L m. n be the direction 
as as as ^ 

cosines of^g', projecting OpqO on the axis of », we have 

dx , , (dx jdx\ ^ 

Since pq = cfe ultimately* 

, d^x 1 . ., 1 ^*y ^^ 

•'• ^^Z'^ and, similarly, »n = p^^, w = P^.; 

1 _ /efj5\* fd'f^\* (d^z^ 

''• ;r^ " w; "^ w>' ■*" v^v • 

If G be the centre of curvature at P, the projection of OPG 
on Ox^x-i- pl^ hence the coordinates of the centre of curvature 
are 

537. The radius of curvature may also be found without 
projections, as follows : 

Let X, ^, V and \ + A\, /a + A/a, v + Av be the direction 
cosines of the tangents at the points P and Q, whose coordinates 
are a;, y, is and x + Ao;, y+A^, js + A^;; and let As be the 
angle between the tangents 

cos As = X (X + AX) + /A (/A -f A/a) + V (v + Av), 

and (X + AX)'+(/a + A/a)" + (v+Av)"-X"-/a'-v" = 0; 

.-. 2 (XAX + /aA/a -f v^v) + ( AX)« + (4a)* + (Ay)' = ; 
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/. 2 (1 - cos As) = (A\)* -f (A/*)" + (Av)*-, 
.*. ultimately, when PQ is indefinitely diminished, 

If 8 be not the independent variable, 

jdx ^ dscTx — dxcPs « 

'^■^■" W ~' ^""-^ 

.-. since {dxf + {dyY + {dzY = {d8)% 
and dxcTx-^-dycTy + dzcrz — dscrs'j 

538. The student should, as an exercise, find the radius and 
centre of curvature, when the latter is considered as the point 
of intersection of two consecutive nonnal planes and the oscu- 
lating plane. 

Measure of Tortuosity. 

539. To find the measure of tortuosity of a tortuous curve. 
Let Z, ?7i, n and l-k-dl^ m-Y dm^ n + ^n be the direction cosines 

of the binormals at two points P, Q, whose distance along the 
curve is ds. Draw unit lengths C(p, Oj parallel to the two 
binormals, and let X, ^, v be the direction cosines of pq ; the 
angle qOpf=^dr is the angle between the osculating planes, and 

-T-, the rate at which the osculating plane turns round the 

tangent line per unit of arc, is the measure required, which wo 

shall call — . 

Projecting OpqO on the axis of a?, 

.•. dT,\ = dl and X = o--=-; 
cZZ\* /dm\^ fdn\^ 
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whicb may also be obtained as in Art. 537. <r is sometimes 
called the radius of torsion at P, but it is better to look upon 

- as the measure of tortuosity. 

540. The measure of tortiioslty may be expressed in another 
form. 

Since l:m:n::X: YzZj where X^dycPz — dzcfyj and 
similar expressions for Yj Z, 

Idx -f mdt/ + ndz = 0, 

Wx + mefy-f wd*« = 0; 

.'. dldx + dmdy +dndz^Oj 

and dLl '{•dm.m-\'dn,n = 0] 

dl dm dn 

mdz — ndy ndx — Idz Idy — mdx 

_ dld^x + dmd'y + dnd'z 

l^ + mcPi/j\-nd^ Xd'x '^- Yd^y^Z^z 

and (mcfo- nrfy )'+... 

1 _ Xd:'x^Yd^y'\-Zd^z 

If there be no tortuosity, or the curve be plane, 

X^a5+ Yd'y ■{■ Zd'z ^ 
at every point of the curve, as in Art. 527. 

Geometrical Interpretations. 

641. Saint Venant observes* that, if we take three con- 
secutive points P, Q^ R for which f = a:, x-\-dx^ x + idx-i-d'x 
respectively, the projections of PQj QR upon the axis of x will 
be dx^ dx + d'x ; and if the parallelogram PQRM be completed| 
by projecting the sides of the triangle PQM in order, since 

* JovrtMl de FEcoIe Polf toI. 18, 
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PM= QR^ we shall have dx + projection of QM — {dx -f d^x) = ; 
therefore d^x is the projection of QM, 

542. In the general case, if a figure be drawn in which 
dx^ d^x^ dy^ d^y are all positive, the projection of twice the 
triangle PQM on the plane of xy will be easily seen to be 

dxd^y -f dydx — dy {dx + d^x) = dxd'y — dyd^x. 

Again, if M771 be drawn perpendicular to PQ^ PQ = c&, and 
ultimately mQ= QR- PQ^d's-, 

.-. Mm^ = QM* - Qm^ = {d^xf + [d^yY + (d"^)' - (e?^)^ 



an 



d ^ - limit of ^^ V - (^^)'+(Ar+ (^^r-(^^r 

a^,-iimiton^-p^,j - ^^y 



If we make 8 the independent variable, this implies that 
QR = PQj in which case QM will bisect the angle PQR and 
be ultimately in the direction of the principal normal, the 
direction cosines of which will be as d'x : d^y : d*z. 

The radius of the circle circumscribing the triangle PQR 

will be --^^; hence, if p be the radius of curvature, 



hmn^hm' 



543. Osculating plane^ hinormal and curvature of the helix. 
In the case of the helix, Art. 497, 

dx^ — a sin 5 dO^ d^x = — a cos 5 {^^\ 
dy^ a cos d dd^ d^y = — a sin 5 {dd)\ 
dz== nadO , d*« = ; 
dyd'z^dz d*y = na* sin {dff)% 
dzd'x — dxd^z = - na* cos {d0Y^ 
dxd^y-dyd^x— a^{d0)\ 
hence the equation of the osculating plane is 

(f - a?) (n sin 5) + {1; - y) (- n cos ^) + f - « = 0, 
or n (fy - i;a;) + a (?- «) = 0. 

AAA 
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This plane contains the point (.0, 0, z)y and therefore the radius 
of the cylinder vrhich passes tbroagh the point (a;, y^ z)^ and 
this radius is the principal normal. 

The direction cosines of tiie binormal will be sin a sind, 

— sin a cos^, cos a if a = tan"'n be the pit<ih of the screw. 

The measures of curvature and tortuosity are respectively 

cos* a , sin a cos a 

and . 

a a 

544. To find the radius of curvature of a curve which is the 
intersection of two surfaces whose equations are given; and to 
express it in terms cf the radii of curvature of the normal sections 
of the tfjoo surfaces and the angle betvoeen them^ the plane of each 
section containing the tangent to the curve. 

Employing the same notation as in Arts. 529 and 540, 

X= dyd'z - dzd^y = W {EdF^ FdE) ^k^[Vr (f ) - ITV (^)}, 
and if p be the radius of curvature, 

- 2 ( Z7Z7' + FT + WW) V {<!>) P(f ) + {U'*+V'*+ W) {V (^)}*], 

and ((&)» = i'(i?' + ^ + ^); 
1 _ {U' + V + W*){V (<!> ')]'-... 

Let m be the angle between the tangent planes to the surfaces 
at (a, y, «) and P» = IT* + F* 4 TT*, 

.-, UU' + VV'-\^WW'=PP'oQau^ 

and i?" + ^ + jp'= I^F* Bin"* ; 

. 1 f (nf)}' - gfP <i08«. r ( »') .rc^) + P" {r-wr ,,. 

"p" F'F"' Bin' etiiy + E' + Fy '^' 

As an Example of the use of the preceding formulaa, we shall 
obtain the radii of curvature r, / of the normal sections by 
replacing the equation of the surface 0' = by the equation 

^', = £r + my + nz —p = 
of a normal plane ; in which case, if 2)^, E^^ F„ and T^ be the 
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cwrespondlng values of i>, -E, F^ T, T* (^/) = 0, and, since the 
normal plane contains the tangent to the curve, 

D^iE^i F^^dx : dy : dz^D : E: F; 

hence, since a) = ^7r, we obtain from (1) 

1 ^ {r.' wr {r'Wr 

and, mmilarly, p, = pr^ y^^^^y J 

1 _ 1 / 1 1 2C0B»\ 
p Sin « \r r rr J ^ 

which result will be obtained in the next chapter by Meunier's 
theor^Bv 

545. To find the vertical angle of the osculating cone of a 
curve. 

JjetpOoj j2J?, rQq be three consecutive planes which become 
ultimately the osculating planes of a curve OPQB ; these planes 
intersect in P. 




Take P as the vertex of a circular cone which touches each 
of the planes, this cone is in the limit, the osculating cone of the 
curve at P, Let PH be its axis, op^ pq^ qr the sections 
of the three planes made by a plane perpendicular to the axis, 
and ^, u the points of contact with pq^ qr. 

Draw tH^ t/i? perpendicular to the pTanes pPq^ qQr] then 
the angle (Hu will be the angle of torsion, and pPq the angle 
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of contingence, and we shall have dr = -^ and Sz = -p~ ultU 
mately ; therefore, if 2^ be the vertical angle of the cone^ 



, Et dz tr 



546. The rectifying line is the axis of the osculating ccne at 
any point of the curve. 

For each of the planes through the tangent lines PQ^ QR 
perpendicular to the osculating planes pPq^ qQr ultimately 
contains the axis PH of the cone, 

647. To find the rate per unit of length at which the angle 
between principal normals increases. 

Let PQj rQRj sRS be the directions of the sides of a polygon 
which are ultimately tangents to a curvc^ 




In the planes PQr^ rRs respectively draw QU^ QV perpen- 
dicular to rQRy sRSf these are ultimately in the direction of 
consecutive principal normals. 

Draw QV in the plane QRs^ perpendicular to QR^ so that 
ZJQU' is the angle between the consecutive osculating planes 
= rfT, and U'QVis the angle between consecutive tangents = efe. 

Let dx be the angle between the lines QU^ QV^ and let 
these lines and QU' meet a sphere of radius unity, whose centre 
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is in Q, in U, V, U', the angle VU' U in a. right angle ; there- 
fore, vre hare ultimately 

VU'^VW + U'V*, 

or {dxf = [dry + {dBf, 

-^ the rate per unit of length of the increase of the angle 

between principal normals is the reciprocal of what we shall 
call the radius of screw ; let k be this radius, 

.111 
then -5 = a + -a • 
K a p 

It may be noticed that c7t = c?;^ cosi^ and c?e = c?x s'^'^, 
which' represents that the angular velocity round the rectifying 
line, which is normal to the plane UQV^ is the resultant of 
two angular motions round the tangent line and the binoiTial 
which produce the rectification. 

648. To find the angle of contingence^ and the element of the 
arc J of the locus of the centres of curvature of a given curve. 




Let QR^ BS he sides of an equilateral polygon which are 
ultimately tangents to the given curve; let BV he the in- 
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tersection of planes perpendicular to QBj BS through q^ r 
their middle points; BV is therefore ultimately a tangent to 
the edge of regression of the polar developable; let £U^ CW 
be the tangents preceding and succeeding BV. 

From q draw qU^ jF perpendicular to BU and BV^ join rV^ 
whieh will be perpendicular to BV^ and draw rW erpendicular 
to GW. 

If TTFbe produced to ir, UVw and UV will ultimately be 
the angle of contingence d£ and element da required. 

Let B be the radius of spherical curvature at q^ and ^ the 
angle which it makes with the polar line BU, Since circles 
can be circumscribed about the quadrilaterals BVUq^ CwVr^ 

qVU=qBU=il>, and VBU^VqU^dr, ultimately, 

also rVw = rCW^rGV+ F£7Jr=^ + rf^ + rfT ultimately. 

With V as centre and radius unity describe a sphere, and 
let q\ r\ Uy w be the projections of j, r, Z7, w upon it, and draw 
%ix perpendicular to rw^ then qr = rfe, ux—dt cos0, xr'=uq =^ 0, 
and tt?M* = wa?' + xtv* ultimately ; 

.'. {ds) = {de cos^)" + [d<l> + rfr)*. 

By drawing a diameter through V to the circle BVUq^ it Is 
easily seen that VU=B sin VBUj and therefore that ds —Bdr. 

549, To find the radius of spherical curvature. 
If in the figure BVUq^ UM be drawn perpendicular to QV^ 
F-Jf =s dp ultimately ; 

.-. [BdTY^(pdry^{dpY; 



■■■ '-'•+"-(i)*- 



also Bdr cos^ » VM=^ dp \ 
therefore the distance between the centres of circular and 
spherical curvature =B qos4> = -^ ^a — , 

650. To find expressions for the radius of curvature of the 
edge of regression of the polar developable of a curve. 
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These are readily obtained by a method suggested by 
Bouth,* which can be explained by the last figure. 

Considering the curve BCD^ U and V are the feet of the 
perpendiculars from q on the tangents to the curve; and 
substituting the corresponding letters in the known formula 

P "*" iS^* > '* T" ) ^® obtain two expressions for the radius of 
curvature of the edge of regression, viz. P + >^ and R -r- . 

From the expression -^ for the distance of the foot of the 
perpendicular from the point of contact, we obtain 

£ cos^ =^ , as in Art. 549. 
It will repay the student to read the paper referred to. 

651. To find the coordinates of any point of a curve in terms 
of the arCj when the axes of coordinates are the tangent^ principal 
normal^ andbinormal at the point from which the arc is measured. 

Let Ox be the tangent at 0, Oy the principal normal, Oz 
the binormal, the planes of y^s, zx^xy being the normal, 'recti- 
fying, and osculating planes, and let s be the distance of a 
point (a;, y, z) from 0, measured along the arc. 

Then, at the origin, 

dx ^ dy _^^ ^^-.n 
ds ^ ds ^ ds ' 

cPx c, ^y -i ^^ A 

^^•=^' ^d^^^' ^'t&-"^' 
these quantities being the direction cosines of the tangent and 
principal normal. If a be the angle made by the tangent at 

(x, y, z) with the tangent Oa?, -w- == cosa ; 



dPx /efa\" . rf"a 



therefore, at 0, since da is the angle of contingence, and a = 0, 

cfa?_ 1 



* Quarterly Journal^ yoI. til, p. 42. 
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AgaiD, if ^ be the angle made bj the principal normal at 
l^j y, z) with Oj/j 

therefore, at 0, 

Idp d'if_ 

pTs^Pjs'-^' 

and if 7 be the angle made by the binormal at (x, y, z) with 
the principal normal at the origin, 

fdz cPx dx d^z\ 
P\d.d^-lsds^)='^'''^ 

dp fdz d^x dx d^z\ fdz d^x dx dS^z\ _^ . dy 
''' Ih \ds ds^ ^d^d?)'^^\dsd^'^did?J''^^''^^d^' 

therefore, at 0, p -7-5 = sin 7 —- = - , since dy is the angle 
of torsion ; therefore, by Maclaurin's theorem, 



» = 


a — 


6p" 




y= 


2p 


6p« 




« — 


«• 







6/>o- 

552. To find the angle between two consecutive principal 
normals. 

The direction cosines of the principal normal at (a?, y, «), 

8 \ S 

a point near the origin, are as 5 : ~ : — , and the secant 

p* p p<r' 

of the angle between this normal and that at the origin is 
./jl+«'f-^ + -5)|-; therefore, the angle required is ulti- 

mately s ^(i + i) ; 

where k is the radius of screw, as in Art. 547. 



I 
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553. To find the shortest distance between consecutive principal 
normals and its position. 

The eqaatlons of a principal normal at (a?, y, z) are ap- 
proximately 

-p (f -a;) =*(i7-.y)=<r (?-«), 

and its shortest distance from the principal normal at the origin 
is the perpendicular distance from the origin upon its projection 
on the plane of zx^ whose equation is 

hence the shortest distance is ,, ; — =7 ^ — . 

v(p+<r") <r 

If the line on which the shortest distance lies meet the axis 
of y at a distance p from the origin, the equations of the line 

will be - a= — — = - , «nd this line will intersect the line 
p <r ' 



Hence the shortest distance divides the radius of curvature into 
two segments which are in the duplicate ratio of the radii of 
curvature and torsion. 

554. To find tie angle between the reciting line and the 
tangent at any point. 

The tangent plane to the rectifying developable at any point 
contains the tangent and binormal, and its monaal is the prin- 

8 \ S 

cipal normal whose direction isosines are in the ratio — 5 : - : — « 

P P P^ 
retaining only the principal terms. 

Therefore the rectifying line is the ultimate intersection of 

the planes 9 » 0| and 

„l(f_„) + ,-y + l(f-«).0. 

Hence the tangent of the angle made with the tangent to the 

curve at is - . 

P 

BBB 
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555. To find the element of the arc of the locus of the centres 
of curvature. 

If f, 17, f be the coordinates of the centre of curvature 
at (a?, y, a), neglecting «', 

^"X _v-y __K^^ _^,dp 

P <r 

and the element of the arc is ultimately 

v(P+('-ri-+n-V{(S)'-(y}- 

The direction cosines of the tangent to the locus are as 

f = ,-,:f.O=* = £. 

556. To find the axis and pitch of the helix which has the 
same curvature and tortuosity as a given curve. 

Let a be the radius of the cylinder and a the pitch, then, 
referred to the tangent, principal normal, and binormal, the 
coordinates corresponding to an arc s are, by transformation 

of coordinates, 

. fs cos a\ . - 
a; = a cos a sin I j + 5 sm a, 

/s cos a\ 
y = a-acos|^— ^J, 

. /s cos a\ 
z^ — a sma sm ( J +* sma cos a, 

and, equating these coordinates to those of the curve as far as s*^ 

cos* a ,_ »* 



cos* 



a J »' ^ dp 



2a '2p 6/)'* ds ' 

cos' a sin a . «' 
6a" 6p<r * 

.*. a = /) cos' a = o" sin a cos a, 

cos a sin a 1 , pa* 
= s= ,, ^ . — «- ana a = —5 ^ : 
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hence the axis, whose inclination to the binormal Is a = tan** — , 

lies along the shortest distance between consecutive principal 
normals. 

Also, If along a curve and the osculating helix equal small 
arcs be measured from the point of contact and on the same 
side of It, the distance between the ends of these arcs will be 

ultimately — „ -? . 

Line of Greatest Slope, 

557. Def. The line of greatest slope on a surface is the 
curve which at every point is inclined at a greater angle to 
a given plane than any other line drawn through that point 
on the surface. 

If the given plane be horizontal, the bed of a shallow brook 
on a hill side will be a line of greatest slope which the water 
will have selected for its course. 

558. To find the equations of the line of greatest slope on a 
given surface. 

Let jF(f , i;, 5) = be the equation of the surface, ?, w, n the 
direction-cosines of the given plane. 

The equation of the tangent plane at any point («, y, z) is 

The direction-cosines of the line in which this plane cuts the 
given plane are proportional to 

mW-nV, nU-lW, IV- mU. 

Of all the tangent lines drawn through (ar, y, «), that line which 
has the greatest inclination to the given plane is perpendicular 
to the line of intersection, 

« 

Hence the differential equation 

{mW-nV)dx + [nU-lW)di/-h{lV-'mU)dz = 0, 

with the equation of the surface, determines all the lines of 
greatest slope which can be drawn on the surface, the constant 
introduced in the integration being determined for any par- 
ticular curve by some point through which it passes. 
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If the given plane be the plane xy^ since 7=0, 9n = 0| the 
equations of the lines of greatest slope will be 

Vdx-Udy-0 and i?'(a?, y, jb) = 0, 

peFpendicular f o the lines of level Udx + Vdy = 0. 

a?" v* «' 
65&. To find the linei of greatest slope on the cone -7 + n = -9 1 

the plane xy being the plane of reference. 
'fhe difieFential equation is^ in this case, 

/. a* log a? - 5* logy = log (7; 

.-. aj"'= (7/. 

The lines of greatest slope are the intersection of the cone 
with the cylinders represented by this equation; and it may 
be observed that bo generating line, except those in the prin- 
cipal planes, is a line of gi'eatedt slope, unless the cone be a 
ngbt cone. 

Line^ Surfacej and Valume^lntegraL 

66^0/ We give here two theoremsr relating to line, surface, 
and volume-nntegrals^ which are of great importance in certain 
p^pbl^ms in Electricity attd Conduction of Heat, and which serve 
as illustrations .of the subjects of this and the preceding chapter. 

Inne-integtat and Surface^Integral, 

561. Def. If ^ be any qtfantity having direction, called 
a veef of quantity, and e be the angle between its direction and 
that of the tangent ict a ctfrve at any point (a?, y, z) taken 
in a definite direction, the integral fB cose& is called the line-- 
integral of B along the line 0, s being measured from a fixed 

point. The integral may be written j(u j- + ^ J^ + '^ ^ J *» 

tt, tf, w being functions of a;, y, ^. 

* If 17 be the angle between the dircfction of tt and a normal 
to a surface at any point (a?, y, z)^ the integral JJB cosrfdS is 
edited the surface-integral^ the summation being taken over 
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the whole of a sarface 8. The integral may be written 
//(?7f+ F«i+ Wn)d8^ U, F, W being functions of (a;, y,~«), 
and Ij m^ n the direction-cosines of the normal to the surface 
at [x^ y, z) measured in a definite direction, 

562. To shew that a line^ntegral taken round a given closed 
curve can he represented as a surfacerintegral of a surface bounded 
by the given curve. 

Suppose the closed curve L to be filled up by any surface 5, 
and suppose 8 to be divided into an infinite number of small 
elements, one of which is cr bounded by the line X. If we take 
the sum of the line-integrals for two of these lines which ^have 
a common part fi^ both estimated in the same direction, the two 
portions of the sums taken over fk will be taken in opposite 
directions, and being of the same magnitude will vanish ; those 
lines X which abut upon L are the only portions which will not 
be traversed twice ^ hence the svm of all the line-integrals for 
the elements \ will be that of Ihe line L, . . ; ! . • 

The proposition will, thei^for'e, be proved if we ishew that 
it is true for any elementary line \ and corresponding surface a. 

Let (a?, y, z) be any point on c^, and (a? + f , y + 17, « + ?) 
any point on X; the line-^integral for X, u, v, to being given 

Since X is a closed curve, /if = 0, /f c?f = 0, and if we sup- 
pose the summation taken in the direction from x to y, 

-jvdi-Sidfi^n<r\ 

hence the line-integral for X is jf-^ -r- J n +... !• <r. 

The line-integral of L is, therefore, equal to the surface- 
integral jj{Ul + Vm-\'Wn)d8^ when U== -^ 3-) .*<5. 

663. Hie surface-integral of a directed quantity or vect4)r^ 
taken over a closed surface^ may be expressed as a volume^ 
integral of a certain function. 

We observe that if the theorem can be proved for an 
elementary portion of the volume enclosed within the surface, 



N 
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within which the directed quantity is supposed to be continuous, 
the general theorem will follow, as well as its modification, when 
the enclosed volume is intersected by surfaces across which 
the directed quantity changes discontinuously. 

For, if i;^, v^ be two elementary volumes enclosed by the 
surfaces o-^, a^ to which a portion a is common, the normal 
components along a, which belong respectively to <t, and o-^, ! 

being in opposite directions and of the same magnitude, will ' 

disappear in the summation. 

If, therefore, we sum for all elements within a volume F, 
throughout which the value of the vector changes continuously, 
the only points of the resolved vectors which are not destroyed 
are thosQ which belong to the points of the elements which 
abut on the enclosing surface 8. 

If the vector change discontinuously in passing surfaces 
2j, 2j,, &c., the theorem will hold for the portions F,, F,... into 
which they divide F, and the volume-integral over F would be 
equal to the surface-integral over Sj together with the surface- 
integrals over Sj, 2,; the diflferences of the vectors on opposite 
sides of these surfaces replacing the vectors in the first integral. 

Let an elementary volume v be inclosed by the surface cr, 
(a;, y, z) being any point within v, and let (a; -h ?, y -f 17, « + ?) be 
any point upon cr, and u^ v, w the components of the vector 
at [xj y, z) parallel to the axes. 

The surface-integral for a is 

fjldff = 0, SJ^ld<T=^5J^dr,d^= V, &c. ; 

hence the surface-integral for o- = (-7- + -j- + v ) w ultimately ; 
therefore, if m„ m,' be the values of u on opposite sides of S„ 

+ •• , 

which represents the theorem in its most general form. 
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XX. 

(1^ The equations of the tangent to the curve of intersection of the 
surfiaces ax*,+ by* + cz* = 1 and bx* + cy* + aa* = 1 are 

y (g - ar) _ y (v - y) ^ zjl- z) 
ab - c* be - a* ac - b* ' 

The tangent line at the point x » y = s lies in the plane 

(a - 5) a: + (6 - c) y + (c - a) z = 0. 

If ac = b*f the tangent lines trace on the plane of xy the two straight 

lines whose equation is -= — z^ = -= — 75 . 

(2) The equations of a sphere and cylinder heing 

a:" + y* + 2* = 4a« and a:* + a" = 2ax, 

prove that the equations of the tangent to the curve of intersection at the 
point («, pf 7) are 

(a - tf ) X + 72 = aa and Py ^ ax = a (4a - a\ 

and that the equation of the normal plane is 

(3) Find the tangent line of the intersection of the surfaces 

z{x ^ z) {x - a) ss a* and s (y + 2) (y - o) = «'» 
and shew that it consists of plane curves. 

(4) The paraholoid whose equation is ax* + by* » 42 has traced upon it 
a curve, every point of which is the extremity of the latus rectum of the 
parabolic section through the axis of z ; shew that the tangent to the curve 
traces upon the plane of xy the curves whose equations are 

r6in2^ = + (rt - b). 

(5) Shew that the equation of the normal plane at any point /, y, h on 

s^ V* 2* 
the curve defined by the equations ^+Ti + -i='l, «* + y* + 2' = rf*i8 

a*(h*-c*) b*{c*-a*) <?{a*-b*) ^ 

/ y A 

(6) A point moves on an ellipsoid so that its direction of motion always 
passes through the perpendicular from the centre of the ellipsoid on the 
tangent plane at the point; shew that the curve traced out by the point 
is given by the intersection of the ellipsoid with the surface 

^m-»y«-tjf-» « constant, 

If m, n being inversely proportional to the squares on the semi-axes of the 
ellipsoid. 
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(7) If the osculating plane at every point of a curve pass through a 
fixed point, prove that the curve is plane. Hence prove that the curves of 
intersection of the surfaces whose equations are 

«• + y* + «" = «• and jr* + y* t «* - \a* 

are circles of radius a. 

(8) Prove that if every pair of consecutive principal normals to a curve 
intersect, the curve must be a plane ; and find/ (0) so that the curve, whose 
coordinates are given by a; « a cos ^, y^bsinO, z^f (^), may be plane. 

(9) A curve is traced on a right cone so as always to cut the generating 
line at the same angle ; shew that its projection on the plane of the base is 
an equiangular spiraL 

(10) If a string be unwound from a helix so that the straight portion 
is a tangent to it, shew that any point on the string will describe the 
involute of a circle. 

(11) Prove that the locus of the centres of curvature of a helix is a 
similar helix ; and find the condition that it shall be traced on the same 
cylinder. 

(12) When the radius of curvature is a maximum or minimum, the 
tangent to the locus of the centres of curvature is perpendicular to the 
radius of curvature. 

(13) Coordinates of any point in a curve are a; « 4a oos*^, y a 4a sin*^, 
j; B 3c cos'^; find the equations of the normal and osculating planes; and 
find the relation between c and a that the locus of the centre of the sphere 
oi curvature may be a curve similar to the original curve. 

(14) A straight line is drawn on a plane, which is then wrapped in a 
tfone ; shew that the radius of curvature of the curve on the cone varies aa 
the cube of the distance from the vertex. 

(16) If a tortuous curve be projected on a plane, the normal to which 
is inclined at angles a, fi to the tangent and binormal at any point, the 
Aurvature of the projection will be to that of the curve as COS7 : sin* a. 

(16) If /9 be the radius of curvature of a curve, then that of its projection 
on a plane inclined at an angle o. to the osculating plane is /> sec a if the 
plane be parallel to the tangent, and p 00s* a if it be parallel to the principal 
normal. 

(17) If the measures of curvature and tortuosity of a curve be constant 
at every point of a curve, the curve will be a helix traced on a cylinder. 

(18) If - , - be the measures of curvature and tortuosity at any point 

of a curve in space \ //| ^* similar quantities at the corresponding point of 
the locus of the centre of spherical curvature ; then oro^ = />//. 



I 

9 



PROBLEMS. 377 

(19) Prove that the equation of the polar surface to the helix is 

X COS0 + y 8in0 + a tan*a - 0, 
where a:* + y* = tan"« {a' tan'o + (« - a taDa0)«j, 

and that its edge of regression is a helix on a cylinder whose, radius is 
a tan' a. 

(20) Prove that the angle between the radius of the osculating sphere 
and the edge of regression of the polar surface is equal to the angle between 
tjbe radius of the osculating circle and the locus of the centre of curvature. 

(21) When the polar surface of a curve is developed into a plane, prove 
that the curve itself degenerates into a point on the plane ; and if r, p be 
the radius vector and perpendicular on the tangent to the developed edge 
of regression of the polar surface drawn i^om this point, prove that />, 7 and 

9 referring to the points on the original curve, ^J{r -p^)-^ -^ • 

Ceo 

(22) Shew that the shortest distance of tangents at the extremity of a 
small arc i9 of a helix, whose pitch is a and radius of cylinder a, is 



sin a cos' a 



12a 



(^s)^ 



(23) Prove that the angle between the shortest distance of tangents at 
two consecutive points and the binormal at one of them is equal to half the 
corresponding angle of torsion. 

(24) The eguations of a curve are 

B / 1 , 2«*\ « . / 1 _ 2A B 

prove that the curvature and tortuosity at any point are each equal to . 

(25) A spiral is traced on a hemisphere, such that, if /, X be the longitude 
and latitude of any point, 4Xr -f / = 2^- ; shew that the surface of the hemisphere ' 
is divided by the spiral in the ratio ar - 2 ; 2. 

(26) A curve is formed by the intersection of a hemisphere, and a 
cylinder whose base is the circle described on a radius of the base of the 
hemisphere as diameter; prove that the portion of the area of the hemi- 
sphere included between the curve, the meridian touching the cylinder, 
and a quadrant of the base of the hemisphere, is equal to the square on 
the radius of the hemisphere. 

(27) Prove that the volume contained between the cylinder, the hemi* 
pbere, the meridian plane touching the cylinder, and the base of the 
Bhem.i8phere4 is {ths of the cube of the radius of the hemisphere. 

CCC 
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(28) A hemisphere is pierced by a cylinder, whose circular base touches 
the base of the hemispheroi the diameter of the base of the cylinder being 
less than the radius of the hemisphere ; prove that the area of the cylinder 
included between the hemisphere and its base is equal to the rectangle 
contained by the diameter of the cylinder and the chord of the base of the 
hemisphere which touches the base of the cylinder and is parallel to the 
common tangent of the bases. 

(29) Find the equation of the projection on the plane of xy of the lines 

horizontal. 

(30) ProTe the following equations of the lines of greatest slope on the 

«■ v' «* 

ellipsoid — + ^ + — «= l , placed in any position, 

where yfr is the inclination of the normal to the vertical at the point (x, y, s), 
andp the perpendicular on the tangent plane at that point. 

(31) If j;, y, z be the coordinates of any point of a sphere, d9 an element 
of an arc of any curve on the sphere passing through jt, y, r, and if 

dz dy ^ dx dz dv dx ^ 

da its ds da ds ^ da 

and <?f " + dn^ + dX^ = da*, ; prove that 

dl ydn ^dJE ,dS ^dn d^ 

dcr av da da aa aa 

If the locus of (or, y, s) be a closed curve, prove that the solid angle 
which it subtends at the centre of the sphere together with the perimeter 
of the locus of (C, 17, 1) is equal to 29r, and vice varad. 

(82) If a surface and a cone whose vertex is at the origin be referred 
to polar coordinates, the area of the cone between two of its generators and 

the curve in which it meets the surface is - j^ { I +«in'^ [-^j i dO, 

The equations of a cylinder and cone are 

r sin ^ s a and cot^ = i (c* - «"*). 

If A^A^t and A^ be the areas of the cone reckoned from = Oto0s/3-a, 
P and )3 + o respectively; then will -^i + uis = («* + «"*) A^, 
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CHAPTER XXL 



CURVATURE OP SURFACEa NORMAI* SECTIONS. INDIGATRIX. 

DISTRIBUnON OP NORMALS. SURPACB OF CENTRES. INTEGRAL 

CURVATURE. DIFFERENTIAL EQUATION OF LINES OP 

CURVATURE. UMBIUCS. 

564. In this chapter we proceed to exftmme the curvature 
of surfaces, and to explain how the amount of curvature may 
be estimated. 

If the student will consider the simpler surfaces with which 
he is familiar, such as a sphere, an ellipsoid, or an hyperboloid 
of one sheet, he will have examples of the kind of flexure 
which may take place at an ordinary point of any surface. 

Any point of a sphere or a pole of a prolate or of an oblate 
spheroid is an example of a point of a surface from which, 
if we proceed along any section made by a plane containing 
the normal ; the curvature is the same. 

Any point of an ellipsoid is an example of a point on a 
surface at which, if a tangent plane be drawn, the surface in 
the neighbourhood of the point lies entirely on one side of the 
tangent plane ; such surfaces are called St/nclasttc. 

If a tangent plane be drawn at any point of an hyperboloid 
of one sheet, the surface will intersect the tangent plane, and 
bend from it partly on one side and partly on the other ; such 
surfaces are called Antidastic. 

565. Let two planes be drawn through the same tangent 
line at any point of a sphere, one containing the normal and 
the other inclined at an angle to the normal, the sections 
made by these planes will have their radii in the ratio 1 : cosd. 

This simple relation between the radii of curvature of a 
normal and oblique section, containing the same tangent line, 
will be proved to be true for any surface at an ordinary point., 
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The student may for an exercise prove it wben the tangent 
line is drawn through the extremity of a principal axb of 
an ellipsoid parallel to another principal axis. 

566. Consider next the curvature of the sections of an 
ellipsoid made by planes passing through OAj the normal at Aj 
an extremity of one of the principal axes; if AP be one of 
these sections intersecting the principal section BC^ perpen- 
dicular to OA^ in P; OP and OA will be its semiaxes, and its 

radius of curvature at As=:-pr-j: also -7=,-^-', -pr-r will be the 

OA ^ OA ' OA 

radii of curvature at A of the principal sections BA and CAj 

and since 0-B, OP, 00 are in order of magnitude for all 

positions of OPy we see. that of all the normal sections through 

A J the two sections which have their curvature a maximum 

and minimum have their planes perpendicular to each other. 

This property of normal sections will be found to hold for 

any ordinary point of all surfaces. 

567. If POB= 0,^ + "^^ = ~ ; hence, if />, p' be the 

radii of curvature of the sections ABy A C^ and B that of the 

j-n cos*^ sin*^ 1 
section AP. H -,- ==- -^ . 

P P -B 

This relation between the radii of curvature of the normal 

sections of least and greatest curvature, called principal sections^ 

and that of any other normal section inclined at an angle 6 to 

one of the principal sections will also be found to hold for 

any surface. 

568. These three properties which are true for all surfaces 
will enable us to determine the radii of curvature of all plane 
sections through any point, when those of any two sections^ 
not containing the same tangent, are known4 

Normal Sectwna. 

569. To find the relation between tie radii of curvature of 
sections made by planes containing the normal at any point of a 
surface. 
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Let the surface be referred to the normal at the point as 
the axis of Zj and the tangent plane at as the plane of xt/. 

flZ flSS 

The values of -j- and -7- at the origin vanish, and, if r, 

, , , ^(Pz cPz cTz 

.,«bethevaluesof-^,,^^^^,^^,, 

z = ^ (r j:' + 28xy + ty^) + &c. 

Let the surface be cut by a plane passing through Ozj and 
inclined at an angle to the plane of zxi at every point of 
this plane x = u cosd, ^ = u sin ^ ; 

.-. « = ^ (r co8'(? + 23 cos ^ sin ^ + ^ sin"^) u' (1 + e) 

where e vanishes in the limit. 

If jB be the radius of curvature of this section, 

1 '2z 

-5 = limit — 5 = r cos*5 + 28 cos sin0-{-t sin*ft 
It u 

The directions of the normal sections of which the curvature 
is a maximum or minimum are given by the equation 

- (r - <) sin 20 + 28 cos2^ = 0. 

If a be one solution, the rest will be included in the formuU 
^rnr + a, hence the sections of maximum and minimum curvature 
are at right angles. 

These sections are called the Principal Sections of the surface 
at the point considered. 

If the planes of the principal sections be taken for the planes 
of zx and yz^ a = 0, and therefore « = 0, and the expression for 

the curvature of any section will become ^=r cos*^+ ^ sin*5; 

let p, p be the radii of curvature of the principal sections, 
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also, if i2, R be the radii of curvature of any perpendicular 
normal sections. 

These theorems are due to Euler. 
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The Indtcatrix, 

570. Euler^s theorems and other theorems relating ta the 
curvature of plane sections of surfaces are deduced with great 
faciKty by means of a curve called the indicatrix, employed 
first by Dupin for this purpose. 

Def. The indtcatrix at any point P of a surface is the 
section made by a plane parallel to the tangent pkner at P and 
at an infinitely small distance fronr it. 

In cases in which, as in anticlastic surfaces, the curve of 
intersection extends to any finite distance, the name of indicatrix 
only applies to the portions of the curve which are infinitely 
near to P* 

571. At any ordinary point of a surface the indtcatrix ia 
a conic. 

Taking the axeff as in Art. 569^ the equation of the surface 
is of the form z = \ [ra? + 28xy + ty^) + &c., and by transfor- 
matioi]^ of axes the term involving xy may be made to disappear, 
so that z = as? + hy^-V terms of higher dimensions. 

If the surface be cut by a plane parallel to the tangent plane 
and very near to it, for which « = A, in the neighbourhood of 
the point of contact h = ax* + by* ; the indicatrix is therefore a 
conic whose centre is in the normal. 

572. Pendlebury has noticed* that the indicatrix may be, 
at particular points of some surfaces, of any form, and the 
number of directions of principal curvature for such points may 
be any number, in fact, equal to the number of apses in the 

indicatrix. He gives as an example a surface x^ + y'^az^ [-) 

generated by a parabola revolving round its axis, its latus rectum 
increasing or decreasing with the angle through which its plane 
has revolved; such surface would look like a paraboloid with 
ridges and furrows radiating from the vertex. 



* Mestenger oj AfathenuUict, tdL l.r p. 148, 
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673. The radius of curvature of a normal section of a surface 
varies as the square of the corresponding central radius of the 
indicatrix. 

Let CF be the central radius of the indicatrix which lies in 
any normal section whose radius of curvature at is i2 ; then 

25 = limit yr-^ , (see figure, p. 386); therefore, since OC is 

constant for all normal sections jBqc CF*. 

Hence all theorems in central conies which can be expressed 
by equations homogeneous in teims of the radii and axes, can 
be replaced by corresponding theorems in curvature. Euler's 
theorems follow at once, and if JB, 2? be radii of curvature of 
normal sections inclined to a principal saatlon of a surface at 

angles tf , ^, such ibat tan tan 5' = — — , 

r 

then J2 + J2' = /) + p, 
and BEmi\e'^e)^pp'. 

574. When the indicatrix is an ellipse, the surface is syn- 
clastic at the point considered. 

A point of a surface for which the indicatrix is a circle is 
called an umhilic^ the curvatures of all sections made by planes 
containing the normal at an umbilic being equal. 

575. When the form of the indicatrix is hyperbolic, the 
surface is anticlastic at the point considered; in this case the 
radii of curvature of normal sections containing the asymptotes 
are infinite, such sections pass through the inflexional tan- 

gents, and their directions are given by tan'^= 'i P^ f^ being 

the absolute values of the radii of curvature. 

In order to deduce theorems from geometrical properties of 
the hyperbola, it may be necessary to suppose two indicatrices, 
one on each side of the tangent plane at equal distances from it« 

Tf p' = p and R be the radius of curvature of a normal 
section inclined at an angle d to a principal section 

R cos2d = p. 



' 
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576, When the section made by the plane parallel to the 
tangent plane is a parabola, the part of the section which is 
called the indicatrix is two parallel lines which become ulti- 
mately, as in the case of a developable surface, two coincident 
lines. 

Such points are called Parabolic points^ sometimes also 
Cylindrical poin ts. 

As an example of a parabolic point, take a point of the 

Ji S 9 

cone -J 4 73 = -3 * at a distance Z from the vertex in the 
a" b* c" * 

generator - = - ; transform the axes so that the normal at 
a c 

this point is the axis of Zj and the generator the axis of x^ 
the resulting equation of the cone isfe = ^y* — «aj — «', 

let « = A and a = c tana^ then 7/* = — A(ir + Z — A cot2a), the 

section by a plane parallel to the tangent plane is therefore 
a parabola, the distance of whose vertex from the normal at the 
point considered isl — h cot 2a, and since this remains finite, when 
h is made indefinitely small, the degeneration into two nearly 
coincident parallel lines in the neighbourhood of the point is 
explained. 

h*l 

The finite principal radius of cui'vature is — . 
'^ '^ ac 

511 • The intersection of two consecutive tangent planes and 
the direction of the line joining the points of contact are parallel 
to conjugate diameters of the indicatrix. 

Let CP, CD be conjugate semi*diameters of the indicatrix 
for the point of a surface; since the tangent plane to the 
surface at P contains the tangent to the indicatrix at P, its 
intersection with the tangent plane at is parallel to CZ>, 
and proceeding to the limit, when OC vanishes, the proposition 
follows. 

Def. Tangent lines at any point of a surface drawn parallel 
to conjugate diameters of the indicatrix, are called Conjugate 
Tangents, 
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678. It follows from this property of consecutive tangent 
planes, that if a torse envelope any surface the directions of the 
generating lines at any point of the carve of contact are 
conjugate to the tangents to the carve. 

579. To find the relation between the radii of curvature 4>f a 
normal and oblique section of a surface made by planes passing 
through the same tangent line. 

Let the tangent line throagh wjiich the planes are taken be 
the axis of x^ and let 6 be the inclination of the planes of the 
oblique and normal sections through Ox, 

The equation of the indicatrix is of the focm 

ih = aa? + 2cxy + Jy", 

and where the oblique section cuts the indicatrix ^=s A tan'd, 
therefore xy and y^ vanish, compared with a?:^ hence the radius 



x^ 



of curvature of the oblique section at O is the limit of ^r -h j 

and if B^ E be the radii of curvature of the normal and oblique 

sections 

E^Bex»d. 

This is Meunier's theorem. 

580. Bezant* gives the following elegant proof of Meunier's 
theorem: Take a normal and oblique section at any point of 
a surface, the two curves of section having the same tangent 
line, and therefore having two consecutive points in common. 
In each of the curves take a third consecutive point and describe 
a sphere through the four contiguous points, the sections of 
the sphere by the two planes are evidently the circles of curva- 
ture of the normal and oblique sections, and the theorem follows 
immediately. 

581. Radius of curvature of the curve of intersection of two 
surfaces. 

Let p be the radius of curvature of the curve at any point P, 
r, r* those of the normal sections of the surfaces made by planes 



X 



* Qwvrt, Jovr, ofMaik,j 'fol. TI., p« 140. 
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containiDg the tangent at P; let to be tbe angle between the 
planes and 0, (o — ^ the angles between the osculating plane 
of the carve at P and the two normal planes. 

Now the curvature of the curve is the same as that of the 
section of either surface bj the osculating plane, since they have 
three consecutive points in common, and by Meunier's theorem, 

11. ,11,^, 1 1. .^ 

- s= - C039, aad -, = - cosfco — 0) = - coso) + - fimcD sm^ ; 
T p r p T p 



8in'o> 



2 oeso> 1 . . ^ „,^ 

T- + — ^ , as in Art. 544. 

TV r ' 



582. la order to see how a surface bends in different 
directions, starting from a given point, we ought to have a 
clear notion of the manner in which the normals at points 
adjacent to the given point are directed. 

The indicatrix affords a satisfactory explanation of the mode 
of distribution. 
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583. Ncrmah at consecutive points intersect^ when taken along 
the directions of greatest and least curvature^ and not generally 
when taken in any other direction. 

Let P be any point of the Indicatrix for the point 0^ CD a 
semi-diameter conjugate to CP, FT a tangent at P, PF per- 
pendicular to CD. 

Since the normal F8' to the surface at P is perpendicular 
to the tangent FT^ FF is its projection on the plane of the 
indicatrix. Hence the normal FS' cannot intersect the normal 
at unless CF vanish, which is the case only when P is at the 
extremities of the axes of the indicatrix ; that is, when P is iu 
one of the principal sections. 

The same kind of argument shews that, in particular cases 
where the indicatrix is not a conic, the normal still intersects 
whenever the tangent at P is perpendicular to CF. 

584. When normals at consecutive points do not intersect^ to 
find the direction and magnitude of the shortest distance hetioeen 
theTn, 

Let 88' be the shortest distance of the normals 05, P5', CF 
is its projection on the plane of the indicatrix, the shortest 
distance is therefore in the direction of the tangent conjugate 
toPT. 

Also, CF'^CF*^ FF" and FF. CD^CA.CB] therefore, if 
JS, It be the radii of curvature of the sections (7P, Oi>, and 
/9, p those of the principal sections, 

88'^^Cr^CF'{l-^)j (Art. 573), 
where ir = p + p -£ = (^ cos'd+^, sin"^^ fi. 

585. To find the point of nearest approach of a normal 
consecutive to a given normal. 

Draw iS'-H, FG perpendicular to the normal plane 80Fj 
then FH is the projection of F8' on that plane ; the tangent FU 
to the normal section is perpendicular to FS' and S'ff^ and 
therefore to Pff, and J?, the intersection of FH and OS, is 
ultimately the centre of curvature of the normal section OF. 
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Then C8\ CR :: FG : CPr. Pf" r CP*^ 
.•• 08 or CSiJR:: pp : RB ultimately; 

hence 08 is ultimately '=^-pr f and -Ty^= Jjf — ^ + — ^-\ 

586. To find the angle between consecutive normals. 

The angle between the nonnala at O and P is ultimately 

FF _PF _PF CF_CP CF_€F /(^\ 
S'F" CS^ R 'FG" R • FF" R'\/\pp') 

cotfd sin*^^ 



«V(?^^7-0- 



587. We leave to the student the calculation of the shortest 
£stance and its position from the equation of the normal at 



T 



the point whose coordinates are r cos 5, r sin 5, —^ , viz 



f -r cosg ^ Tf^^r sing ^ 2R 
r cos tf r sing — 1 



p p 

The expression for the shortest distance will be found to be 

r sing cosgf-; ) 

^ \P Pf 



^/( 



cos^g sm*g\ 



688. ^ZZ the normals to a surface in the neighbourhood of a 
point converge to or diverge from tioo fbeal lines at right angles 
to one another. 

The equation of the surface being (;= ^ + ^ + &e.^ the 
equations of a normal at ir cobO^ r sing, ^] are 

p^-rc^ = P'in-rf^) » 4 neglecting f^, 
rcosg rsmg -1 ^ ° ' 

when 17 sO, (T— p'y and when (sOy ^^p^ hence all normals in 
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fhe neigbbourhood of pass through two focal lines in the 
principal planes which pass respectiveljr through the centres of 
curvature of the principal sections to which they are perpen- 
dicular. This theorem is due to Sturm. 

589. Certain properties of the principal radii of curvature 
may be conveniently investigated by considering the angle be- 
tween the two inflexional tangents. In these directions three 
consecutive points lie in a straight line, and the radius of cur- 
vature of a normal section through one of these tangents is 
therefore infinite. Hence, if be the angle which one of these 
tangents makes with the tangents to a section of principal cur- 

« 11 1 ^ cos* 5 sin*^ , , . - , 

vature, we shall nave = 4 — — > Pi p being the alge- 

r r 

braic magnitudes of the radii of principal curvature. Thus, 
for points at which the radii of principal curvature are equal 
in magnitude and opposite in sign, we shall have tan' 0=1^ 
and the tangents to the curve of intersection will therefore also- 
be at right angles. As an example of this method we shall 
take the following: To prove that at every point where the 
surface a? (a:* + y* + «*) = 2a [x* + y") meets the plane a = a, the 
radii of curvature will be equal in magnitude, and of opposite 
signs. This, by what has been said, will be true, if we can 
prove that the two straight lines, drawn through any such 
point, to meet the surface in three consecutive points, are at 
right angles to each other. 

Let ^-r — = - — - = = r be a straifi^ht line which meets' 

the surface in three consecutive points ; the equation for deter' 
mining r is 

(a + \r) {z + vry = (a - Xr) [{a + Xr)' + (y 4 /Ar)*}, 

which must have its three roots equal to zero; the conditionch 
of which are 

«*=a*+y", (1) 

y"X — at/fi + azv = 0, (2) 

2z\v + av" = - aX* + a^* - 2yX/ii, (3) 

(3) becomes «V + 2a^Xv + aV = y*X* — 2atfXfi + a^fA^ 
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or «X 4 av = ± (yX — afj) = T — v ; 

hence, if (\„ /tt,, yj (X^, /a^, Vj,) be the directions of the inflexional 
tangents, 

therefore \Xj + /Ij/a^ + v,v^ = 0, or the two tangents are at right 
angles. 

590. The rectifying surface cf a curve is the locus of the 
centres of principal curvature of the torse of which the curve is 
the edge of regression. 

The section of least curvature in a developable surface is 
that through a generating line, the normal section perpendicular 
to this line is therefore the section of greatest curvature. Now, 
in the figure of Art. 545, the plane uHt is ultimately the normal 
section of the torse perpendicular to P^j, and H is therefore 
the centre of principal curvature, every point of the axis of the 
osculating cone, t.e. of the rectifying line at P (Art. 546), is also 
such a centre, and the rectifying surface is the locus of all the 
centres of principal curvature of the developable wliose edge of 
regression is the original curve. 

Also the radius of principal curvature of a point in the 

developable, whose distance measured along a tangent to the 

dz 
curve is c, will therefore be c tan^ = c -y- (Art. 545). 

591. In connexion with the curvature of surfaces, the most 
important lines which can be traced on a surface are lines 
of curvature and geodesic lines. 

Def. 1. A Line of Curvature is a curve traced upon a 
surface, such that the tangent to the curve at any point is 
also a tangent to one of the principal normal sections of the 
surface at that point. 
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Since there are two principal normal sections at every point, 
whose planes are at right angles, there will be two lines of 
curvature through every ordinary point, crossing one another 
at right angles. 

Def. 2. A line of curvature is a curve traced on a surface, 
such that the normals to the surface at any two consecutive 
points of the curve intersect each other. 

That the curves given by these definitions are Identical, is 
shewn in Art. 583. 

592. Def. A geodesic line of a given surface, between two 
given points on it, is a line of maximum or minimum length. 
Any infinitesimal arc of such a line will manifestly be the mini- 
mum line between its extremities, but if the two given points 
be at a finite distance, a geodesic passing through them may 
be either a maximum or minimum, and it will be seen that 
there may be an infinite number of such maxima and minima* 

593. The osculating plane at any point of a geodesic on any 
surface contains the normal to the surface. 

The distance between two indefinitely near points will be 
the least possible, when the curvature of the line joining them 
is the least, or when the radius of curvature is Ihe greatest. 
Now the curvature of any curve on a surface will be, at any 
point, the same as that of the section of the surface made by the 
osculating plane at that point, since the two curves will have 
three coincident points. Also, of all sections having a common 
tangent line, the normal section is that of least curvature, by 
Meunier's Theorem (Art. 579). Hence, the osculating plane 
of a geodesic, at any point, must be a normal section, and the 
principal normal of the geodesic must coincide with the normal 
to the surface at every point. 

This also appears from the consideration of a stretched 
weightless string, joining any two points on a smooth surface. 
This will manifestly assume the form of the shortest or longest 
line joining the points, the equilibrium being stable in the first 
case 'and unstable in the second, and since the resultant of 
the tensions of two consecutive elements of the string is balanced 



392 LINE OP CURVATURE. 

bj the normal reaction of the surface, the normal must* lie 
in the plane of these elements, that is, in the osculating plane 
of the curve. 

The coincidence of the principal normal and the normal to 
the surface jP(£c, y, is)sO, on which a geodesic is drawn, is 
expressed by the equations 



c[*x d*y 


d*s 


da* da* 


da' 


IP'IP' 


^iF' 


dx dy 


dz 



, . dFdx dF dy dF dz ^ 

and smce j — t" + t- -r + -3— -j' = ^i 
ax as ay da dz as 

, d*x dx d*y dy d*z dz ^ 
ds* ds ds* da ds^ ds ' 

these are equivalent to only one distinct equation which with 
ithat to the surface will give any geodesic line. 

594. Lines of curvature of a surface of renoluiion. 

Let FQ be /an arc of the generating curve, POO^ QHO 
oiormals to the curve at P and Q intersecting the axis of re- 
volution in (?, H. When the plane of the curve turns round 
ihe axis OH^ PQ comes into the position PQ\ and the normals 
to the surface on P and P* intersect In (7, also the normab 
at P and Q intersect in 0; therefore the meridians and the 
>€ircular sections are lines of curvature. 

595- To find the osculating plane of a line of curvature at 
^any point of a surface. 

Let PQy PR be small arcs of lines of curvature drawn 
through P, a point in the surface, RS^ Q8 lines of curvature 
through jB, Q respectively; and let PIIG^ QH'G^ RH^ SB* be 
normals to the surface at P, Q^ 5, /S, so that PH^ QH' are ulti- 
mately the radii of curvature of the principal normal sections PB, 
Q8, and PG that of PQ ; let these be E^ E + dE^ and i?, 
dE being the increment of E due to a change ds along 
the principal section PQ. 
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The tangent to PR at P is perpendicular to the plane FH'^ 
and therefore to HW^ and the tangent at R is, for a similar 
reason, perpendicular to -SET, which is therefore parallel to the 




binormal at P to the line Pfi, and determines the osculating 
plane POR. 

Let ^ be the inclination of the osculating plane of PR to 
the principal normal section ; draw E*N perpendicular to PQ^ 

^x. ^ ^ V ^^ V ^N PQ dR R 
then tan* = l^'«-S^=l^°>. p^- ^^--^ • t^ztr^ 

COB« In the case of a surface of revolution, since R is the 
same for all points in the circular line of curvature supposed to 

JJV 

correspond to R^ -r- = 0, and the osculating plane coincides with 
the normal plane. 



Surface of Centres. 

596. Def. The surface of centres is the locus of the centres 
of principal curvature for every point of a surface. 

597. Let £, L be two lines of curvature passing through 
the point P of the surface 8^ and let Q, R be points on L and L' 
adjacent to P; then QG and JS(7', normals to ;9 at Q and JS, 

EEB 
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iDtersect the normal at P in C, G' which are nltimately the 
centres of curyatore of the normal sections touching L and L' 
respectively, and the planes GPQ^ O'PB are at right angles. 




Normals drawn at every point of Zr form a torse whose edge 
of regression CE is the locus of the centres of curvature of all 
normal sections of B touching L^ these normal planes being 
tangent planes to the torse. 

If an infinite number of lines of curvature of the same system 
as Z be traced on the surface, the corresponding edges such as 
CEy DF will form a sheet of the surface of centres, and a second 
sheet will be formed by edges OE^ DF corresponding to the 
lines of the system L\ Call these sheets 2 and 2'. 

Every normal of 8 such as FC'C^ SUD touches each sheet ; 
the two normals P(7, QO each touch 2', and since C does not 
lie on 2', PGQ is a tangent plane to 2', similarly PG'R is a 
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tangent plane to S. And, since these two planes are at right 
angles, the two sheets would appear to cnt one another at right 
angles to an eye sltnated in a normal and looking along the 
normal towards both sheets. 

598. Salmon notices that the edge of regression of the torse 
corresponding to a line of curvature is a geodesic line on the 
sheet of the surface of centres on which it lies. 

For PGQ is the osculating plane at G to the edge GE^ and 
PG'R is a tangent plane at (7 to 2 on which GE lies, and, since 
these planes are at right angles, the normal to 2 at C lies in 
the osculating plane of GE^ which is the condition that GE 
should be a geodesic on 2. 

599. It may also be seen, that the pplar developable of the 
line of curvature PQ is the rectifying developable of the cor- 
responding edge of regression GE, 

600. The two real sheets of the surface of centres for a sur- 
face of revolution are the surface generated by the evolute of the 
generating curve, and the portion of the axis from which 
normals can be drawn to the generating curve. 

Lines of Gurvature common to two Burfaoea. 

601. When the curve of inter section of tvoo eurfacea is a line 
of curvature on each^ the two surfaces cut one another at a constant 
angle. 

Let PQBS in the figure of page 342 be ultimately the line 
of curvature common to two surfaces 8^ 8'\ and let pa^ qa 
be normals to the surface B^ which, since they intersect, must 
intersect in the polar line aUA^ perpendicular to the osculating 
plane pUq\ similarly qaby rh^ normals at q and r, intersect in 
the polar line ftFto the consecutive osculating plane, and 

hrV^hqV=^aqU'^UqV. 

Let a', V be corresponding points for the surface B' ; 

.-. VrV^a'qU+UqV', 

.•. Vrh^a'qa\ 
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hence, normals to S8* at consecatlve points q^ r are incrined at 
the same angle, therefore the surfaces cut one another through- 
out at a constant angle. 

Beciprocallyi if two surfaces cut one aixother at a constant 
anglcj and their curve of intersection be a line of curvature on 
one surface^ it will he a line of curvature on the other also. 

Let it he a line of curvature on 8^ and let the normals to 8' 
at J and r be qd'V and rh" meeting Ua in a" and Ub in b\ b" ; 
then since the angle between the normals to 8 and 8' at 
y, r are equal, 6rJ" = ijj', and hrb" ^bqb'\ therefore V and 6" 
coincide, and the normals to 8' at q^ r intersect; that is, the 
curve is a line of curvature also on 8\ 

Cor. If a line of curvature be a plane curve, its plane will 
cut the surface at a constant angle. 

602. The analytica:l proof given by Bertrand is very simple. 
Let P, Q be consecutive points on the curve of intersection 
of surfaces /S, 8' ] Xj y^ z and x + dx^ y + ^yj e + dz their co- 
ordinates; 7, 9n, n and f, m', n' the direction-cosines of the 
normals At P to 8 and 8'. 

If the curve be a line of curvature on 8^ the normals at P, Q 
will intersect ; 

.*. aj-ip = aj + c&— (Z+(?Qp; 

dl ^ din ^ dn ^1 # ^ v 

** dx" dy ^ dz^ p' ^ 

Since PQ is perpendicular to both normals, 

Idx + mdy-tndzssiOj ,^x 

and Tdx + m'dy + n'dz=^0. ^ ' 

i. If the curve be a line of curvature on both surfaces, 

Idr + mdm! + ndn' =^ Oy , ,,. , ,^x 
and FdUm'dm + n'dn^Oy ^^ ^^^ "^^ ^^^' 

.•. d [IV 4 mm' 4 wn') = 0, 

or the cosine of the angle between the normals is constant. 

ii. K the curve be a line of curvature on 8^ and the surfaces 
cut one another at a constant angle, 

Vdl + m!dm + n'dn «■ 0, 
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and c?(ZZ' + 7nw' + wn') = 0; 
/. IdV -{- mdm! + ndn' =^ Of 
also l!dr + m'dm' + n*dn'=^0] 

therefore, by (2), -r- = --=- = -^ j the condition that the curve 
should be a line of curvature on 8', 

603. WJien three aeries of surfaces cut one another orthogo^ 
nally^ the curve of intersection of any ttoo of them is a line of 
curvature on each. 

Let the origin be a point of intersection of three surfaces, one 
of each series, and the tangents to their lines of intersection the 
axes. The equations of the three surfaces may then be written 

a 4 ay* + ^hyz + c«" +...= 0, (1) 

y + a 0* + Wzx + c'jB* +. . .= 0, (2) 

z + a' V + Wxy + c V + . . .= 0. (3) 

At a consecutive point on the curve of intersection of (2) and 
(3), we have y s 0, is = 0, x—x\ and the equations of the tangent 
planes are, ultimately, 

aj.2cV + y + «.2iV = 0, 

x.2a"x* + y .2ftV + « = 0, 

and unce these also are at right angles, 

4aVaj'" + 2iV + 2&V = 0, 

or, ultimately, ft' + ft" = ; similarly, ft" 4 ft = 0, ft + ft' = 0, which 
can only be satisfied by ft=:0, ft' = 0, ft" = 0, and therefore the 
axes are tangents to the lines of curvature on each surface. 

Hence, the tangent lines, at any point of intersection of three 
surfaces, to their curves of intersection, are tangents to the lines 
of curvature of the three surfaces through that point, and, con- 
sequently, their curves of intersection must coincide with the 
lines of curvature. This is Dupin's theorem. A proof is given 
by Cayley,* which puts in evidence the geometrical ground 
on which the theorem rests. 
■ ' ■^^^^' " 

* QiiaHer/y Joumai^ yoL xn^ p. 185. 
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Measure of Curvature. 

604. Gauss gives the following definition of Integral and 
Total Curvature. 

Def. The Integral Curvature of any given portion of a 
curved surface is the area enclosed on a spherical surface of 
unit radius by a cone whose vertex is the centre, and whose 
generating lines are parallel to the normals to the surface at 
every point of the boundary of the given portion. 

Horograph. The curve traced out on the sphere as described 
above is called the Jiorograph of the given portion of the surface. 

Average Curvature. The average curvature of any portion 
of a curved surface is the integral curvature divided by the 
area of the portion. 

Specific Curvature. The specific curvature of a curved surface 
at any point is the average curvature of an infinitely small area 
including the point. This is the measure of curvature which 
was shewn by Gauss to be the reciprocal of the product of 
the two principal radii of curvature at the point considered. 

605. To shew that the reciprocal of the product of the 
principal radii at any point of a surface is a proper measure 
of the curvature. 

Let an elementary area Q&8 be described including the 
point P of a surface, and let a series of lines of curvature 




divide this area into sub-elementary portions, such as pqrs^ and 
let p^, pI be the principal radii of curvature at p in the directions 
pq^ps] the horograph {or pqrs will be a small rectangle whose 

sides are — and S i and area =^—f . 
Pi Pi PiPi 
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But, if p, p' be the principal radii of corvature at P, 

— i = —(l + e), 

PyPi PP 

where e Taniahes in the limit ; therefore the specific cnrvatnre 

This expression is independent of the form of the elementary 
portion including Pj and is analogous to the measure of cur- 
vature in plane curves, the solid angle of the cone corresponding 
to the angle between the normals to a plane curve at the 
extremities of the small arc on which a point of the curve lies. 

606. To determine the radiaa of curvature of the normal 
section of a aunface through a given tangent line at a given point 
in terms of iJie coordinates. 

Let the equation of the surface be jF(^, 17, (^ = 0; and let 
(re, y, z) be the given point P, (X, /Li, v) the direction of the 
'given tangent ; also let {x + dx^ y + dy^ z 4 dz) be a consecutive 
point Q taken in the normal section, so that ultimately 

dx I dy I dz=^\ I p, I V. 

Then, if QR be perpendicular to the tangent plane, R the 
radius of curvature of the normal section will be the limit 

of ^>i T% • 

2QR 

The equation of the tangent plane is 

tr{f-a;) + F(i7-y) + Tr(j:-£^)-0; 
/)»- ^dx + Vdy + Wdz 

where P» = tr« + F* + Tr». 
But, Q being a point on the surface, 

neglecting terms of degrees higher than the second ; 
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. {{dxy^{di,y+{dzY]p 

• * 2{Udx + Vdy + Wdz) 

P 



= T 



mX* + t?/i" + wv* + 2tt>v + 2t?VX + 2t(;'X/i * 

Since we have the conditions 

Z7X + F/A + Trv = and X^ + za^ + i/'^I, 

the problem of finding the directions of the principal sections 
and the magnitude of the principal radii of cnrvature is the 
same as that of finding the direction and magnitude of the 
principal axes of the section of the conicoid, 

made by the plane Ux-k-Vy + Wz^O. 

607. To determine the principal normal aectiona^ and the 
radii of principal curvature at any point of a surface^ in terms of 
the coordinates of the point 

The radios of a normal section containing the tangent whose 

direction is (X, fij v) is given by 

p 
wX*+v/tA"+ wi/'+2u>F+ 2t;VX + 2tv'\fA - ^ (X'+/a*+i^ «0, (1) • 

where ZTX + F/a + TTv^O, (2) 

and when B is given, the corresponding tangent lines are the 
lines of intersection of the cone and plane represented by these 
equations, X, /i, y being considered current coordinates. When 
£ is a maximum or minimum, these directions coincide, and the 
plane is a tangent plane of the cone; hence the direction of 
the principal sections are given by 

(tt — o") X + tr'/A + v'y _ w'\ + (t? — a) /lA + u'v 

t?'X4w>+(w-o-)v • P 

= jfT -i w'^®^ ^ = 51 

whence we obtain 

X 

/* y 
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which, by the equation Z7X + 7/* + TFv = 0, leads to 

IP [[v - a)[w - cr) - ««'«} +...+ 2 FTr{i;V-w'(u-cr)} +...=: 0. (3) 

This equation gives the values of the principal radii of curva- 
ture, and the values of X : /Li : v, corresponding to each root, 
are given by the preceding system of equations. 

Cor. The product of the roots of (3) is 

= ( Z7" H- F" + TF") X measure of curvature. 

Since the measure of curvature vanishes at every point of 
a developable surface, the numerator equated to zero is the 
condition that a surface should be developable. 

608. We cannot help calling attention to another form of 
the quadratic giving the principal radii, which was set in an 
examination paper for Clare and Caius Colleges in 1873. 

Smce 2FTF/iy=Z7V-FV- W^V, &c., the expression 

p 
for -p can be put into the form A>J + Bfj? + C/v", where 

-4 = w+ -=^(?7u'-Ft;'-]Fw?')) &c. 

Construct the conicoid A^ + Btj'+C^ = P, having its centre 
at the point (a;, y, z) of the surface, the directions of the axes 
of the section made by the plane U^-\-Vff + WX^O are the 
directions of the tangents to the principal sections of the surface, 
and the corresponding values of B will be the squares of the 
section. 

Hence, by Art. 234, 

IP F» ^* «A 

AR'-P'^ BB-'P'^ CB-P^ ' 

a quadratic giving p, p' the principal radii of curvature. 

Also the direction cosines of the tangents to the lines of 

V V W , 

curvature are as jj^—p ' ^gZp • CB-P ^ ^ ^'^ ^^ ^^^ 

be written for B. 

FPP 
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609. To determine the conditions of an umbilic. 

At an umbilic B retains a constant value for all directions 
(\, fi^ v)j satisfying the two conditions (1) and (2). Hence at 
an umbilic the cone (1) must break up into two planes, one 
of which is the tangent plane (2). 

The left-hand member of equation (2) must therefore be a 
factor of the left-hand member of (l), and the other factor 
will therefore be 

Multipljing the two, and equating coefficients, 

V W 

^(w-cr)+-y(t;-cr)=2tt', 

-^(w-cr)+-^(w-cr)=:2t;, 
U V 

which, on eliminating cr, lead to the two conditions 

_ V^u + lP v-' 2VVw' 
IP + V* 

These two equations, together with the equation of the surface, 
will, in general, determine a definite number of points, among 
which are included all the umbilici. It may happen that a 
common factor exists, so that the three equations are satisfied 
by the coordinates of any point lying on a certain curve. Such 
a curve is called a line of spherical curvature. 

It should also b^ observed that Z7, F, W have been assumed 
to he^nite in the foregoing investigation. Should one of them, 
as Uj ^vanish, we must have, in the same manner, V/a 4 Wy a 
factor, and must therefore have 



I 
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This identity gives 

W V 

which with I7s=0, and the equation of the surface, give /(wir 
relations between the coordinates, unless v* and w are identically 
zero, and these will not, in general, be simultaneously true of 
any point on the surface. 

610. The conditions for an umbilic are obtained by the 
method of Art. 608, from the consideration that the section of 
the conicoid must be circular, whence, when Z7, F, W are finite, 
it follows that A^B^C. 

611. To determine ih^ number of umhilica on a mvface of 
the n^ degree. 

If the equations for an umbilic be written in the form 

P" C^JT' 

the degree of P, ^, jB' will be 2 (n - 1), and of P, ^, B will be 
3n — 4. The degree of the surfaces 

is therefore 5n — 6, and the degree of their curve of intersection 
is (5n — 6)\ But the curve J? = 0, S* = is part of their inter- 
section, and does not lie on the surface PQ --FQ^O. The 
degree of the curve 

P _^ 0. R 

F^ q^ E 

is therefore (5n - 6)* - 2 (n - 1) (3n - 4) = 19n* - 46n + 28. 
But this curve includes three curves similar to 

which do not meet the surface in umbilics, and the degree of 
this curve is (n — 1) (3n — 4). 
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Hence the degree of the curve, which meets the surface in 
umbilics only, is 

19n*-46n+28-3(n-l)(3n-4) = 10n"-25n-fl6. 

The whole namber of real and impossible umbilics is therefore 

n(10n*-25n+16). 

Thus in a conicoid the number .is 12, four in each of the 
principal planes ; but not more than one system is real, and, if 
the surface be a ruled surface, none will be real. 

There can never be real umbilics on a ruled surface of any 
degree whatever, since every point of a ruled surface is either 
parabolic or hyperbolic. 

612. To find the differential eqtiationa of the lines of curvature 
on any surface. 

Beferring to the equations of Art. 607, we see that \, /Li, v 
are the direction-cosines of the tangents to the planes of prin- 
cipal curvature at any point, and are therefore the direction- 
cosines of the tangents to the lines of curvature through that 
point. 

Hence, if {xj y^ z) be the point, [x-vdx^ y'^^y^ is + c&) a 
consecutive point on a line of curvature, we shall have 

dx ^dy ^dz 

which, since X, /i, v are determined in terms of a;, y, «, are the 
differential equations of the lines of curvature. 

Since each member of the above equations is equal to 

Udx-\-Vdy-\-Wdz 
U\-\'Vii.'¥Wv "0' 

these equations and the equation of the surface are equivalent 
only to two independent equations. 

Any integral we may find will involve one arbitrary con- 
stant, which may be determined so as to make the line of 
curvature pass through any proposed point on the surface. 

It appears from the above that all the surfaces represented 
by the equation 4> (^j y^ ^) "== <^} for different values of c, will have 
the same differential equations of their lines of curvature. 
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613. To find the differential eqwxtion cf the lines ofcurmture^ 
and the principal radii of curvature at any pointy by the second 
definition. 

^^ (^9 V} ^) ^ the point of intersection of normals at con- 
secntiye points {x^ y, z) and {x + dxj y + dyjZ-{-dz)] 

.-. i^ = ^ = r^* = £= 1, where P«=ir+F«+Tr, 

in which equations {, 17, (f are unaltered when x-^ dx is written 
for a?, &c., and S^x + Uj,j &c., 

a- tr ^ 

{^^dy^^dV -v\dfT, 

0^dz+^ dW-W^dai 

dxj dU, U 

dyj dV, 7=0, 

&, dW^ W 

which is the differential equation of the lines of curvature. 

Expanding dU^dV^dW^ and eliminating dx^ dy^ dz^ and dtr^ 



u — <r. 



w 



w, v-<r, 



V 



u 



v\ V 
u\ V 



u, f; w 



= 0. 



The coefficient of 17* is - 



V — O", 



u' 



U — O", V 



IS 

Art. 607. 






u , w — <r 



, and that of VW 



I whence we obtain the quadratic given in 



614. The foregoing equations for determining the principal 
curvatures undergo a conuderable simplification, if the equation 
of the surface be of the form 

*,(«) + *. (y) + *,W-o. 
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We shall then have w', v', vi all ijero ; the equation giving 
the length of the radius of curvature of any normal section, 
whose tangent line is (X, /k, v\ will be 

p 

the quadratic equation for the principal radii of curvature will be 

Z7' F' TP _ 

the differential equation of the lines of curvature will be 

JJ[p — w) dydz + F(w — w) (foda? + W[u — v) dxdy = 0, 

The conditions for an umbilic in this case reduce io u^v=sw 
when U^ F, W are finite, but since this is the exceptional case 
mentioned in Art. 609, in which v!^ v', and w' vanish iden- 
tically, there are other umbilics which are given by U^ and 
(v — tt)TF*+(tt7 — t/)F* = 0, and similar equations when F=0 
and TFsO. The whole number of umbilicd is therefore, as 
before, 

n {(n - 2)" + 3 (n - 1) (3n - 4)} =:n (lOn* - 25n + 16). 

615. To obtain the differential equation of the lines of cur^ 
vature^ and to find the centres and radii of principal curvature 
when the equation of the surface gives one of the coordinates 
eocplidtly in terms of the other two. 

Let the equation of the surface be ?=/(f , 17), and let P, Q 
be consecutive points on a line of curvature whose coordinates 
are a;, y, z^ and x + c£r, y-^-dy^z-k-dz^ then the normals at P, Q 
intersect ; and if ({, 17, (f) be their point of intersection, 

f-a; + p(?-i5)=0, and i7-y + j(f-»)=0, (1) 

but I, 17, t remain the same when a? + e^b, y'\'dy^z-\'dz are 
written for x^y^z] therefore 

dp{^-'Z)^dx-\^pdz^ and eZj'(f— i5)=rfy + jrf«; (2) 

rdx + ad'y _ dx^- p[pdx '\-qdy) ^ 
sdx + tdy "^ dy-{-q{pdx'\-qdy)^ 

••• {(1 -i- 2') « -pi^} {dyf + {(1 + ?*) ^ - (1 +/) «1 ^^y 

.{(l+i>«)*-i>jr}((&)« = 0, (3J 
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which is the differential equation of the projection of the lines 
of curvature on the plane of xy. 

Let p be the radius of curvature of the principal section 
through PQ, hence by (1) />* = (1 +i?" + j') (« - (0*j therefore, 

writing in (2) <r for. ^Cor ^^^^^,^^^ , 

(rdar + ady) a + dx +p [pdx + qdy) = 0, 

/. (ro- +1 +^*) e£c + («a- + pj) rfy = 0, 

and similarly (^o"+H- j")dy+(«a-+^j)diB = 0; 

.-. (r(r+l+/)(<o-+l + 2*)"(«^ + ;>?)' = 0, 

or (r«-0^"+{(l + ?*)*'-2p?«+(l+/)«l«- 

+ l+p*+2" = 0. (4) 

Cor. Gauss' measure of curvature is 

pp' crtr' 1 +/ + 2* - (1 4.p^ + q'f ""^ ^*^» 
which vanishes for a developable surface. 

616. To find the umhUica of the surface z =f{xj y). 

Since the normals at points passing In any direction from 
an umbUic intersect the normal at the umbilic, neglecting 
small quantities of the third order In dx and dy^ the equation 
(3) must be true Independently of the value of dy : dx^ and 
this condition Is satisfied by 

l+j>' _ £2 _ 1 + g* , 
r ~ a " t ^ 

these equations, with the equation of the surface, determine the 
umbllics. 

Curvature of Conicoids. 

617. To find the radii of principal curvature at any point 
of a central conicoid. 

Let P be any point on the conicoid, supposed In the figure 
to be an ellipsoid, PCP* the diameter through P, CL the radius 
parallel to the tangent at P to any normal section whose radius 
of curvature Is required, PQL the central section having the 
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same tangent. Let a plane be drawn through a point Q near 
P parallel to the tangent plane at P, meeting CP in F, and 




let jPj «r be the perpendiculars on the tangent plane from 

and Q^ so that vr :j>:: VF : CP. The radius of curvature 

PQ* QV* 
of the normal section is the limit of -- — or -| — , and 

QV'iOL'y.PV.VP'iCP* 

:: «r, FP' : p. OP^ 2« : p ultimately, 

hence the radius of curvature = . 

P 
If a, i8 be the semi-axes of the central section parallel to the 

tangent plane, — and ^ will be the principal radii of curvature, 

which we shall call p and p, 

618. To find the coordinates of the centres ofcurvcUure. 
Let the equation of the conicoid be 






(1) 



and let (/, ^, h) be the point P, then f , i;, ?, the coordinates of 
the centre of curvature corresponding to p, satisfy the equations 

?-/ n-9 g-A 



¥= 



6* 



= -y/) = -a''; 



•••M'-?)' '-*('-?)■ f-*('-?)> 
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and by Art. 285, if the equationB of confocal conicoids through 
Pbe 

a* and ^ are respectively a^-a"* and a* --a'*; therefore the 
coordinates of the centres of corvatare are 

foT^ gV- he'- fa- gh- he- 

^« » j« ; ^. ana ^, , jS" » 7«- • 

619. ^ ^Area confocal conicoids (-4), (5), ((7) intersect in P, - 
tAe cen^retf of principal curvature of (A) at P are the poles with 
respect to (B) and {C) of the tangent plane to {A) at P. 

Let the three conicoids {A)^ (P), and {0)he 

intersecting in (/, g^ h). 

The coordinates of the centre of curvature of the normal 

section containing the tangent to the intersection of [A) and {B) 

fa- qV- he- , . , . , ,^ . 

are «"j^i~i — r ) a^d its polar, with respect to (cTj, is 

f + ^^ + -f = 1, the tangent plane to {A) at P. 

Similarly for the other centre of principal curvature. This 
proposition is due to Salmon. 



620. The curve of intersection of two confocal conicoids is 
a line of curvature on each. 

Let PT be a tangent at P to the curve of intersection 
of two confocals 8 and 8\ PN^ PN' normals at P to 5 and B' ; 
and suppose a central section of 8 made by a plane parallel 
to the tangent plane N*PT^ and therefore to the indicatrix to 
8 at P. Now it is shewn (Art. 285) that PN' is parallel to 
one axis of this section ; therefore PT is parallel to the other 
axis ; hence, the tangent to the curve of intersection of 8 and 8' 
at any point is parallel to an axis of the indicatrix of either 
surface at that point, and the curve is a line of curvature. 

GQQ 
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621. At any point in a line of curvature of a ooniooidj the 
rectangle contained by the diameter parallel to the tangent at that 
point and the perpendicular from the centre on the tangent plane 
at the point is constant. 

Let the line of curvature on the conicoid 8 be the curve of 
intersection with 8'^ and let PT be a tangent to it at any 
point P; PiV, PN* normals to 8 and 8' at P; then, if a, i8 be the 
semi-axes of the central section parallel to N'PT^ the tangent 
plane to /8, which are parallel respectively to PT and PAT, it 
is shewn (Cor., Art. 285) that /9 is constant, and if p be the 
perpendicular from the centre on the tangent plane, pajS is 
constant, therefore ^a is constant. 

622. The following proof is independent of the^properties 
of confocal surfaces. 

Let P, Q be consecutive points on a line of curvature, the 
corresponding centre of curvature, p the radius of curvature, 
p the perpendicular on the tangent plane, a, jS the semiaxes 
of the section parallel to the tangent plane, a being parallel to 
P(?, and let CP=r^ then by the triangle OOP 

and since, for a change from P to Q, 0, C are unchanged in 
position and p is unaltered, rdr s pdp. But, by Art. 273, 

a" + /S"4- r" = a* + J* + c*, al3p^ahc] 

•'. arfa + /8rf/8 + re?r = 0, and — + -^ + — = 0, 

' a p p ^ 

multiplying the last equation by a' or pp^ and subtracting the 
preceding, we obtain (a* — ^)d^ = 0] therefore /8 is constant, 
unless a s /3, which is only true at an umbilic, therefore pa Is 
also constant. 

623. To shew that the curves of intersection of a given 
conicoid with all confocal conicoids which intersect it satisfy 
the differential equations of a line of curvature. 

Let the equation of the surface be 

a?* y '«* , ,^s 

- + V + - = 1 ; (1) 

a o c ^ ^ ' 
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then the differential equations of the lines of curvature are 

- dx+^dv+-dz = 0. (2) 

a ^ c ' ^ 

x(b^c)dydz + y{c^a)dzdx + z{a- b)dxdyszO. (Art, 614) 
But for the curve of intersection of (1) with a confocal surface, 

, ocdx __ ydy _ zdz 

^® *»*^® a{b'-c){a + k) ^ b[c^a){b + k)^ c{a^b){c + k) 

a? ^ y' , g' 



aia-\'k) bjb-^k) cjc-^-k) 

5 + 5 T 7 



dx dy 

and subtracting (3) from (1), ve have 

• o(a + A) &(A + A) c(c + A;) 

at all points of the curve of intersection. Hence we must have, 
at all points on such a curve, 

x[b-c) ^ y[c-a) ^ z[a-b) ^ ^ 
dx dy dz ^ 

that is, the differential equations of the curve of intersection 
of the given conicoid with any confocal surface coincides with 
the differential equations of the lines of curvature; and the 
equations of such curves, involving an arbitrary constant A, 
are therefore the complete integral of the differential equations 
of the lines of curvature. 

Having given any one point [x\ y\ z*)^ we shall have the 
quadratic equation 

iot determining k^ and to each valae we shall have a cor* 
responding line of corratare pasmng through the point 
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624. To find the lines of curvaJhire of a central conicoid 
from the differential equation of their projections on a principal 
plane. 

The diflfereDtial equation of the projection of the lines of 
curvature on the plane of xy may be obtained either by 
eliminating dz from the equations (2) of the last articlci or 
by Art. 615 ; the equation b 

(j-c) 1^ (<fy)' + |{o - c) ^ + (a- b) l + ^h-d^dkdy 

+ [c-a)^{dx)* = 0. (1) 

Multiply by --^ , and assume — = w, ~ = t; ; therefore 

(6 - c) w (c?v)*+{(a - c) t£+(c - i)t; + J - a} dudv ^-ifi-a) v {duf^ 0, 

or {(J — c)cfo-(c-a)rfu}(i«fo-tx?tt) + (J-a)rfurfv«0. (2) 

If we assume t; = a + ajtt+..,+ aX+«") 

udv — vdu = (— a + ajaf + 2a,tt' +...) rfu, 

hence the equation (2) cannot be identically satisfied unlesB 
0^, o^.., are all zero, and substituting a + a^u for Vy 

{(6-c)a,-(c-a)}(-«)+(6-a)a, = 0. (3) 

The solution v^a + o^t^ is therefore the complete solution, since 
it involves one arbitrary constant in the second degree. 

The projections of the lines of curvature are therefore conies 

of the form —, + ^ = 1, where V = Ja, o! = , so that, dividing 

(3) by a,, 

(a-c)^+(c-i)g- + 6-a»0. (4) 

It can be shewn from this relation between the axes, or 
directly from the singular solution of the differential equation 
(1), that the system of conies is enveloped by the four 
straight lines 
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also, that each of these four straight Imes is the projection of 
a generating line containing three umbilics real or imaginary. 
The projections of the intersection of the two confocals (1) 

and (3) of Art. 623 are ^^ f ^^ , , + [Z.f. ^h the axes of 

which satisfy the condition (4), and the solations agree. 

{ 625. Lines of curvature of the jmraboloids, 

I Let 2«=: — h^ (1) be the equation of a paraboloid, the 

i differential equation of the projections of the lines of curvature 

' on the plane of a^ is, by Art. 615, 

the solution of which may be obtained as in Art. 624, viz. 
-7 + |r = 1 (2), wherQ o', V are connected by the equation 

7- + a-J=!0. 

a o 

The equation of a paraboloid, confocal with (1), is 
and of the projection of the curve of intersection 



a{a + k) b{b-¥k) 
which is one of the system of conies (2). 

626. The differential equation of the lines of curvature of 
a hyperbolic paraboloid, whose equation is az^xy^ is 

and the lines of curvature are the intersections of the paraboloid 
and hyperbolic cylinders, whose equations are 

y-2a«y+aj" = o"((7"-l), 

the positive and negative values of C determinbg the two 
systems of lines. 



i7-y + (2ay + ^)(r-«) = 0; 
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lAnea of Curvature through an Umhtlic. 

627. To shew that there are three directions passing from an 
umhilic in which the normals at the consecutive points intersect. 

If the axis of be a normal at an umbilic, the equation 
of the surface is of the form f = a (f* + 17") + w, (1 + e), where w, 
is of the third degree in | and 17, and e vanishes in the limit ; 
the equations of a normal at {x^ y^ z) are 

du. 
dy 

but if this normal meet that at the umbilici the equations are 
satisfied byjf = 0, 17 = ; 

which gives three directions in which the point {x^ y, z) must 
be taken. 

628. To find the three directions for which normals to a coniooid 
intersect the normal at an umbilic. 

Let af + J17* +cf* = 1(1) be the conicoid, (a, 0, 7) the um- 
bilic, (a + \rj ftr, 7 -f vr) a point adjacent to it in the direction 
{\j fij v), the equations of the .two normak are 

f — a — \r__17 — /Ar^ {f — 7 — vr 
a (a + \r) "* bfir "" c{y + yr) ' 

and ^ = ^1:^,1,-05 

aa cy ^ ^ 

one condition that they may intersect is /i = 0) one direction 
is therefore that of the principal section containing the umbilic; 
for the other conditions 

a c 

f-a=Xr- T (a + Xr) and f-7 = Kr- 7 (7 + vr); 

••. C7 (6 — a) X a= oa (i — c) V ; 

or, smce v = — -r , 
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aa\ + C7v»0; (2) 

and, by (1), a (a + Xr)' + J/itV + c (7 + kt)" = 1 ; (3) 

/. a\" + V + cv" = 0; (4) 

(2) and (4) give the two other directions for which the normals 
intersect; and, since (3) is satisfied for all values of r, thej 
are the directions of the imaginary generatrices through the 
umbilic 

629. We may observe also that since 

o*aV = d'7^i^, (i-a)\» = (c-J)"; 

.'• aX"+ J/** + cv' = J(X* + /ia" + v'); 

.-. V + /A* + v« = by (4), 

which shews that these generatrices pass through the imaglnaiy 
circle at infinity. 

Since the argument of Art. 628 is independent of the mag- 
nitude of r, it is true that all the normals at points along one 
of the umbilic at generatrices intersect, and they have therefore 
this character of lines of curvature, but Cayley has remarked 
in a note on a paper upon '^ the direction of lines of curvature 
in the neighbourhood of an umbilicus,"* that they are the 
envelopes of the lines of curvature, and belong to the singular 
solution of the differential equation of these lines, as appears 
from Art. 624. 

630. In the note referred to above^ Cayley remarks that 

since, at an umbilic, -^ is determined by a cubic equation, 

there are generally three directions of the line of curvature, 
which may arise from three distinct curves, or from a curve 
with a triple point at the umbilic; and, referring to a paper 
by Serret,t he states that the lines of curvature on the surface 
xyz s 1 are its intersection with the series of surfaces 



^ Frosty Qfusri, Jowm, oj Math^ yoI. x., p. 78, and Oayley, ibid. p. Ul. 
t Liawf. Jomni., 1 12 (1847), pp. 241—264. 
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where o^ is an imaginarj cube root of unity ; now at the umbilic 
(1) 1, 1), corresponding to which A « 0, 

or = » (a?* + »y + a)i5*), or =»*(aj* + o>y + ©a") ; 
/, y' = »*, or a^ = y*, or i5* = a?*; 

hence, through the umbilic (1, 1, 1) three distinct lines of cur- 
vature pass, viz. the curves 

y =s «, a?y* = 1 ; x^y^ za?ssl» and « = », y«*«= !• 

631, The di£ferential equation of the line of curvature of 
xyz^X is 

xdydz (y* — «") + ydzdx («* — a?) + zdxdy (a?* — y*) = 0. 

Multiply by xyz^ and let as* =^, y* = ?> «* = r ; 

•'• i^(j~ r)d?rf^ + j(»'-iE>)c?re^+r(jp-y)djp£Z2' = 0. (1) 

Again, if A = (/? + lay + a)V)* + (/? + ©"j + «r/ 

-(dp + a>"dj+ ©c?r)* (^ + ©"j + ow) = 0. 

The coefficient of (c^)* + 2dqdr = (« - ©") (y — r)^ 

(eij)" + 2dr^ = (»-»•) (r - ^), 

(c&-)* + 2e?jp<ijr=»(o)-»")(p-j), 

••. f- 2 i^p^ -£ (fprfr + 2d2'rfrj (j-r) +...== 0, 
in which the coefficient of dqdr = 2 (j - r) - - (r —p) (p - j) 

•'• |>(j — ^)%<?»'+...= the same as (I); 
hence, the curve of intersection is a line of curvature. 



J 
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(1) The principal radii of ourraturei at the points of the surface, 
t^x* a c" (x* -f y'), where « « j^ » e, are given by the equation 

2^ - 11 V3fl/> + 18a« = 0. 

(2) Prove that the principal curratures are equal and opposite at points 
in the surface «* (y - s) -f ay% » where it is met by the cone 

(«■ + 6y«) y« = (y - «)*. 

(3) A surface is generated by the reyolution of a parabola about its 
directrix; shew that one principal radius of curvature at any point is 
double the other. 

(4) If at any point of a surface S, R^ be radii of curvature of normal 
sections at right angles to each other, and />, p' be principal radii of curva- 
ture, the sections corresponding to 12, /> being inclined at an angle a, 

^, , COS** sin* a cos' 2a 
prove that —^ =7- » • 

Ji K p 

(5) If pt p^ he the principal radii of curvature at any point of an 
ellipsoid on its line of intersection with a given concentric sphere, prove 

that the expression SEEL, ^u be invariable. 

/» + /» 

(6) At any point of the curve of contact of a cylinder circumscribed to 
a sur&ce, the product of the radius of curvature of the right section of the 
cylinder and the radius of curvature of the normal section of the surface, 
drawn through the generator of the cylinder, is equal to the product of the 
principal radii of curvature of the surface at the point. 

(7) The normal at each point of a principal section of an ellipsoid is 
intersected by the normal at a consecutive point not on the principal 
section ; shew that the locus of the point of intersection is an ellipse having 
four (real or imaginary) contacts with ihe evolute of the principal section. 

(8) The points of the surface :rys = a (ys -i- s« + xy), at which the prin- 
cipal curvatures are equal and opposite, lie on the cone 

«* (y + «) + y* (« + «) + **(« + y) « 0. 

(9) The only surface of revolution, such that the curvatures of the 
principal sections at every point are equal and opposite, is that produced 
by the revolution of a catenary about its directrix. 

(10) A plane curve is wrapped upon a developable surCeice. H p he 

the radius of curvature of the plane curve at any point, />' the corresponding 

radius of curvature of the curve upon the surface. It the corresponding 

principal radius of curvature of the surface, and <p the angle at which the 

, _ - _ tm*d> 1 1 

curve mterseots the generator of the surface — W^ " ^^ — t • 

HHH 
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(11) If ^ be the inclmation of any tangent to that of the principal sec- 
tion of least cuTTaturei and the inclination of a aeotion through this 
tangent to the corresponding normal section such that the curvature is 
equal to that of the principal section, p, p' being the radii of curvature of 
the two principal sections; prove that 2p sin* i^^{p- p') cos'd. 

(12) If the product of the principal radii of curvature of a surface of 

revolution be constant and equal to c^, prove that S '^ "i ~ ^* where p is the 

radius of curvature of the generating curve, y the distance from the axis, 
and h some constant. Prove also that if the generating curve cut the axis 
at right angles,^ the surface will be a sphere. 

(13) A sur&ce is generated by the motion of a variable circle which 
always intersects the axis of x^ and is parallel to the plane of ys. If r be 
the radius of the circle at a point on the axis of x, and the inclination of 
the diameter through that point to the* axis of », prove that the principal 
radii of curvature at the point are given by the equation f>V + p' (/> - r) ■■ 0, 

where p is the yalue of ^ at the point, 

(14) A surface is generated by the motion of a straight line which 
always intersects the axis of x, prove that the radii of curvature at any 

point on the axis of a? are ^ — . ^ , x being the distance of the p<HBt 

from the origin, 6 the angle which the corresponding generator makes with 
the axis of x, and <p that which its projection upon the plane of yz 
makes with the axis of y. 

(16) A surface is generated by a straight line which always interseefs a 
given circle, and the straight line through the eentre of the circle normal to 
its plane, prove that the principal radii of curvature of thei surface, at any 

r- J •!• a/) COS * a* s 0, a 

being the radius of the circle, the angle which the generator at the point 
makes with the fixed line, and <p the angle which the radius of the circle 
through the point makes with a fixed radius. 

(16) Two surfaces touch each other at the point P; if the principal 
curvatures of the first surface at P be denoted by a ± 5, those of the 
second by a'tt*, and if cu be the angle between the principal planes 
to which a -I- 5, a' + h' belong, d the angle between the two branches at P 
of the curve of intersection of the surfaces, shew that 

, , a* - 2aa' + a* 

cos' i = 



6«-2W'cos2tt;+ft*' 
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(17) If/), />'be the principal radii of curyature at a pdint of a surfaoe, 
where the direotion-coslnes of the normal are I, m, n, prcrve that 

1 ^ _ f^i dm dn 
p p' dx dy dz ' 

(18) If a surface hare contact of the second order with the conicoid 
Ax* + JBy« + Ck« + 2A'yz + 2B'zx ■¥ 2C'xy + 2A''x + 2^"y + 2C"« + F= 0, 

then ^ + Q>*+^^P Cgp + Ap ^E'q^C ^ Jg 4 Cg« f 2A'q 
r " • " < ' 

(19) Shew that the projection, on the plane of zy, of the indicatrix at 
any point of the surface z = (e'' 4 r^) cos;r is a rectangular hyperbola. 

(20) Shew that the indicatrix at any point of the surface y^x tan - is 

the part of a rectangular hyperbola which lies near the point. Proye that 
the section by the tangent plane near the point is the generating line and a 
portion of a parabola. 

(21) Deduce the conditions for an umbilicus from the equation giving 
the radii of currature, by making the roots of the equation equaL 

(22) Shew that a sphere whose centre is the origin, and the reciprocal 
of whose radius is ~ + t -^ - touches the surface whose equation is 

(23) Proye that the radius of curyature of tl* surface «* + y* + «* « a* 



at an umbilio is = x 3 *" 

m- 1 



(24) Proye that the measure of curyature at any point of an ellipsoid is 
proportional to p\ p being the perpendicular £^om the centre on the 
tangent plane. 

(25) Proye that the measure of curyature at any point of the paraboloid 
?^^ ^mx yaries as (- ) , p being the perpendicular from the origin on the 
tangent plane. 

(26) Proye that the measure of curyature at eyery point of the elliptio 
paraboloid 2* « - + ^ where it is cut by the cylinder - + ^ a 1 ii equal 
, 1 
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(27) Shew that the specific curyatnre at any point on the anrface «ys « oibe, 
Tariea as the fourth power of the perpendicular from the origin on the 

tangent-plane at the point, and that at an umhilic it is } (abe)'^. 

(28) If a plane cnrre be given by the equations 

- a cosd -I- log« tan^, ' « und, 

the surface produced by the reTolution of this curve about the axis of x 
will have its measure of curvature constant 

(29) In a Bur&ce, generated as in (15), if » log tani^, the measure of 
curvature will be the same at corresponding points on the fixed line 
and on the circle. 

^ 1/* a* 
(dO) The integral curvatures of the portions of the ellipsoid -. -f ^ + ,» 1 

cut off by the cone -^ + t;- -;« are in the ratio of V2 - 1 to V^ 4- 1* 

(31) Shew that the integral curvature of the whole sur&ce 

i^ "j«»I| w vr<l- -TTT — 3; > . 

(32) Shew that the integral curvature of the portion of a surface of 
revolution cut off by any plane perpendicular to the axis of revolution 
is 49r sin'Ja, where a is the angle which the normal to the surface at any 
point on the curve of intersection of the plane and surface makes with 
the axis. 

(33) If any cylinder circumscribe an ellipsoid, it divides the ellipsoid 
into portions whose integral curvatures are equal. Hence, if three 
cylinders circumscribe an ellipsoid, the integral curvature of the portion 
of the ellipsoid cut off is n- - FOQ - QOB, - J20P, where O is the centre, 
and OF^ OQ, OR are the directions of the axes of the cylinders. 

(34) Prove that the integral curvature of the portion of the surface of 
the ellipsoid ^ + u '*' ^ " ^1 bounded by its intersection with the confocal 
hyperboloid of one sheet 

^ tl* c* 

(35) Find the umbilic of the surface -- -f |- -f - ^ it*, and shew that^ at 

the umbilic, ^ a ^ s . , the directions of the three lines of curvature are 
a c 

, dx dy dy dt m du dx 
given by the equations T"" "T > r"" —1 *^d — ■ — respectively* 
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(36) If the inclination of two surfaces at any point of their curve of 

intersection be 0, a the arc of the curve of intersection, p^, p% the principal 

radii of one surface ; a the angle between the tangents to the curve and to 

a principal section, and p^, p2, a' conesponding quantities for the other 

. ,. , d0 sin2a/l 1\ sin2a'/l 1 \ „ i. 

surface, prove that -r * — tt- ( 1 s — (— .- — )• Hence, shew 

ds 2 \pi pj 2 \p{ P2I 

that if two surfaces intersect always at a constant angle, and the curve of 

intersection be a line of curvature of one surface, it will also be a line 

of curvature on the other suiface. 

(37) If one series of lines of curvature on a surface be plane curves, 
lying in parallel planes, the other series will also be plane curves. 

(38) The planes drawn through the centre of an ellipsoid, parallel to 
the tangent planes at points along a line of curvature, envelope a cone 
which intersects the ellipsoid in a sphero-conic. 

(39) On an umbilical conicoid, the projections of the lines of curvature 
on the planes of circular section, by lines parallel to an axis, form a series of 
oonfocal conies, the foci of which are the projections of the umbilics. 

(40) Find the differential equation of surfaces possessing the property, 
that the projections, on a fixed plane, of their lines of curvature cross each 
other everywhere at right angles. Prove that it \a satisfied by surfaces of 
revolution whose axes are perpendicular to the fixed plane ; and obtain the 
general solution. 

(41) Prove that the three surfaces yz = aar, V(«* + y*) + V(«* + «*) "* ^ 
V(^ + ^) " V(«>^ + s^) = 0> intersect each other always at right angles ; and 
hence prove that, on a hyperbolic paraboloid, whose principal sections are 
equal parabolas, the sum or the difference of the distances of any point on 
a line of curvature from the two generators through the vertex is constant 

(42) In the helicoid, whose equation is y a « tan- , the lines of curva* 
ture are the intersections of the helicoid with the surfiu^es represented by 

the equation — — = ca« + - «"• for different values of c. 

^ a c 

Also, prove that the principal radii of curvature are, at every pointy 

constant, equal in magnitude, but of opposite signs. 

(43) Tangent planes are drawn to a series of confocal conicoids from a 
fixed point on one of the axes, the locus of the points of contact is a 
surface ; prove that three such surfaces corresponding to three points one 
on each axis out one another orthogonally. 
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(44) Proye that the lines of canrature on the surface 

a ax -a* -^ b* aX -C^ -i- t^ * 

are two systems of circles, whose planes are parallel to the axes of y and s 
respectiTely, and pass each through one of two fixed points on the axis 
of X, 



THE END OF VOL. I. 
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